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David, Stéphane Gauthier, Anne Laferrère, Guy Laroque, Thomas

Piketty, Jean-Charles Rochet, François Salanié, Jean-Luc Schneider,
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Introduction

The word ‘‘taxation’’ may take different meanings. In the stricter

sense, taxation is the set of taxes that economic agents pay. In the

larger sense, it concerns the whole fiscal policy of governments. I

will use it in an intermediate sense. In this book, taxation refers both

to taxes and to transfers to households. These transfers are usually

classified in two categories:

. social insurance, which is linked to contributions (depending on

countries: pensions, health, family, and/or unemployment benefits)

. social welfare, which pays benefits that do not depend on earlier

contributions (e.g., minimum income benefits or housing subsidies).

This distinction is somewhat artificial as insurance also implicitly

redistributes across social classes. Thus health contributions often

depend on income, whereas health risks are only weakly correlated

with income. Even when benefits are linked to contributions (as is

often the case for pay-as-you-go pension systems), the risk may be

strongly correlated with income (thus the rich usually live longer

than the poor). Here I will include in taxation all taxes and benefits

that come between an individual’s gross income and his purchas-

ing power. However, I will adopt a microeconomic viewpoint. I will

therefore not study, for instance, the use of taxation to stabilize the

economy.

Thus defined, taxation is a very rich and varied topic. Govern-

ments have resorted to all sorts of taxes in history, all the while

invoking reasons that went from simple expediency to enlightened

paternalism. Still, one can find common threads. Thus this introduc-

tion begins with a brief historical survey. Then it will give some data

on taxation in developed countries. Finally, it gives a road map to

the rest of the book.



Some History

As far as we know, taxes appeared concomitantly with civilization in

Mesopotamia and in Egypt, as can be seen from Sumerian tablets

dated 3,500 bc. In these despotic regimes, the king’s own resources

were not enough to provide a living for his priests, his court, and his

army, so he had to resort to taxes. As the use of money was still rare,

most of these taxes were paid in kind. Thus the peasants that con-

stituted most of the population must bring to the king a fixed pro-

portion of their crops (e.g., one-fifth in Egypt and one-tenth in Sumer

at times).1 They moreover had to provide labor to maintain public

equipments, but also to build pyramids and temples or to work the

king’s fields.

Athens and Rome went further by taxing sales of land and slaves

and raising import duties. They also tried (and mostly failed) to tax

capital and property. For many centuries yet, taxes would mostly fall

on peasants. The fall of the Roman empire brought its tax system

down with it. For a long time each local authority lived mostly on

the produce of its own land. The emergence of the feudal system

imposed the principle that everyone, from the peasant to the duke,

must provide either military service or labor in return for the right

to till his land. Monetary taxes now came in addition to labor and

in-kind taxes; they could be indirect taxes (paid on transactions of

goods) or direct taxes (paid on wealth or on income). Many cities

moreover negotiated charters with the king so as to obtain tax

privileges.

In several countries the principle of consent was established early:

any new tax must be agreed to by the subjects (n’impose qui ne veult).

The most famous example is the Magna Carta granted by King John

of England to his barons in 1215; it stated that no tax could be raised

without the consent of Parliament. Much later, this notion of course

led to the American War of Independence, with the cry of ‘‘no taxa-

tion without representation.’’

The tax systems did not change much until the Industrial Revolu-

tion; to obtain higher revenue, governments mostly multiplied taxes

on specific goods (called excises) and custom duties, internal (be-

1. Given the logistical difficulties at the time, these contributions were often collected
by ‘‘tax farmers,’’ who owed a fixed amount to the king and might collect twice as
much to obtain a tidy profit. This practice of tax farming was due to persist until the
nineteenth century.
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tween provinces) as well as external. The French Revolution had

important consequences, though. In England and in other European

countries, the need to finance the Napoleonic wars led governments

to create the first modern income taxes. However, these taxes were

abolished when peace returned. The increasing influence of liberal

ideas on the virtues of free trade translated in the nineteenth cen-

tury into a notable decrease in custom duties, which reduced tax

revenue. To plug this hole, the English prime minister Robert Peel

re-established an income tax in 1842. The other countries followed

suit, when the yearning for more equality and the need to finance the

first elements of the welfare state became stronger. Thus the United

States only created an income tax in 1913, after overcoming the con-

stitutional objections of the Supreme Court. Until then, federal tax

revenues mostly came from custom duties and the so-called sin taxes

on tobacco and alcohol.

The early income taxes were not very progressive: thus the English

income tax was proportional to income, beyond a personal exemp-

tion. Only in 1909, after a homeric battle with the House of Lords,

could Lloyd George created a ‘‘surtax’’ for high incomes. However,

the US income tax, which was created later than the English one,

was progressive from the start. One should note here that before

the First World War, governments only collected a small part of

national income: less than 10 percent, or even less than 5 percent in

the United States. Even though income taxes were becoming more

and more important, their rates seem very small today: the basic rate

was a few percentage points of income, and the top rate was every-

where below 15 percent. Given large personal exemptions,2 only a

small percentage of the population (about 2 percent in the United

States) actually paid the income tax. The personal income tax thus

was a ‘‘class tax,’’ just as the corporate income taxes that emerged in

the same period.

Two main factors explain the large increase in tax revenue during

the twentieth century: the two world wars, and the emergence of the

modern welfare state. During each world war, military expenditure

reached or passed half of national income in the main warring

countries. Some countries financed this explosion in public expendi-

ture by borrowing, but most countries resorted to tax increases. Thus

2. For instance, an American taxpayer only paid income tax in 1913 on the fraction of
his income that exceeded five times the average income.
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the top marginal rate of the income tax reached 77 percent in the

United States in 1918. Moreover the Second World War transformed

the income tax into a ‘‘mass tax’’ that touched more than half of all

households, with the creation of pay-as-you-earn systems in the

United Kingdom and the United States. In both countries the top

marginal rate became confiscatory at the end of the war (at 94 per-

cent in the United States and no less than 97.5 percent in the United

Kingdom!).

One would expect tax rates to go back to normal after each war.

As a matter of fact, tax rates did decrease in the 1920s. However, the

strong increase of social expenditure took the lead in raising the tax

take. The welfare state was born in the Prussia of Bismarck, with

the creation of compulsory health insurance in 1883 and a pension

system in 1889. Other countries followed suit in the first half of

the twentieth century: unemployment benefits were created in the

United Kingdom in 1911, in 1927 in Germany, in 1931 in France, and

in 1936 in the United States, pension systems in 1909 in the United

Kingdom and in 1935 in the United States. The famous Beveridge

report consolidated the system in the United Kingdom after 1945. All

these reforms contributed to an explosion of social expenditure that

can be seen in the strong increase of the share of transfers in public

expenditure in all of these countries over the last hundred years.

The value-added tax (VAT) was introduced in France in the 1950s.

It has now become a central tool of tax policy in most developed

countries, with the exception of the United States. It was institution-

alized in the European Union by several directives in the 1970s.

In the 1980s there were spectacular fiscal reforms in several coun-

tries, especially in the United States and the United Kingdom after

rightist governments came to power. The top marginal rate of the

income tax in the United States was 70 percent at the end of the

1980s; it was reduced to 50 percent in 1981, then to 28 percent in

1986. In the United Kingdom, Mrs. Thatcher brought down the top

marginal rate from 83 percent3 to 40 percent. In both countries the

rate of the corporate income tax was also lowered.4 The governments

that succeeded President Reagan and Mrs. Thatcher mostly stuck to

these changes, even though President Clinton raised the top mar-

3. Not including a surcharge of 15 percent on capital income, which took the marginal
rate to 98 percent for some taxpayers.
4. In the United States the tax basis became more comprehensive at the same time,
and the final effect was an increase in corporate tax revenue.
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ginal rate to 39.6 percent.5 The main continental European countries

have adopted more modest reforms.

Current Tax Systems

As shown in the preceding section, current tax systems are the

product of a long evolution marked by historical accidents; not sur-

prisingly, they vary a lot across countries. Steinmo (1993) shows

clearly, in the examples of the United States, the United Kingdom,

and Sweden, how political systems condition the tax policy of states.

There are nevertheless features that are common to large groups of

countries.

First consider the developed countries. Table I presents figures

from OECD (1999) on the evolution of the share of taxes in GDP for

the five largest economies,6 for the unweighted average of all OECD

countries, and for the unweighted average of the fifteen countries

that today constitute the European Union. There are clearly large

differences, with the United States and Japan in a low-tax group and

France a high-tax country; moreover these international differences

tend to persist over time. The tax take is procyclical, so one should

not make too much of its precise value in individual years. Still, one

can see in the table the large expansion in the tax take in the 1970s,

followed by a pause starting in the 1980s that actually led to fiscal

retrenchment in Japan and the United Kingdom.

Table II shows the breakdown of tax revenue into its main com-

ponents in these five countries and groups of countries in 1997. The

Table I

Tax revenue as a percentage of GDP

1965 1980 1990 1997

US 25.0 27.6 27.6 29.7

Japan 18.3 25.4 30.9 28.8

Germany 31.6 38.2 36.7 37.2

France 34.5 41.7 43.0 45.1

UK 30.4 35.1 36.3 35.4

OECD 25.8 32.8 35.6 37.2

EU15 27.8 36.9 40.3 41.5

5. The Tax Relief Act of President Bush should lower it to 35 percent in 2006.
6. For Germany, read Western Germany until 1991, then reunified Germany.

Introduction 5



shares of tax revenue from each tax are indicated as PIT personal

income tax, CIT corporate income tax, and SSC social security con-

tributions. ‘‘General’’ designates general consumption taxes (includ-

ing VAT and sales taxes) and ‘‘specific’’ taxes on specific goods and

services (mainly excises and custom duties).

The main tax revenue of OECD countries is the personal income

tax, with more than a quarter of the tax take. Several countries have

reduced the number of tax brackets and the corresponding tax rates

in recent years, while others have made more modest changes. As a

result the share of the PIT in tax revenue has gone down a bit, but it

varies a lot across countries. Other differences persist, for instance, in

accounting for differences in household composition. Thus a major-

ity of countries taxes the two members of a couple separately (as in

the United Kingdom); taxation may also be joint as in France for

married couples, or at the choice of the couple as in the United States

and Germany. Children give access to child credits in the United

Kingdom and the United States, while France uses income splitting.

Finally, note that the income tax is usually deducted directly from

the paycheck (the pay-as-you-earn system).

Social contributions are the second largest source of revenue in

the OECD, and the largest one in France, Germany, or Japan. Their

share of tax revenue has constantly increased, with the increase in

social transfers: they represented only 18 percent of the tax reve-

nue in 1965. These social contributions are usually paid as a pro-

portional tax on wages, sometimes under a ceiling as in the United

States.

The third largest resource is the ‘‘general’’ consumption tax, which

hits all consumption goods; in most OECD countries it is the VAT

Table II

Components of tax revenue

PIT CIT SSC Property General Specific

US 39.0 9.4 24.2 10.7 7.8 6.8

Japan 20.5 15.0 36.9 10.8 7.0 7.6

Germany 23.9 4.0 41.6 2.7 17.6 9.0

France 14.0 5.8 40.6 5.4 17.8 8.8

UK 24.8 12.1 17.2 10.8 19.5 13.9

OECD 26.6 8.8 24.9 5.5 18.0 12.4

EU15 25.5 8.5 28.6 4.5 17.8 11.5
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(but it is the sales tax in the United States). Its share in tax revenue

has jumped from about 12 percent in 1965 to 18 percent in 1997. In

the form of VAT, it is even more dominant in middle-income coun-

tries and less developed countries. It often has several rates, with a

reduced rate on necessities, and even a zero rate sometimes (as in the

United Kingdom).

On the other hand, the share of excises (specific taxes that are

levied on the consumption of a given good, e.g., alcohol, tobacco,

and gasoline) has strongly declined over the last thirty years. While

these taxes were the main resource of governments until the nine-

teenth century, they now constitute only 12 percent of the tax reve-

nue in the OECD.

The other two tax resources (the corporate income tax and the

property taxes) are usually classified as taxes on capital. The most

striking feature of these two taxes is that their share in tax revenue

varies enormously across countries. The share of corporate income

taxes has been fairly constant across time; this hides a small reduc-

tion in rates and a recovery in the taxable basis (profits). In most

countries the corporate income tax only hits incorporated firms; the

profits of other firms are taxed as part of the personal income of their

owners. The computation of the corporate income tax liability of a

firm follows a number of rules that concern the treatment of capital

gains, depreciation, provisions, and past losses among other things.

As a consequence the effective revenue of the tax may be higher in a

country where its nominal rate is lower. The double taxation of divi-

dends is another crucial difference across countries. In the ‘‘classical

system’’ that prevails in the United States, dividends are taxed by the

corporate income tax (as redistributed profits) and then by the per-

sonal income tax (as income of shareholders). Most other countries

have taken steps to cancel this double taxation.

Property taxes are very diverse. They include among others

wealth taxes, taxes on bequests, taxes on gifts inter vivos, taxes on

capital gains, and taxes on land and housing. Once again, there are

strong variations across countries. Perhaps surprisingly, the United

Kingdom and the United States tax property more heavily than

France or Germany.

To conclude this short survey of current tax systems, we should

add that taxation varies even more across less developed countries.

The tax take is much smaller there than in developed countries, at

around 20 percent of GDP. In transition economies, the tax take has
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been moving toward OECD levels.7 Less developed countries lack an

efficient tax administration, which orients their tax revenue toward

taxes that are easier to collect. Thus indirect taxes constitute two-

thirds of their resources, with custom duties bringing in one-third of

tax revenue.8 The personal income tax brings a much smaller share

of tax revenue than in OECD countries, and taxes on capital are

almost nonexistent, given the difficulty to properly assess the taxable

basis of these taxes.

Overview of the Book

In his classic book, Musgrave (1959) distinguished the three main

functions of government:

. allocation, to provide public goods and remedy market failures

. redistribution

. stabilization, as pertains to macroeconomic interventions (includ-

ing automatic stabilizers).

We will set aside here a study of stabilization, which can be found in

any good macroeconomic textbook. We will focus on the first two

functions.

In the Arrow-Debreu model the second fundamental welfare the-

orem shows that under some assumptions, every Pareto optimum

can be decentralized as a competitive equilibrium of a private

property economy where resources have been redistributed through

lump-sum transfers.9 When this theorem applies, the government

can choose its preferred Pareto optimum, proceed to the right lump-

sum transfers, and let the competitive equilibrium work its magic

without any other kind of intervention.

In practice, we observe several phenomena that lead to market

failures (e.g., see Salanié 2000). First come public goods: these are by

definition the nonrival goods, which one agent can consume without

reducing the consumption of other agents. Then the second theo-

rem does not apply any more (technically, consumptions do not add

7. Russia is a notable exception: taxes there collect only half of their theoretical reve-
nue, and the tax take is only about 10 percent of GDP.
8. By contrast, tariffs today bring less than 1 percent of tax revenue in OECD coun-
tries, as compared to about 15 percent in the early twentieth century.
9. Recall that the defining property of lump-sum transfers is that they only depend on
the identity of agents, and not on their economic transactions.
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across agents). The optimal production level for the public good

cannot be attained without an intervention of government. Moreover

these public goods must be financed, which raises the classical free-

rider problem.

The presence of external effects also implies that the market cannot

reach an optimum on its own; corrective taxes are one way to

remedy this market failure (as with ecotaxes designed to reduce

pollution).

Adam Smith already considered that the prince must provide

three categories of public goods to his subjects: defense, justice, and

public works, plus a private good subject to externalities: primary

education.10 Even the most liberal thinkers11 (the so-called liber-

tarians, whose viewpoint is well expressed by Nozick 1974) accept

a ‘‘minimal state’’ that provides defense and justice; free-rider prob-

lems indeed make it impossible to leave them to the private sector.

Even in the (hypothetical) absence of these market failures, lump-

sum transfers are very unlikely to be a practical proposition. Com-

puting the optimal lump-sum transfers requires government to have

an extraordinarily detailed information on the characteristics of

the economy. One may mention two attempts in history to imple-

ment (obviously nonoptimal) lump-sum transfers. The first one is

capitation, which levied on each head of household a tax that only

depended on its social status (but sometimes also on wealth, which

violated the lump-sum character of the tax). The second one is more

recent, with the poll tax proposed in the United Kingdom by Mar-

garet Thatcher. This aimed at replacing a property tax on housing

that depended on the estimated value of property; the poll tax

would only have varied across areas. Since taxpayers can still move

between communities, once again it was not a strictly lump-sum tax.

In any case, the poll tax project led to violent demonstrations in the

spring of 1990; it was abandoned and contributed heavily to the later

fall of Mrs. Thatcher.

Thus, in order to finance public goods (or publicly provided pri-

vate goods such as education and health) as well as in order to re-

distribute, the government must use non–lump-sum transfers, which

by definition depend on the decisions of private agents. As a con-

sequence each taxpayer may reduce his tax bill by changing his

10. On the other hand, he thought that higher education must be left to the private
sector, with teachers paid on a performance basis (horresco referens).
11. I use here the word ‘‘liberal’’ in its classical, non-US sense.
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behavior, and he will try to do so as long as the game is worth

the candle. It is obviously crucial to be able to evaluate the impor-

tance of these incentive effects of taxes. Moreover taxes create a bias

among the marginal rates of substitution of various agents, which

induces social welfare losses. Once again, a good economist should

be able to quantify these losses: available studies show that they may

amount to between 10 percent and 50 percent of tax revenue, which

is considerable. These two themes constitute the essence of the first

part of the book, which deals with positive economics.

The second part of this book adopts a resolutely normative stance.

It is clear by now that real-world taxes, which are not lump-sum,

reduce the inefficiency of the economy. How then is the governement

to choose an optimal tax system? We will see how this question can

be modeled, and what partial answers can be given.

These two parts are mostly theoretical, even though we try to in-

troduce empirical and institutional elements as needed. However,

economic policy questions rarely reduce to simple models. To show

how these questions can be studied in the light of the results

obtained in the first two parts, we examine in a third and last part

three current tax policy debates: low-income support, the consump-

tion tax, and environmental taxation.

A warning is in order here. The positive study of taxation does not

reduce to the elements given in the first part of this book. One may

want to go beyond the study of the effects of taxation on economic

decisions of private agents and to model the way a community

decides on its tax system. This question concerns the political econ-

omy of taxation, which has developed a lot in the last twenty years.

To keep this book from expanding beyond a reasonable length, this

aspect will not be studied here. The reader will find references on the

public choice approach in Hettich-Winer (1997). The book by Persson-

Tabellini (2000) gathers different perspectives to give a very com-

plete survey of modern political economy; its chapters 6 and 12 are

particularly oriented toward taxation issues.

Reading this book requires the knowledge of microeconomics at

the advanced undergraduate level. An appendix presents the main

results that are used in the text. Moreover the study of optimal tax-

ation relies on the theory of optimal control. Since this is often not

taught in economics curricula, we give the necessary notions in

another appendix.
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I The Effects of Taxation

The first part of this book is dedicated to the study of the economic

effects of taxation. Assume, for instance, that government decides to

raise the VAT on sales of cars. The political effects of such a measure

are predictable: car producers will complain that their sales will de-

crease, and car buyers will fear a rise in the price of cars. But who

does really bear the price of such a rise in VAT, and in what pro-

portions? Chapter 1 studies this question, first in a partial equilib-

rium, then in a general equilibrium framework.

Another often debated question is that of the disincentive effects of

taxation, as in the negative effect of the income tax on labor supply.

Any tax measure will prompt agents to change their behavior so as

to pay less taxes. We examine in chapter 2 the mechanisms that

change the main behaviors. We show there how the social losses

induced by taxation can be evaluated. It is very important to under-

stand both of these points well before moving to the discusssion of

optimal taxation in the second part of this book.
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1 Tax Incidence

In the economic world an economic action, an institution, a law, do not
generate only one effect but a whole series of effects. Only the first effect is
obvious. It is manifested simultaneously with its cause: it can be seen. The
others only unroll in succession. They cannot be seen: we are lucky if we can
predict them.

Here is the whole difference between a good and a bad economist: the
latter only minds the visible effect, while the former accounts for both the
effect that can be seen and those that must be predicted—Frédéric Bastiat,
1850

Who pays taxes? A first answer consists in accepting that it is the

(legal) person who signs the check.12 Then it must be that in the

many countries where the income tax is paid as is it is earned (so

that the employer sends a check to the tax authorities), firms pay the

personal income tax; this clearly is absurd. Assume in this example

that the income tax increases; then firms may try to maintain con-

stant labor costs by reducing net wages dollar per dollar. But then

some workers will withdraw from the labor market. To keep them

on the market, firms must raise net wages back up, which pushes

labor costs up. In equilibrium the net wage will be lower than before

the tax increase and the cost of labor will be higher: the burden of

the tax increase will be shared between firms and workers.

This first, informal argument only holds in partial equilibrium,

when the effects of the tax increase on other markets are neglected;

in a general equilibrium analysis, one would have to take into ac-

count the induced changes in the prices of goods.13

12. This is often called the flypaper theory of incidence: taxes stick where they first come.
13. This whole chapter adopts the comparative statics method by comparing equilib-
ria before and after a tax change; we economists unfortunately do not know enough
that we can reasonably model the very complex issues of the dynamic transition from
one equilibrium to the other.



The theory of tax incidence aims at characterizing the effect on

economic equilibrium of a change in taxes. The changes in prices are

a target variable of the theory; ideally (if it were easy to evaluate

changes in utilities) the theory should also compare the utilities of all

agents before and after the tax change, so as to give a satisfactory

answer to this seemingly simple question: How is the tax burden

shared among the economic agents?

This chapter studies the real incidence of taxes both in partial

equilibrium and in general equilibrium. This issue emerged in partial

equilibrium as early as the seventeenth century.14 Both Smith and

Ricardo discussed tax incidence in detail, but their whole analysis

was based on supply, since they lacked an adequate concept of de-

mand.15 The modern analysis of partial equilibium incidence arrived

with the marginalists; however, general equilibrium effects then

were relegated backstage. The theory of tax incidence in general

equilibrium only emerged with Harberger (1962), which we study in

detail later in this chapter.

1.1 Partial Equilibrium

1.1.1 The Effect of Payroll Taxes

For a start, let us look at the effect of payroll taxes on the labor mar-

ket. In most countries, Social Security (which finances pensions in

the United States, but also unemployment and health benefits else-

where) is financed in large part from payroll taxes based on wages.

Some of these taxes are ‘‘paid’’ by employers and some by workers.

This legal distinction is artificial: the only concepts of wages that

matter are that paid by the employer (the gross wage) and that

received by the employee (the net wage). Whether the employer

‘‘pays’’ 80 percent or 50 percent or 20 percent of payroll taxes is im-

material to the equilibrium gross and net wages and to the determi-

nation of employment.

First consider the labor market for a category of workers suffi-

ciently skilled that the market clears in the long run. Without payroll

14. The first, rather crude general equilibrium model is due to the physiocrats in the
second half of the eighteenth century.
15. Smith thought, for instance, that since workers are paid a subsistence wage, they
cannot bear any of the tax burden: a tax on wages or basic consumption goods must
be shifted onto the other social classes. Ricardo was the first to distinguish short-term
and long-term incidence, using the Malthusian theory of labor supply adjustments.
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taxes, equilibrium is figured by point E on figure 1.1, which is the

usual supply and demand graph in the ðL;wÞ plane. Let us now in-

troduce proportional payroll taxes at an infinitesimal rate dt, so that

with net wage w, the gross wage now is wð1þ dtÞ. For a fixed net

wage, labor demand decreases so that the new equilibrium lies at

point E 0, where both net wage and employment are lower than in E

while the gross wage is higher. Thus the burden of payroll taxes is

borne both by employers (profits decrease since the cost of labor

increases) and by workers (since their net wage decreases). Once

again, this analysis does not depend at all on who in practice pays

the taxes: it does not matter whether it is the employers, the workers,

or any combination of the two.

The precise impact of payroll taxes obviously depends on the

elasticities of the demand and supply curves, which are given (in

absolute value) by

eD ¼ �
wLd 0

L
and eS ¼

wLs 0

L

After a payroll tax at rate t is introduced the labor market equilib-

rium is given by

Ldðwð1þ tÞÞ ¼ LsðwÞ

To simplify, let us start from a situation where t ¼ 0; differentiation

then gives

Figure 1.1

Incidence of payroll taxes on skilled labor
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Ld 0 ðdwþ wdtÞ ¼ Ls 0dw

so that

q log w

qt
¼ � eD

eS þ eD
A ��1; 0½

Thus the net wage decreases all the more that demand is more elastic

relative to supply. Similar calculations show that if we denote the

gross wage W ¼ wð1þ tÞ, then

q log W

qt
¼ eS

eS þ eD
A �0; 1½

Symmetrically the gross wage increases all the more that demand is

less elastic relative to supply. Finally, the fall in employment is given

by

� q log L

qL
¼ eS

q log w

qt
¼ eSeD

eS þ eD

since both points E and E 0 lie on the labor supply curve. Since

ab=ðaþ bÞ ¼ 1=ð1=aþ 1=bÞ, the fall in employment is all the larger

that demand and supply are more elastic.

Economists usually agree that at least for the male core of the

labor market, labor supply is much less elastic than labor demand

(eS f eD). Then the preceding formulas show that the cost of labor

hardly changes: workers bear the full burden of payroll taxes.16 This

theoretical analysis is also confirmed in empirical studies. Moreover

employment moves very little since labor supply is very inelastic.

Obviously the assumption that the labor market clears may not

be adequate for all skill levels. Take, for instance, a country with a

minimum wage. Then let us look at the lowest skill levels (those that

are affected by the existence of the minimum wage). Assume that the

minimum wage is set above the market-clearing wage, as in figure

1.2. Then employment is determined by demand in E, and there is

unemployment, as measured by the distance EF. If payroll taxes

increase, the net wage stays equal to the minimum wage since it

cannot fall further, and the cost of labor increases as the payroll taxes

do. Employment is set by labor demand with a higher cost of labor

in E 0 and unemployment increases by the distance E 0E. This type of

16. Whether the taxes are ‘‘paid’’ by employers or by workers.
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analysis is why many economists in continental Europe have argued

for lowering payroll taxes on the low-skilled.

1.1.2 The General Analysis of Partial Equilibrium

The Competitive Case

The analysis of the incidence of the tax on a good (e.g., VAT on cars)

is formally identical to that of the impact of payroll taxes on the

labor market: identify the net wage to the producer price, the gross

wage to the consumer price, and let the demand and supply curves

now be drawn for the good under consideration. It follows that the

creation (or the increase) of a VAT on cars

. increases the consumer price all the more that the demand for cars

is less elastic than the supply of cars

. reduces the producer price all the more that the supply of cars is

less elastic than the demand for cars

. reduces the number of cars sold in equilibrium all the more that

demand and supply are more elastic.

There are two interesting special cases:

. if demand is much more elastic than supply (eD g eS), VAT hardly

moves the consumer price: the producers bear the whole burden of

the tax

Figure 1.2

Incidence of payroll taxes on unskilled labor
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. in the polar case where supply is much more elastic than demand

(eS g eD), VAT is entirely shifted to the consumer, who bears the

whole tax burden. This is called forward tax shifting.17

The rule to remember is that the more inelastic side of the market

bears the greater part of the tax burden.

As for the minimum wage on labor markets, one should also con-

sider cases where regulation imposes price floors or price ceilings.

For instance, many cities have laws that fix price ceilings for rents.

Then an increase in taxes on rents cannot raise rents; in the long run

when supply of apartments is elastic, it must result in an increase of

demand rationing on the market.

The Monopoly Case

So far we looked at markets where all parties act in a perfectly com-

petitive manner. When producers have some market power, the

results may be rather different, as Cournot noticed as early as 1838.

For a monopoly, for instance, profit maximization with a demand

function D and a cost function C is given by

max
p
ðpDðpÞ � CðDðpÞÞÞ

which leads to the usual Lerner formula:

p ¼ C 0ðDðpÞÞ
1� ð1=eDðpÞÞ

where eDðpÞ ¼ �pD 0ðpÞ=DðpÞ is demand elasticity, assumed to be

larger than one.

If we introduce a proportional tax at rate t, the identity of the side

who ‘‘pays’’ the tax again does not matter. Let p be the consumer

price; then the monopoly maximizes over p the profit

p

1þ t
DðpÞ � CðDðpÞÞ

which yields the new formula

p

1þ t
¼ C 0ðDðpÞÞ

1� ð1=eDðpÞÞ

17. Backward tax shifting refers to the case where input prices decrease to absorb at
least part of the tax burden; partial equilibrium analysis by definition excludes this
possibility.
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In general, this is a complex equation in p, so it is hard to compute

the effect of the tax. In particular, it is quite possible that the con-

sumer price increases by more than the amount of the tax,18 which

cannot happen on a competitive market.

Assume, for simplicity, that marginal costs are constant in c; then

the competitive supply is infinitely elastic, and one would expect the

tax to shift fully onto consumers. It is indeed the case when demand

has constant elasticity, since then the right-hand sides of both Lerner

formulas coincide.19 On the other hand, if demand is linear as in

DðpÞ ¼ d� p, then the demand elasticity is

eDðpÞ ¼
p

d� p

One gets by substituting in Lerner’s formula

p ¼ 1

2
ðdþ cð1þ tÞÞ

so that the semi-elasticity of price to an infinitesimal tax is

q log p

qt
¼ c

dþ c

and both sides of the market bear some of the burden of the

tax.

One more curiosum should be noted. In the competitive case,

collecting a given amount of money as a specific tax (in absolute

value) or an ad valorem tax (proportional to the value of production)

changes neither allocations nor incidence. But the choice is no longer

irrelevant with a monopoly. First consider the competitive case; let S

be the competitive supply function. Then an ad valorem tax t yields a

producer price p given by

Dðpð1þ tÞÞ ¼ SðpÞ

and collects tpSðpÞ for the government. If we replace this tax with a

specific tax t ¼ tp, the new producer price p 0 is given by

18. The reader can check this by assuming constant marginal tax and a demand elas-
ticity that decreases in price.
19. Note that even then, the monoploy bears some part of the tax since that lowers its
profits.
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Dðp 0 þ tpÞ ¼ Sðp 0Þ

and p 0 ¼ p is an obvious solution. Since the specific tax collects

tSðp 0Þ ¼ tpSðpÞ, neither the producer price nor the government’s tax

revenue change.

Now consider a monopoly with inverse demand function PðqÞ and
a cost function C. In the no-taxation case, the monopoly’s optimum

is given by

MRðqÞ ¼ C 0ðqÞ

where MRðqÞ ¼ PðqÞ þ qP 0ðqÞ is the marginal revenue. If the monop-

oly pays an ad valorem tax at rate t, then marginal revenue decreases

by tMRðqÞ, while a specific tax t of course reduces marginal revenue

by t. Fix a quantity q. Assume that the tax parameters t and t have

been chosen so as to collect the same amount at production level q.

Then tqPðqÞ ¼ tq or t ¼ tPðqÞ, which implies t > tMRðqÞ since mar-

ginal revenue is smaller than price. At given production and tax

revenue, the specific tax thus reduces marginal revenue more than

the ad valorem tax. It follows from figure 1.3 that the quantity pro-

duced under a specific tax is lower than under an ad valorem tax. For

a given tax revenue, an ad valorem reduced production less, which

is good for social welfare since the monopoly already produces too

little. Thus ad valorem taxes like VAT should be preferred to specific

taxes such as some excises.

Figure 1.3

Taxation of a monopoly
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1.2 General Equilibrium

When we studied the effect of payroll taxes on the labor market, we

neglected their effects on the general price level (which feedbacks

into labor demand through the production price and into labor sup-

ply through the consumer price), but also the possibility of substi-

tuting capital for labor (since the cost of capital was exogenous). Our

analysis of VAT implicitly set aside the impact of an increase in VAT

on incomes and therefore on demand for the good, and also its im-

pact on wages and thus on supply. Moreover we let the money col-

lected sink into a black hole, while in real life it is used to finance

public goods or to pay various forms of income. Taking these vari-

ous effects into account brings us into the world of general equilib-

rium theory. The founding model in the general equilibrium theory

of tax incidence is that of Harberger (1962).

We consider here an economy that produces two goods X and Y

from two inputs: labor L and capital K. The technologies have con-

stant returns to scale. The total supply of either input is fixed,20 but

each factor is perfectly mobile across the two sectors. The two goods

are consumed by workers, capitalists, and government. To simplify

the analysis, we assume that the demand functions for goods only

depend on relative prices and on the gross domestic product of the

economy. Thus we neglect the impact on demands of the distribu-

tion of income. This could be ‘‘justified’’ by assuming that all agents

have identical, homothetic preferences,21 which is of course a bit

counterfactual. More realistic analyses take income distribution into

account; we will here stick to the assumption of identical homothetic

preferences, which makes life much easier.

1.2.1 The No-Taxation Economy

First assume all taxes away. Let CXðr;w;XÞ and CYðr;w;YÞ denote the

cost functions in both sectors, where r and w are the prices of capital

20. Thus we neglect the influence of prices on the supplies of production factors in the
economy. Letting real wages influence labor supply would hardly affect the analysis.
Endogenizing the supply of capital is more difficult; we will describe the dynamics of
capital accumulation in chapter 6.
21. A preference preorder is homothetic if and only if for all x and y and all positive
real numbers l, x@ y implies lx@ ly. It is easily seen that with such preferences the
demand for each good is proportional to income (the Engel curves are lines that go
through the origin). In an economy in which all agents have identical homothetic
preferences, an income transfer from one agent to another leaves total demand func-
tions unchanged.
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and labor. As returns are constant, both cost functions are propor-

tional to production levels:

CXðr;w;XÞ ¼ cXðr;wÞX
CYðr;w;YÞ ¼ cYðr;wÞY

�

and the prices of the goods are given by22

pX ¼ cXðr;wÞ
pY ¼ cYðr;wÞ

�

Factor demands are the derivatives of cost functions with respect to

factor prices; thus the demand for labor in sector X is

LX ¼ cXwðr;wÞX

where cXw is the derivative of cX in w.

Equilibrium on factor markets follows:

cXwðr;wÞX þ cYwðr;wÞY ¼ L

cXrðr;wÞX þ cYrðr;wÞY ¼ K

�

where K and L are the exogenous factor supplies.

Finally, let XðpX; pY;RÞ and YðpX; pY;RÞ denote the Marshallian

demand functions; equilibrium on markets for goods is

XðpX; pY;RÞ ¼ X

YðpX; pY;RÞ ¼ Y

�

where R is total income, which also equals both GDP ðpXX þ pYYÞ
and total factor incomes ðwLþ rKÞ.

The four equilibrium conditions and the two price equations give

us six equations, and there are six unknowns: pX, pY, r, w, X, and Y.

As usual, one equation is redundant: Walras’s law implies that one

need only consider equilibrium in three of the four markets. Thus

only relative prices can be determined, as is always the case in gen-

eral equilibrium markets without money.

1.2.2 Introducing Taxes

Let us now introduce, under the guise of redistributive ad valorem

taxes,

. ad valorem taxes on factor prices in both sectors: tKX, tKY, tLX, and tLY

. ad valorem taxes on goods: tX and tY.

22. This is just the factor price frontier, which states that profits per unit of production
are zero.
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The taxes on goods could represent VAT, an excise like a gasoline

tax or a tax on tobacco, or a sales tax as in the United States. Such

taxes are usually levied at different rates on different goods. The

taxes on labor could be social contributions (a payroll tax) and could

be reduced in some sectors for stimulation purposes. The taxes on

capital classically resemble the corporate income tax, which does not

touch some sectors such as agriculture or housing, but one could

also think of other capital taxes.

Let us denote pX, pY the producer prices, and r and w the net-of-tax

factor prices. The (producer) price equations then become

pX ¼ cXðrð1þ tKXÞ;wð1þ tLXÞÞ
pY ¼ cYðrð1þ tKYÞ;wð1þ tLYÞÞ

�

The equilibrium conditions on factor markets now are

cXwðrð1þ tKXÞ;wð1þ tLXÞÞX þ cYwðrð1þ tKYÞ;wð1þ tLYÞÞY ¼ L

cXrðrð1þ tKXÞ;wð1þ tLXÞÞX þ cYrðrð1þ tKYÞ;wð1þ tLYÞÞY ¼ K

�

while equilibrium on goods markets can be written

XðpXð1þ tXÞ; pYð1þ tYÞ;RÞ ¼ X

YðpXð1þ tXÞ; pYð1þ tYÞ;RÞ ¼ Y

�

Here R is the new value of total income; it still equals GDP but now

includes the tax revenue. The tax revenue T is

pXð1þ tXÞX þ pYð1þ tYÞY ¼ wLþ rK þ T

where

T ¼ rtKXKX þ rtKYKY þ wtLXLX þ wtLYLY þ pXtXX þ pYtYY

This system of equations in general does not have a closed-form

solution. On the other hand, it can be solved numerically so as to

study the changes in prices and quantities and the incidence of one

of the taxes above in general equilibrium. This approach underlies

the computable general equilibrium, or CGE models developed after

Shoven-Whalley (1972).23 One can also linearize the system around

the existing tax system so as to study infinitesimal changes in taxes,

as in Ballentine-Eris (1975). This leads to complex calculations and

to conclusions that are hard to interpret, so most of the literature

23. Shoven-Whalley (1984) presents a survey of CGE models.
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focused on the effect of introducing infinitesimal taxes in a world

originally without taxes. The obvious problem with this approach is

that it can only be illustrative. Given the level of taxes in actual

economies, nonlinearities can hardly be neglected. Thus any study

that aims at realism must use computer simulations.

1.2.3 General Remarks

As described above, the equilibrium conditions call for three re-

marks. First note that in equilibrium, factors must be paid the same

net-of-tax rate in both sectors, since they are perfectly mobile. While

this sounds rather obvious, it has important consequences: if, for

instance, capital taxation increases in sector X, then the net return of

capital must decrease in the whole economy, and not only for capital

used in sector X. Otherwise, capitalists would withdraw all of their

money from sector X to invest it in sector Y. This would reduce the

return of capital in sector Y and increase it in sector X until both are

equal again.

This is very much analogous to what happens in the transporta-

tion sector. Assume that two cities A and B are only connected by

two roads R1 and R2. If the government creates a toll on road R1, in

the very short run only motorists who take that road will bear the

burden. But soon some of them will turn to the other road. Thus they

will congest road R2 and reduce congestion on road R1. This equili-

brating process will last until the perceived cost of congestion on

road R2 equals the sum of the toll and the cost of congestion on road

R1. In equilibrium, the cost of the toll on R1 is balanced by the higher

cost of congestion on road R2.

A second remark is that some combinations of taxes are perfectly

equivalent. Start from an economy without taxes, and consider rais-

ing taxes on both factors at equal rates in sector X: tKX ¼ tLX ¼ t.

Since cX and cY are homogeneous of degree one in r and w, so that

their derivatives are homogeneous of degree zero, the resulting sys-

tem of equations is

pX ¼ ð1þ tÞcXðr;wÞ
pY ¼ cYðr;wÞ
cXwðr;wÞX þ cYwðr;wÞY ¼ L

cXrðr;wÞX þ cYrðr;wÞY ¼ K

XðpX; pY; pXX þ pYYÞ ¼ X

YðpX; pY; pXX þ pYYÞ ¼ Y

8>>>>>>><
>>>>>>>:
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Now abolish these two taxes and replace them with a tax on good X

at the same rate t; the new equilibrium system is

p 0X ¼ cXðr 0;w 0Þ
p 0Y ¼ cYðr 0;w 0Þ
cXwðr 0;w 0ÞX 0 þ cYwðr 0;w 0ÞY 0 ¼ L

cXrðr 0;w 0ÞX 0 þ cYrðr 0;w 0ÞY 0 ¼ K

Xðp 0Xð1þ tÞ; p 0Y; p 0Xð1þ tÞX 0 þ p 0YY
0Þ ¼ X 0

Yðp 0Xð1þ tÞ; p 0Y; p 0Xð1þ tÞX 0 þ p 0YY
0Þ ¼ Y 0

8>>>>>>><
>>>>>>>:
It is easily seen that the solution of this system is identical to that of

the preceding system, substituting only pX with p 0Xð1þ tÞ. Thus both
tax systems are perfectly equivalent: taxing both inputs at the same

rate in one sector is equivalent to taxing the output of that sector at

the same rate. It also follows that a proportional and uniform income

tax (which would apply the same tax rate to every input in every

sector) is equivalent to a uniform VAT on all goods.

The last remark points out a consequence of the assumed inelas-

ticity of total factor supply: a uniform tax on all uses of a factor (e.g.,

tLX ¼ tLY) is entirely borne by that factor. As partial equilibrium

incidence theory sugested, it reduces its net-of-tax price one for

one and leaves all quantities and after-tax prices unchanged. This is

easily seen by rewriting the system of equations as above.

1.2.4 Infinitesimal Analysis

Given the remarks above, we only need to analyze the effects of

taxes that are specific to one sector. Harberger’s paper studied the

incidence of taxing capital in one sector. Since VAT is usually levied

at different rates across goods, we will also look at the effect of rais-

ing VAT on one of the two goods. We therefore start from an econ-

omy without taxes and introduce

. a tax at infinitesimal rate dtKX on the use capital in sector X

. a tax at infinitesimal rate dtX on the produce of sector X.

The resulting changes in utilities come from both factor incomes and

the changes in relative prices. The latter effect is by construction

the same for both workers and capitalists, since they have identical

preferences. Thus one can study incidence by focusing on factor

incomes wL and rK, as we will now do.
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The calculations are somewhat tedious,24 but this is the price to

pay to account properly for the complex mechanisms involved in the

reequilibration of both factor and goods markets. As in most papers

in this literature, we will use hat calculus, meaning we will look at

variations in growth rates (logarithmic derivatives) as in

ẑz ¼ dz

z

The equilibrium conditions on good markets give dKX þ dKY ¼ dLXþ
dLY ¼ 0, whence

KXK̂KX þ KYK̂KY ¼ 0

LXL̂LX þ LYL̂LY ¼ 0

�

Let us denote lKX ¼ KX=K as the share of sector X in capital use,

and similarly denote lKY, lLX, and lLY (so that indeed lKX þ lKY ¼
lLX þ lLY ¼ 1). Then we have

K̂KY ¼ �
lKX

lKY
K̂KX

L̂LY ¼ �
lLX

lLY
L̂LX

8>>><
>>>:
Now denote sX and sY the elasticities of substitution in production

in both sectors. Taking into account the taxation of capital in sector

X, we get from the definition of these elasticities

K̂KX � L̂LX ¼ �sXðr̂r� ŵwþ dtKXÞ
K̂KY � L̂LY ¼ �sYðr̂r� ŵwÞ

�

By substituting the expressions of K̂KY and L̂LY found above and solv-

ing the resulting two-equation system in ðK̂KX; L̂LXÞ, we find, for in-

stance, that

l�K̂KX ¼ ðsXlLX þ sYlLYÞlKYðŵw� r̂rÞ � sXlKYlLX dtKX ðKXÞ

where we write l� ¼ lLX � lKX ¼ lKY � lLY. Note that l� is positive if

and only if sector X is less capital intensive than sector Y. Therefore

the relative capital intensities of the two sectors will play a crucial

role in our results. In order to go further, we need to compute the

variation of the relative factor price ðŵw� r̂rÞ and thus to find other

equations. This can be done by expressing ðX̂X � ŶYÞ in two ways:

24. Hurried readers can go directly to the analysis of the net effects.
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starting from the production functions or from the demand functions

for goods.

Just as in growth accounting, the relative variation of the produc-

tion of a good is a weighted average of the relative variations of

the factors used in its production, where the weights are the factor

shares. If we denote sKX ¼ rKX=pXX as the share of KX in the income

generated by X and similarly denote sKY, sLX, and sLY (with sKX þ
sLX ¼ sKY þ sLY ¼ 1), we have

X̂X ¼ sLXL̂LX þ sKXK̂KX

ŶY ¼ sLYL̂LY þ sKYK̂KY

�

Using the fact that the sum of the factor shares is one in each sector,

this gives

X̂X ¼ K̂KX þ sLXðL̂LX � K̂KXÞ
ŶY ¼ K̂KY þ sLYðL̂LY � K̂KYÞ

(

We already know how to write K̂KY as a function of K̂KX; we also know

how to write the relative variations of factor demands as a function

of the relative variations in their costs. Subtracting one equation

from the other, we get after some calculations

X̂X � ŶY ¼ K̂KX

lKY
þ ðsLXsX � sLYsYÞðr̂r� ŵwÞ þ sLXsX dtKX

Using equation ðKXÞ and rearranging, we finally get

l�ðX̂X � ŶYÞ ¼ ðsXaX þ sYaYÞðŵw� r̂rÞ � sXaX dtKX ð1Þ

where we introduced two new positive parameters

aX ¼ sKXlLX þ sLXlKX

aY ¼ sKYlLY þ sLYlKY

�

The second way to write ðX̂X � ŶYÞ consists in using the demand

functions for the goods. Once more, assume that preferences are

identical and homothetic. Then demands for X and Y are propor-

tional to income, with proportions that are identical across agents:

XiðpX; pY;RiÞ ¼ Rix
pX
pY

� �

YiðpX; pY;RiÞ ¼ Riy
pX
pY

� �
8>>><
>>>:
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and the variation in relative demand is unchanged by income effects

when R varies since

X

Y
¼
P

i XiðpX; pY;RiÞP
i YiðpX; pY;RiÞ

¼ xðpX=pYÞ
yðpx=pYÞ

Given this assumption on preferences, the relative change in de-

mands therefore only depends on the relative change in aftertax

prices (which includes dtX):

X̂X � ŶY ¼ �eDð p̂pX þ dtX � p̂pYÞ ð2Þ

where eD is the difference between the price elasticities of the de-

mands for X and Y, or

eD ¼ �
q logðX=YÞ

q logðpX=pYÞ

This equation introduces a new unknown, with the relative

change in prices. But, by differentiating the price equations pX ¼
cXðrð1þ tKXÞ;wÞ and pY ¼ cYðr;wÞ, we can compute

p̂pX ¼ sKXðr̂rþ dtKXÞ þ sLXŵw

and

p̂pY ¼ sKYr̂rþ sLYŵw

whence by subtracting

p̂pX � p̂pY ¼ s�ðŵw� r̂rÞ þ sKX dtKX ð3Þ

where s� ¼ sLX � sLY is positive if and only if the income share of

labor is larger in sector X than in sector Y. Now note that

s� ¼ sLXsKY � sLYsKX

and

l� ¼ lLXlKY � lLYlKX

By expanding the factors, we can check that

s� ¼ wrLK

pXpYXY
l�

so that the product s�l� > 0 always. Thus the parameter s� has the

same interpretation as l�: it is positive if and only if X is less capital

intensive than Y.
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Substituting equation (3) in equation (2), we finally get

X̂X � ŶY ¼ �eDðs�ðŵw� r̂rÞ þ sKX dtKX þ dtXÞ ð4Þ

Combining (1) and (4) then gives ðŵw� r̂rÞ; the final equation is

Dðŵw� r̂rÞ ¼ ðsXaX � eDl�sKXÞ dtKX � eDl� dtX

where D ¼ sXaX þ sYaY þ eDl�s� is always positive, since l�s� > 0.

The changes in relative prices and relative demands can then easily

be computed by using the equations obtained above. We will now

discuss the main results. Remember that only relative prices are de-

termined in equilibrium. Thus, if ŵw� r̂r > 0, it just means that labor

income increases more (or decreases less) than capital income.

First a general remark: there are two categories of effects. One acts

through the relative demands for goods and is called the volume ef-

fect. The second acts through the relative factor demand; it is called

the factor substitution effect. These categories are easy to identify:

volume effects depend on eD, while factor substitution effects depend

on sX and sY. Thus the taxation of capital within X leads to an

increased use of labor for a given production level (it is the factor

substitution effect) but also to a change in the relative prices of X and

Y, which depends on the relative capital intensity of both sectors and

which in turn affects the demands for goods (it is the volume effect)

and thus the factor demands again.

The Effects of Taxing Capital

In this paragraph we assume dtX ¼ 0, and we examine the im-

pact of dtKX > 0. Looking at the equation for ðŵw� r̂rÞ shows two

things:

. if X is more capital intensive than Y, then l� < 0, and therefore

ŵw� r̂r > 0

. such is also the case if eD ¼ 0.

In the former case, the factor substitution effect (which always yields

a relative decline in capital income) is seconded by the volume effect:

the increased cost of capital in sector X tends to increase the relative

price of X, and thus to decrease the demand for the factor in which

X is the more intensive sector, which happens to be capital. This

reduces the relative price of capital. In the latter case, there is no

volume effect. The factor substitution effect directly reduces the rel-

ative income of capital.
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Contrary to what might be thought a priori, it is quite possible that

taxing capital in X increases its relative income. Such is the case if X

is more labor intensive and has a production function with almost

complementary factors (sX then is close to 0). Then taxing capital

also impacts labor; the factor substitution effect is zero and the vol-

ume effect tends to increase r=w. It can indeed be proved that if X is

more labor intensive, then the relative price of X increases and its

relative demand decreases. This apparently counterintuitive result is

entirely due to substitution effects in the demands for goods.

What can we say about tax incidence? If ŵw ¼ r̂r, then the relative

income of capital is constant, and both factors bear the burden of

the tax proportionately to their shares in income. The tax is neutral

in that sense. If ŵw > r̂r (resp. ŵw < r̂r), the tax bears more (resp. less)

on capital than on labor. Elementary computations show that if the

utility function that generates the demands for the goods and the

production functions are Cobb-Douglas (so that eD ¼ sX ¼ sY ¼ 1),

then D ¼ 1 and ŵw� r̂r ¼ lKX dtKX. Since only relative prices are deter-

mined in equilibrium, we can normalize w to one (which amounts to

expressing the prices and incomes in wage units) so that ŵw ¼ 0. Then

we can write

drK ¼ �rKX dtKX

The left-hand side is the variation (in terms of the price of labor) of

the income of capitalists and the right-hand side is minus the tax

revenue. Thus when the economy is well described by Cobb-Douglas

functions, the capitalists bear the whole burden of the tax.25 Har-

berger’s simulations suggested that such was indeed the case in the

United States, but the much richer CGE models that have been built

since then show that this extreme conclusion may not be robust.

In any case, accounting for all of these effects takes us far from

the traditional analysis of classical authors, as summed up by John

Stuart Mill in his Principles of Political Economy (1848, v, iii):

If a tax were laid on the profits of any one branch of productive employ-
ment, the tax would be virtually an increase of the cost of production, and
the value and price of the article would rise accordingly; by which the tax

25. It is in fact possible that the relative income of capital decreases so much that the
capitalists bear more than the whole tax burden (start from a Cobb-Douglas economy
and make sY go below one). In counterpart, the workers gain from the creation of the
tax in such a situation.
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would be thrown upon the consumers of the commodity, and would not
affect profits.

As we have seen, only in a world without factor substitution effects

and volume effects would this conclusion be true: otherwise, capital

income certainly changes.

The Effects of VAT

Now assume dtKX ¼ 0, and consider some dtX > 0. Its effects are

rather simpler, since they only depend on the volume effect. Relative

capital income decreases if and only if X is more capital intensive

than Y, which is very intuitive: taxing X reduces its net relative price

but increases its relative after tax price. The tax therefore reduces

relative demand for X, which discourages the use of the factor in

which X is the more intensive. The demand for this factor decreases,

and so does its relative income.

1.2.5 Final Remarks

Harberger’s model gives a good account of the complexity of the re-

action of private agents to a tax in general equilibrium, especially

through the interaction of factor substitution effects and volume

effects. However, neglecting income effects certainly is a rather re-

strictive assumption, given the tax take in our economies. Moreover

the preferences that we assumed for the agents are not realistic.

These two drawbacks can be remedied by resorting to more compli-

cated analytical or numerical computations. It is more difficult to go

beyond the wholly neoclassical character of the model. This is all the

more annoying when it is important to take into account the exis-

tence of other distortions in the economy (e.g., the minimum wage

for the payroll tax, or imperfect competition in some sectors). The

static perspective also is restrictive. If one considers taxes over the

whole life cycle of an agent, then the incidence of capital taxation

can be rather different, since a given agent may live on labor in-

come when he is young and on capital income when he is old (see

Fullerton-Rogers 1993). Finally, we worked in a closed economy. In

practice, capital is mobile (less perfectly than is often said) across

frontiers, which makes its supply more elastic and therefore must

reduce the taxation burden it bears. The final note must be that while

we economists are in relative agreement on the incidence of payroll

taxes, such is not the case for the corporate income tax.
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To conclude this chapter, let us mention the special case of the

incidence of taxes on durable goods that are in fixed supply. The

simplest example is that of land. Assume that the government cre-

ates a yearly tax proportional to the area of land owned by each

taxpayer. This new tax reduces the value of land one for one, since

the supply of land is assumed to be inelastic. Therefore the agents

who own land when the tax is announced bear the whole burden of

the tax. On the other hand, future landowners do not bear any bur-

den, since the discounted value of the taxes they have to pay is ex-

actly equal to the decrease in the price they pay for their purchase of

land. Thus any change in the expected income flow from a durable

good whose supply is fixed is entirely reflected in its price. This ef-

fect is called fiscal capitalization; it plays a very important role in the

analysis of property taxes.
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2 Distortions and Welfare
Losses

A traditional technicist view of the role of the economist is that his

task is to take governmental objectives as given and then to find a

way to implement them that minimizes distortions, or equivalently,

that reduces the efficiency of the economy by as little as possible. But

what are these distortions, and how can they be measured? At a

Pareto optimum the marginal rates of substitution of all consumers

are equal to the technical marginal rates of substitution of all firms.

Under the usual conditions and without taxation, the competitive

equilibrium is Pareto optimal since every consumer equates his

marginal rates of substitution to the relative prices, while every firm

equates its technical marginal rates of substitution to the relative

prices. Once taxes are introduced in such an economy, the relative

prices perceived by various agents differ: for instance, consumers

perceive after-tax prices, while producers perceive before-tax prices.

In these conditions equilibrium does not lead to the equality of mar-

ginal rates of substitution any more, and it cannot be a Pareto opti-

mum. The price system does not coordinate the agents efficiently any

more since it sends different signals to different agents.

To make this discussion more concrete, consider the very simple

example of a two-good, one-consumer, and one-firm economy. The

consumer’s utility function over goods 1 and 2 is given by U ¼ C1C2;

the firm transforms good 1 into good 2 through a production func-

tion X2 ¼ X1=c. We normalize the price of good 1 to one. The con-

sumer’s initial resources consist in one unit of good 1.

Without taxation, the equilibrium is easily computed. Since the

technology exhibits constant returns, the price of good 2 must equal

c, and the firm makes zero profit. So the consumer’s budget con-

straint is



C1 þ cC2 ¼ 1

Maximizing the utility gives C1 ¼ 1
2 and C2 ¼ 1=2c, and therefore the

utility is U ¼ 1=4c. Note that the marginal rate of substitution of the

consumer is

qU=qC1

qU=qC2
¼ C2

C1
¼ 1

c

which equals the technical marginal rate of substitution of good 1 for

good 2. As expected, the equilibrium coincides with the single Pareto

optimum of this economy.

Let us now introduce a specific tax t on good 2; the tax revenue is

redistributed to the consumer as a lump-sum transfer T. Since the

production function has constant returns, the supply of good 2 is

infinitely elastic and the tax is entirely borne by the consumer, so

that the consumer price of good 2 is ðcþ tÞ. The budget constraint

becomes

C1 þ ðcþ tÞC2 ¼ 1þ T

and we obtain

C1 ¼
1þ T

2

C2 ¼
1þ T

2ðcþ tÞ

8>><
>>:
Now the marginal rate of substitution of the consumer is

qU=qC1

qU=qC2
¼ C2

C1
¼ 1

cþ t

This differs from the technical marginal rate of substitution, which is

still 1=c. The equilibrium is not a Pareto optimum any more: the tax

creates a divergence between the relative prices perceived by the

consumer and by the firm, which leads to an inefficient allocation of

resources in the economy.

By definition, T ¼ tC2 and by substituting for T:

C1 ¼
cþ t

2cþ t

C2 ¼
1

2cþ t

8>><
>>:
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which gives a utility

UðtÞ ¼ cþ t

ð2cþ tÞ2

An elementary computation shows that

U �UðtÞ ¼ t2

4cð2cþ tÞ2

so that the utility loss (due to the fact that the equilibrium is not

Pareto optimal) is a second-order term in t. This is called the dead-

weight loss or excess burden of the tax.26

Note that the loss exists even though the government returns the

proceeds of the tax to the consumer (by construction, T ¼ tC2). It is

due to the fact that the producer and the consumer do not perceive

the same relative prices; the increase in the relative consumer price

of good 2 leads to an excessive consumption of good 1 and an in-

efficiently low consumption of good 2.

This example shows two points that will recur through this chap-

ter. First, the distortions induced by taxes are channeled by the

divergences between the prices perceived by the various agents.

Second, the resulting welfare losses are second-order terms in the tax

parameters. On the other hand, it is not a forgone conclusion that

taxing a good leads to an underproduction and/or an undercon-

sumption of that good: the substitution effect may be masked by an

income effect in the other direction. For the standard consumption

good, such a phenomenon is associated to a Giffen good and can

therefore be considered a rarity. However, it is less implausible for

labor supply and savings behavior.

We are now going to study the effects of taxes on the main eco-

nomic decisions:

. effect of the income tax on labor supply

. effect of taxing interest income on savings

. effect of taxes on risk-taking.

We will then seek to quantify the deadweight losses due to taxes.

26. Of course, its precise measure depends on what utility function is used to repre-
sent preferences.
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2.1 The Effects of Taxation

We will focus here on the main economic decisions, those that play a

central role in tax policy debates. In each case we will adopt a partial

equilibrium viewpoint; for instance, we will neglect the effect of the

income tax on workers’ wages.

2.1.1 Labor Supply

As you know, wages affect labor supply in an ambiguous way. A

higher wage makes work more attractive relative to leisure (by the

substitution effect), but it also increases the demand for leisure (by

the income effect) if leisure is a normal good. The same effects come

into play when looking at the income tax.

The Standard Model

Consider a consumer with utility function UðC; LÞ, where C is con-

sumption of an aggregate good of unit price and L is labor (so that

U increases in C and decreases in L). Assume that a proportional in-

come tax at rate t is created so that the budget constraint becomes

Ca ð1� tÞðwLþ RÞ1 sLþM

where R represents nonlabor income (which is taxed at the same rate

as labor income). We define s ¼ ð1� tÞw and M ¼ ð1� tÞR.
The creation of (or an increase in) the income tax has three effects:

1. by lowering M, it reduces income; in the usual case where leisure

is a normal good, this reduces the demand for leisure and thus

increases labor supply

2. the decrease in s goes in the same direction since it also reduces

income

3. the decrease in s (the relative price of labor), however, makes

labor less attractive and thus reduces the supply of labor.

Effects 1 and 2 are income effects, which depend on the average tax

rate, while the substitution effect 3 only depends on the marginal tax

rate. This hardly matters here since the tax is proportional, but it

may become important with a progressive income tax.

To evaluate these effects, start with

qL

qt
¼ qL

qs

qs

qt
þ qL

qM

qM

qt
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The Slutsky equation is

qL

qs
¼ Sþ L

qL

qM

where S > 0 is the Slutsky term, that is, the compensated derivative

of labor supply with respect to the net wage:

S ¼ qL

qs

� �
U

This yields

qL

qt
¼ �wS� ðwLþ RÞ qL

qM

The first term on the right-hand side is the substitution effect and is

clearly negative. The second term comes from the two income effects;

it is positive if leisure is a normal good, and it is multiplied by in-

come. This suggests that the income effect is smaller for low-income

individuals. Thus the income tax may have more disincentive effects

on the poor than on the rich, other things equal.

One could illustrate this formula with a Cobb-Douglas utility

function U ¼ a log Cþ ð1� aÞ logðL� LÞ, but it is easy to see that the

ð1� tÞ term in the budget constraint then only reduces utility with-

out modifying labor supply. The income effect and the substitution

effect exactly cancel out, and taxation does not change labor supply.

As is often the case, the Cobb-Douglas specification is a very special

one.27

Obviously a proportional tax is a very bad approximation to real-

world income taxes. It is nevertheless easy to analyze simple vari-

ants. Thus let us create a negative income tax G that is a benefit

given given to all individuals independently of their income.28 Then

the after-tax income becomes ðsLþMþ GÞ; other things equal, the

presence of the G term adds an income effect that reduces labor

supply. If the negative income tax is financed by increasing t, then

the effects described above come into play. For poor individuals,

going from a proportional income tax to a negative income tax

seems to reduce labor supply unambiguously. This remark, however,

27. It can be checked that if preferences are CES with an elasticity of substitution s,
then the income tax reduces labor supply if and only if s > 1.
28. So that the net tax paid is tðwLþ RÞ � G, which may be negative.

Chapter 2 Distortions and Welfare Losses 39



neglects the fact that in most developed countries the poorest house-

holds receive large means-tested benefits. These transfers should be

modeled in order to understand the labor supply of the poor.

Criticisms and Extensions

The standard model implicitly assumes that workers can choose

their hours L freely. In fact the number of hours worked may not

be chosen so easily, especially in some European countries where

working hours are regulated and part-time work may not be the

result of a spontaneous choice. Thus it is interesting to look at the

participation decision, that is the choice between not working and

working a conventional number of hours L. For simplicity, let us

neglect part-time work and assume that the utility function is U ¼
uðCÞ � vðLÞ, with vð0Þ ¼ 0; then we must compare ðuðð1� tÞðwLþ RÞÞ
� vðLÞÞ and uðð1� tÞRÞ. Note that the participation decision is de-

termined by the average and not the marginal tax rate.

The derivative in t of the difference of these two utilities is

�ðwLþ RÞu 0ðð1� tÞðwLþ RÞÞ þ Ru 0ðð1� tÞRÞ

Thus it appears that participation decreases in t if and only if

xu 0ðxÞ is increasing,29 which seems reasonable. Progressivity further

reduces the incentive to participate, since the average tax rate is

higher when the individual works than when he does not. This

analysis of the decision to particpate also applies to the decision to

retire, with the caveat that pension rights depend on contributions

paid.

One could also reinterpret the standard model by analyzing L as

an effort variable of the individual, something he does to improve

the productivity of his labor input; the resulting problem is formally

identical, so long as effort causes an increase in wages and is costly

in utility terms. This reinterpretation is useful when studying the

optimal taxation problem.

Even if we focus on labor supply, taxation impacts other variables

than hours worked and effort. Consider, for instance, two jobs: job 2

is more painful and therefore better paid than job 1. Then, assuming

again that utility is separable, the individual must compare the

increase in utility from income ðuðW2ð1� tÞÞ � uðW1ð1� tÞÞ in taking

29. Equivalently, if and only if the marginal utility of income has an elasticity �xu 00=u 0
that is lower than one.
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job 2 to the increase in the disutility of labor ðv2 � v1Þ. Taxation

reduces the first term and leaves the second one unchanged, which

makes job 2 less attractive. Similarly taxation makes household pro-

duction (tasks that are often but not always done outside of the

market system, e.g., household chores and child care) more attrac-

tive, since it is not taxed.

Finally, note that real-world budget constraints are very complex

and nonconvex, given the actual tax-benefit systems. Figure 2.1

illustrates this for a rather typical developed country. The S-shape

represents the fact that the marginal tax rate is high both for low

incomes (where benefits are means tested and more labor income

means less benefits) and for high incomes (given the progressivity of

the income tax). Given such a budget constraint, small tax changes

may induce large changes in labor supply for a given individual

(e.g., a jump from A to B in figure 2.1). In practice, the complexity of

actual real-world tax-benefit systems makes it necessary to resort to

empirical analysis.

Estimates of Labor Supply

The empirical literature on the estimation of labor supply functions

is very rich. So-called structural estimation procedures usually start

from the standard model, where maximizing UðC; LÞ under the bud-

get constraint Ca sLþM and the nonnegativity constraint Lb 0

gives the following conditions:

Figure 2.1

Real-world budget constraint
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. L ¼ 0 if

�U 0LðM; 0Þ
U 0CðM; 0Þ b s

This inequality defines an after-tax reservation wage sRðMÞ below
which the agent refuses to work.

. Otherwise, L is given by

�U 0LðsLþM; LÞ
U 0CðsLþM; LÞ ¼ s

which defines a function L�ðs;MÞ.

These equations lead econometricians to specify the labor supply

model as a Tobit model with a latent variable30

L� ¼ aþ b log sþ g log Mþ e

(where e is an error term) and a labor supply given by

L ¼ maxðL�; 0Þ

Of course, the wage s is only observed when the agent works. So the

Tobit model must be estimated jointly with a wage equation that

explains wages as a function of characteristics of the agents X and an

error term u:

log s ¼ Xaþ u

As such, this model is not satisfactory. By assuming that the current

labor supply only depends on the current wage, it cannot, for in-

stance, account for young executives who work long hours in the

hope of a promotion. The model must therefore be inserted in a life-

cycle perspective. It also neglects fixed costs of participation linked

to transportation costs and/or to the cost of child care, or the diffi-

culties linked to collective choice within a household.

Finally, the model must be adapted for nonproportional taxes,

which define a budget constraint

CawLþ R� TðwLþ RÞ

If the marginal tax rate is increasing, then the budget constraint is

still convex, as shown on figure 2.2. One can then define a virtual

30. The semilogarithmic specification adopted here is only an example.
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wage s ¼ ð1� T 0Þw and a virtual income M ¼ C� sL. This way labor

supply is also the solution of the program that maximizes utility

under the virtual budget constraint

Ca sLþM

This brings us back within the standard model, except that s and M

depend on L through T 0 and are therefore endogenous. Then one

must estimate the model with the method of instrumental variables

or the maximum likelihood method.

In the real world, tax systems unfortunately lead to nonconvex

budget constraints such as that in figure 2.1 so that the solution of

the maximization program is not characterized by the first-order

condition. Then one often has to discretize the choice set for labor

supply L (e.g., by considering each of the values L ¼ 0; 1; . . . ; 60

hours per week) and to compare the values of utility

UðwLþ R� TðwLþ RÞ;LÞ

to find the maximum. The parameters of the utility function can then

be estimated by the maximum likelihood method and used to eval-

uate the wage and income elasticities of labor supply.31

Given all these complexities, it is not very surprising that estima-

tion results vary across studies. Few doubt that leisure is a normal

Figure 2.2

Convex budget constraint

31. The reader may complete this brief tour by the survey of Blundell-MaCurdy (1999).

Chapter 2 Distortions and Welfare Losses 43



good.32 The compensated wage elastictity of labor supply is more

uncertain. It seems to be small for men (somewhere between 0 and

0:2, which yields an uncompensated elasticity close to zero). This

is not very surprising: daily observation suggests that most men, at

least in the middle part of their lives, participate in the labor force.

Moreover their hours often result from collective bargaining more

than from individual choice. On the other hand, the labor supply of

women is much more wage elastic, especially for married women,

for whom the elasticity may be between 0:5 and 1. This striking dif-

ference between men and women probably stems from the tradi-

tional sexual differentiation of roles within couples: women much

more often than men choose to withdraw from the labor force (or to

take a part-time job) so as to raise children.

Structural estimates have been criticized because they always rely

on a model that may be misspecified. Other authors have resorted to

the method of natural experiments. This consists, in our case, in com-

paring the effect of a tax reform on the labor supplies of various

subpopulations, some of which are more touched by the reform than

others. Thus Eissa (1995) examines the effect of the Tax Reform Act

of 1986 (TRA86) in the United States on the labor supply of married

women. The most spectacular effect of TRA86 was the reduction of

the top marginal rate of the personal income tax from 50 percent to

28 percent. Therefore the reform considerably reduced the marginal

rate faced by the wives of high earners; on the other hand, its effect

on wives of men with lower wages was much smaller. By comparing

the changes in the labor supplies of these two subpopulations of

women after TRA86, Eissa estimates that the wage elasticity of the

labor supply of women in the first group is about 0:8, which falls in

the same ballpark as structural estimates.

Finally, note that empirical studies sometimes use taxable income

and sometimes total income. Since labor in the underground econ-

omy is by definition not taxed, one would expect that an increase in

tax rates induces some agents to leave the legal sector for the under-

ground sector of the economy, at least for part of their working

hours. Lemieux-Fortin-Frechette (1994) use a survey on Québec to

show that this effect is rather small on the average taxpayer, but that

it matters for welfare recipients, who usually face very high mar-

ginal withdrawal rates.

32. This is confirmed, for instance, by the observation that people who inherit tend to
reduce their labor supply (see Holtz-Eakin-Joulfaian-Rosen 1993).
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2.1.2 The Effects of Taxation on Savings

In most countries, income taxation bears both on labor income and

on income from savings. With perfect financial markets, taxation of

labor income only changes the savings rate in that the latter depends

on permanent income. We will focus here on the effect of taxation of

income from savings on the time profile of consumption over the life

cycle. We will therefore start by neglecting the taxation of labor

income. We also assume an exogenous interest rate, which neglects

general equilibrium effects.

Theoretical Analysis

Consider a consumer who lives two periods and whose labor supply

is inelastic. He gets in the first period a wage w, consumes some part

of it, and saves the rest according to

C1 þ E ¼ w

In the second period, he does not work33 and consumes the net

income from his savings. Given an interest rate r and taxation of

income from savings at a proportional rate t, his budget constraint in

the second period is

C2 ¼ ð1þ rð1� tÞÞE

Assuming perfect financial markets, the consumer can save as much

as he likes, and the two budget constraints can be aggregated in an

intertemporal constraint

C1 þ pC2 ¼ w

where p is the relative price of second-period consumption, that is,

p ¼ 1

1þ r

without taxation and

p ¼ 1

1þ rð1� tÞ

with taxation.

33. Thus the first period could be the active period of life and the second retirement.
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As usual, the increase in p due to taxation has two effects:

. an income effect: the increase in p reduces both C1 and C2 if con-

sumptions in both periods are normal goods, which increases

savings E ¼ w� C1

. a substitution effect: the increase in p makes second-period con-

sumption more expensive and thus tends to reduce savings.

More precisely, denote UðC1;C2Þ the utility function of the con-

sumer.34 We can write

qC1

qp
¼ qC1

qp

� �
U

� C2
qC1

qw

Define the intertemporal elasticity of substitution as

s ¼ q logðC1=C2Þ
q log p

� �
U

First note that since Hicksian demands are the derivatives of the ex-

penditure function eðp;UÞ with respect to prices, the equality

C1ðp;UÞ þ pC2ðp;UÞ ¼ eðp;UÞ

implies by differentiating in p that

qC1

qp

� �
U

þ p
qC2

qp

� �
U

¼ 0

Since by definition

s ¼ q log C1

q log p

� �
U

� q log C2

q log p

� �
U

we obtain

s ¼ p

C1
þ 1

C2

� �
q log C1

q log p

� �
U

¼ w

pC2

q log C1

q log p

� �
U

and

q logC1

q log p

� �
U

¼ es

where e ¼ E=w ¼ pC2=w denotes the savings rate.

34. We can neglect the disutility of labor since labor supply is assumed to be inelastic.
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We also have

qC1

qw
¼ C1

w

q log C1

q log w

Finally, by substituting within the Slutsky equation and denoting

h ¼ q log C1

q log w

the income elasticity of first-period consumption, we get

q log C1

q log p
¼ es� C2

p

C1
h
C1

w
¼ eðs� hÞ

Moreover

q log E

q log p
¼ �C1

E

q log C1

q log p

whence

q log E

q log p
¼ �ð1� eÞðs� hÞ

which shows the negative substitution effect ð�ð1� eÞsÞ and the in-

come effect ð1� eÞh. What is the order of magnitude of the resulting

effect? Note that once more, the Cobb-Douglas utility function is not

much help since it implies s ¼ h ¼ 1 and thus no effect of taxation on

savings. A reasonable assumption is that preferences are homothetic

so that both consumptions are proportional to permanent income

(h ¼ 1). Choose e ¼ r ¼ 1
2, which is not absurd since the two periods

represent the working life and retirement. Then a 50 percent tax on

income from savings increases p by 20 percent and reduces savings

by 10 percent multiplied by ðs� 1Þ (to the first order). Thus, to get

large effects of taxation on savings, the intertemporal elasticity of

substitution has to be rather large. It is even quite possible that

taxation increases savings (it is the case if and only if s < h).

If the consumer is paid wages in both periods, then we must

take into account a new income effect as permanent income

becomes

w1 þ
w2

1þ rð1� tÞ
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This time the consumer may decide to borrow (if his second-period

wages are relatively high), which makes imperfections on financial

markets relevant. If the interest rate at which he can borrow rþ is

larger than the interest rate paid on his savings r�, then his budget

constraint has a kink at the zero savings point. Under these circum-

stances some consumers will choose to locate in that point,35 and

the substitution effect does not come into play, at least locally. This

clearly reduces the negative influence of taxation on savings.

So far we have neglected the taxation of labor income. If it is taxed

at the same rate as income from savings (as is the case for the ideal

income tax), w must be replaced with wð1� tÞ. Then taxation reduces

permanent income and thus both consumptions. Since savings this

time is wð1� tÞ � C1, the way this effect goes depends on the income

elasticity h.

The taxation of savings affects not only income but also accumu-

lated savings. Such is the case for wealth taxes, but also for taxes on

bequests. Assume that in addition to his consumptions the consumer

derives utility from any (after-tax) bequest H he leaves at his death.

Then his utility is UðC1;C2;HÞ, and given a taxation rate t on be-

quests, his second-period budget constraint becomes

C2 þ
H

1� t
¼ Eð1þ rð1� tÞÞ

His intertemporal budget constraint becomes

C1 þ pC2 þ p 0H ¼ w

where p is still defined as

p ¼ 1

1þ rð1� tÞ

and p 0 ¼ p=ð1� tÞ. With a taxation rate of income from savings fixed

at p, by the Hicks-Leontief theorem, the two consumptions can be

aggregated within a composite good. The effect of changes on the

rate of bequest taxation t then is formally analogous to that of t on

savings. This analysis of bequests is only half convincing, however.

Whether bequests are planned or accidental (due to early deaths) is a

controversial issue. In any case the taxation of bequests, like wealth

taxes, collects very small amounts of tax revenues in most countries.

35. They are liquidity constrained: they consume their income within each period.
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In the United States the tax on bequest is sometimes called a volun-

tary tax, as it is fairly easy to avoid.

Empirical Results

In the 1970s econometricians tried to estimate the elasticity of aggre-

gate consumer savings to the after-tax interest rate. Apart from

Boskin (1978) who obtained a value close to 0:4, most estimates were

close to zero. This quasi-consensus was shaken by a paper of

Summers (1981). Using the calibration of a life-cycle model in a

growing economy, Summers showed that any choice of parameters

compatible with the observed ratio of wealth to income implied a

large elasticity of savings to the interest rate. More recent work,

however, has showed that Summers’s result is fragile.

The literature turned in the 1980s to the estimation of Euler equa-

tions derived from the intertemporal optimization of consumers;

this yielded values for the intertemporal elasticity of substitution s.

Studies done on macroeconomic data have yielded small values

for s. More credible estimations on individual data suggest that s

is nonnegligible but lower than one (which is its value for a Cobb-

Douglas utility function), which implies a very small elasticity of

savings to the interest rate.

Finally, many authors have used the existence of investments that

are favored by taxation. Most of these studies use data from the

United States, where it is possible to use Individual Retirement

Accounts (IRA) and 401(k) funds to save into pension funds and

deduct the amount saved from taxable income. These funds have

been very successful, but the important question is whether the

money that went into them would have been saved anyway or not.

The studies are not unanimously conclusive, but it seems that total

savings was only moderately stimulated by the favorable tax treat-

ment of these funds.

A general lesson of this literature36 is that taxation is unlikely to

have a large impact on total savings, although it clearly plays an

important role in determining where the money is invested.

2.1.3 Taxation and Risk-Taking

Taxation is often said to discourage risk-taking, since it confiscates

part of the return to risky activities such as setting up a business

36. Bernheim (2002) contains a much more detailed discussion.
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or investing in shares. Domar-Musgrave (1944) however noted that

taxation transforms government into a sleeping partner who absorbs

part of the risk, which may in fact encourage risk-taking. We will

revisit this argument following Mossin. We will set aside the ques-

tion of whether such risk-taking as exists in the economy is too large

or too small—popular opinion is that risk-taking is insufficient and

should be encouraged, but there is no good evidence either for or

against this view.

We consider the portfolio choice of investing in a riskless asset that

brings a return r and a risky asset that brings a random return x.37

We therefore assume that there exists a safe asset in the economy,

which is an approximation (even the purchasing power of money is

affected by inflation). We also assume that two-fund separation holds:

all risky assets may be aggregated in a single composite risky asset.38

The investor has a strictly concave von Neumann-Morgenstern

utility function u on wealth strictement concave, meaning that he is

risk-averse. We denote W0 the initial wealth and W the final wealth.

If a is the proportion of the initial wealth invested in the risky asset,

then

W ¼ ð1� tÞW0ð1þ ðaxþ ð1� aÞrÞð1� tÞÞ

where t is the tax rate on wealth and t is the tax rate on asset income.

The investor maximizes EuðWÞ in a, which gives the first-order

condition

Eðu 0ðWÞðx� rÞÞ ¼ 0

Taxation enters this expression via final wealth W. The impact

of taxation of wealth is easy to see, since it just multiplies initial

wealth W0 by ð1� tÞ. We know from Arrow (1970) that if absolute

risk-aversion �u 00ðWÞ=u 0ðWÞ is nonincreasing in wealth,39 then the

amount invested in the risky asset increases with wealth, which

means in our case that að1� tÞ is a decreasing function of t. To go

further and to conclude that the proportion a invested in the risky

asset is reduced by the taxation of wealth, we need to ensure that

37. To make the problem nontrivial, we assume that Ex > r and that r lies in the inte-
rior of the support of x.
38. Two-fund separation was used for the first time by Tobin (1958). It can be justified
under rather strict assumptions on preferences (see Cass-Stiglitz (1970).
39. This so-called NIARA (nonincreasing absolute risk-aversion) hypothesis is confirmed
by almost all empirical studies.
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a increases with wealth. This is only true if relative risk-aversion

decreases with wealth, which is not clear from the empirical evidence.

Now assume that wealth is not taxed (t ¼ 0) and focus on taxation

of asset income. The first-order condition is

Eðu 0ðW0ð1þ ðaxþ ð1� aÞrÞð1� tÞÞÞðx� rÞÞ ¼ 0 ð1Þ

Let us differentiate it with respect to t. We get

E u 00ðWÞðx� rÞ ðx� rÞð1� tÞ qa
qt
� ðaxþ ð1� aÞrÞ

� �� �
¼ 0

whence by rearranging

� q log a

q logð1� tÞ ¼ 1þ r

a

Eu 00ðWÞðx� rÞ
Eðu 00ðWÞðx� rÞ2Þ

ð2Þ

First note an interesting special case: if r ¼ 0 (e.g., if the riskless asset

is money in a world without inflation), we find that

� q log a

q logð1� tÞ ¼ 1

which shows that að1� tÞ is independent of t and therefore implies

that taxation increases a. The intuition is that of Domar-Musgrave:

taxation amounts to a participation of government in risk and there-

fore encourages risk-taking.

When r0 0, things are slightly more complicated. Taxation of in-

come from the riskless asset indeed reduces wealth and may change

the attitude of the investor toward risk. To evaluate the second term

in (2), we must define the amount invested in the risky asset Z ¼ aW0

and study how it changes with wealth. Rewriting the first-order

condition (1) with this new notation, we get

Eðu 0ðW0ð1þ rð1� tÞÞ þ ð1� tÞðx� rÞZÞðx� rÞÞ ¼ 0

or by differentiating with respect to initial wealth W0,

E u 00ðWÞðx� rÞ 1þ rð1� tÞ þ ð1� tÞ þ ðx� rÞ qZ

qW0

� �� �
¼ 0

Rearranging obtains

q log Z

q log W0
¼ � Eu 00ðWÞðx� rÞ

Eðu 00ðWÞðx� rÞ2Þ
1þ rð1� tÞ
að1� tÞ ð3Þ
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Substituting (3) in (2) finally yields

� q log a

q logð1� tÞ ¼ 1� q log Z

q log W0

rð1� tÞ
1þ rð1� tÞ

Assume that r > 0. We saw that under the NIARA hypothesis, Z

increases in W0. Therefore there is a new wealth effect that induces

an increase in risk-aversion and thus makes risk-taking less appeal-

ing than in the r ¼ 0 case. Arrow thought that the elasticity of Z in

W0 must be lower than one. If such is the case, then the right-hand

side is still positive and taxation must always encourage risk-taking,

but Arrow’s hypothesis is controverted.

Note that until now we implicitly assumed that the government

shared in losses as well as gains. This assumption can be justified if

losses can be deducted from gains on other risky assets and the

resulting gain is always positive. Otherwise, it is useful to examine

the impact of the no loss offset rule, whereby the government does not

subsidize losses. Then xð1� tÞ must be replaced with x when x < 0;

with rb 0, it does not change the return of the riskless asset. It is

easy to see that when t gets close to one, then taxation must always

reduce risk-taking: it does not reduce losses and gains become neg-

ligible. In general, taking the no loss offset rule into account tends to

reduce risk-taking relative to the case where the government also

takes its share of the losses.

Finally, note that in most countries, capital gains are taxed at a

lower rate than interest income. Then one should consider that x and

r are in fact xð1� t 0Þ and rð1� tÞ, with t 0 < t. If risk-aversion does not

vary too much with wealth, then this tends to increase risk-taking

relative to a uniform taxation.

These remarks show that the real world is more complex than

appears from the model. Moreover taxation of asset income is one of

the most intricate areas of existing tax systems. Since household data

usually are not very detailed on portfolio holdings, this makes esti-

mating the effect of taxation on the holdings of risky assets very diffi-

cult. The survey of Poterba (2002) nevertheless concludes that taxation

has substantial effects on how households allocate their wealth.

2.2 Welfare Losses

The preceding section shows that taxes change the economic behav-

ior of private agents in ways that may be more complicated than
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popular wisdom suggests. Can we quantify the welfare losses in-

duced by these distortions more generally than in the simple exam-

ple that opened this chapter?

Conceptually the problem is rather simple. Start from an econ-

omy characterized by a tax system t0 (and maybe other distortions),

with an after-tax price equilibrium p0. Now change the tax system

to t1 and denote the new after-tax equilibrium prices p1. Chapter 1

already studied the incidence problem, that is, who bears the burden

of taxes. Here we focus on welfare losses, also called deadweight losses

or excess burdens, that is, on the total weight of this tax burden.

Consider a ‘‘simple’’ example where taxes are purely redistribu-

tive, with no public good to be financed. Take a consumer i. Given

after-tax prices p and taxes t, his utility can be written from his indi-

rect utility function:

Uiðp; tÞ ¼ Vðp; ðp� tÞ � oi þ
XJx
j¼1

yijpjðp� tÞ þ TiðtÞÞ

where the yij are his shares of firms’ profits pj and TiðtÞ represents the
value of taxes that are redistributed to him. We would like to evalu-

ate a sum of changes in utility such as
Pn

i¼1ðUiðp1; t1Þ �Uiðp0; t0ÞÞ but
this makes no sense in general since utilities are ordinal.

Even if we neglect this first difficulty, computing the Ui must take

into account all general equilibrium interactions, which seems a

hopeless task. To simplify the problem further, consider a represen-

tative consumer with an income R that is unchanged by taxation;

then take t0 ¼ 0 and introduce a tax t1 ¼ t on some good. The after-

tax prices move from p0 to p1 after the introduction of tax t. In the

general case, changes in utility can be evaluated using the equivalent

variation or the compensating variation (e.g., see Salanié 2000, ch. 2).

The equivalent variation equivalent, for instance, is by definition

E ¼ eðp0;Vðp1;RÞÞ � R

where eðp;uÞ is the expenditure function, that is, the amount that

must be spent at prices p to reach utility level u.

The equivalent variation therefore is the amount that must be

given to the consumer before introducing the tax so that he gets

exactly the after-tax utility level (of course, E < 0 when t > 0). The

consumer thus loses �E from the introduction of the tax, the pro-

ducers lose ð
P

j pjðp0Þ �
P

j pjðp1 � tÞÞ, and the government collects
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txðp1;RÞ. In these conditions it seems reasonable to define the wel-

fare loss as the sum of what the consumer and the producers lose,

minus the tax revenue collected by the government (which may be

redistributed). The resulting expression is

R� eðp0;Vðp1;RÞÞ þ
 X

j

pðp0Þ �
X
j

pðp1 � tÞ
!
� txðp1;RÞ

This may appear to be a satisfactory solution. However, using the

compensating variation instead of the equivalent variation would

give a different measure of the consumer’s welfare loss and therefore

of the social welfare loss. The only case where these two measures

coincide is when the marginal utility of some good (denoted m) is

constant, or

U ¼ uðxÞ þm

As is well known, this amounts to the assumption that there is

no income effect. Then the equivalent variation and the compensat-

ing variation both equal the Dupuit-Marshall measure of consumer

surplus.

Let us now adopt all of these very restrictive assumptions (no

general equilibrium effects, no income effect, representative con-

sumer, a starting position with neither taxes nor distortions). We will

now examine the effect of introducing an infinitesimal specific tax dt

on a good.

In figure 2.3, p represents the consumer price. The tax shifts the

supply curve upward by dt. The consumer surplus thus decreases

by ABCD, the producers’ profit by BCEF, and the government col-

lects ADFE. The social welfare loss is just the (curved) triangle

DFC, which has basis dt and height ð�dxÞ, where dx is the change in

the quantity traded. Since the surface of a triangle equals the half-

product of its basis and its height, the social welfare loss is �dtdx=2.
Note that it is positive whatever the sign of dt, for a subsidy as well

as for a tax.

We already know from chapter 1 that

dx

x
¼ � eDeS

eD þ eS

dt

p

Since dx is proportional to dt, the deadweight loss is proportional to

the square of the tax, as Dupuit noted as early as 1844.
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This is often invoked as an argument for tax smoothing, the idea

that to collect a given revenue, it is better to have several small taxes

than one big tax. This idea can be applied to the financing of gover-

nment expenditure over time: for a given intertemporal tax revenue,

it is better to keep tax rates constant (and have a pattern of surpluses

and deficits) than to have them vary across years with budgetary

needs. Contrariwise, as we will see in chapter 3, this argument

should be applied to taxation of several goods with some caution.

Also note that the tax revenue collected by the government is xdt,

meaning that the ratio of the deadweight loss to the tax revenue is

proportional to the tax rate. To give an order of magnitude, consider

the ‘‘normal’’ rate of VAT in the European Union, which is about 20

percent, and assume that demand is unit-elastic. If supply is also

unit-elastic, then the deadweight loss is about 5 percent of tax reve-

nue, which is not negligible. If production exhibits constant returns,

then eS ¼ þy and the deadweight loss goes up to 10 percent of tax

revenue. This example, even though it is purely illustrative, shows

that the ratio of the deadweight loss to the tax revenue, which is often

called the social cost of public funds, takes values high enough that

looking for a tax system that minimizes distortions is a useful task.40

Figure 2.3

Second-order welfare loss

40. Estimates of the social cost of public funds are usually obtained in the literature on
CGE models. They vary a lot according to the tax that is studied, but they range from
10 to 50 percent.
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What if we start from a tax rate t > 0 to go to ðtþ dtÞ? Then in

figure 2.4 the consumer loses ABCD, the producers lose B 0C 0EF, and

the government collects AEFD, instead of BB 0CC 0 before the tax hike.

The deadweight loss now is DFC 0C, which is easily seen to be equal

to �tdx; thus it is this time of first order in dt.

We saw in this chapter that in general equilibrium and with in-

come effects, there is no universal definition for social welfare losses.

Let us, however, close the argument by summing up the very ele-

gant paper by Debreu (1954), which uses the coefficient of resource

utilization. Start from an economy without distortions (and thus

without taxes) where the vector of initial resources is o. Now intro-

duce taxes. The new equilibrium leads to utilities Ui. Debreu defines

the coefficient of resource utilization 0 < r < 1 as the smallest num-

ber r such that in the original economy with initial resources multi-

plied by r, there exists a Pareto optimum where each consumer i

has a utility level at least equal to Ui. We can then define the ineffi-

ciency induced by taxes as ð1� rÞ, and the social welfare loss by

ð1� rÞp � o, where p is a price vector that supports the original

Pareto optimum. Debreu gives an expression for this social welfare

loss that generalizes the expression in �dtdx=2 that we obtained in a

much more restrictive model. In the very simple example that opens

this chapter, it is easy to compute that the coefficient of resource uti-

lization is

Figure 2.4

First-order welfare loss
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r ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cðcþ tÞ

p
2cþ t

and that the social welfare loss is

1� r ¼ t2

ð2cþ tÞð2cþ tþ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cðcþ tÞ

p
Þ

whereas surplus analysis gives the approximation

t2

8c2

which is equivalent for small t.

2.3 Conclusion

To conclude this chapter, recall that there are two elasticity concepts:

compensated elasticities and uncompensated elasticities. The com-

pensated elasticities only account for substitution effects, while the

uncompensated elasticties also take into account income effects.

Even lump-sum transfers, which we know induce no distortion and

no social welfare loss, create income effects—this is indeed their role

in the second welfare theorem. Distortions and social welfare losses

are entirely imputable to substitution effects, and therefore their

evaluation involves compensated elasticities.41 On the other hand,

the effects of taxation on behavior involve both substitution effects

and income effects, and therefore they should be measured using

uncompensated elasticities.
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II Optimal Taxation

This second part is dedicated to the study of optimal taxation. This is

a very old topic. Smith (Wealth of Nations, v, iib) listed four criteria

for good taxes:

1. (equity) taxes must be related to each tax payer’s ability to pay

and/or to the benefits he gets from the state (these obviously do not

coincide). Today we would distinguish between horizontal equity

and vertical equity. Horizontal equity requires that any two ‘‘identi-

cal’’ persons must be treated ‘‘identically’’—which clearly leaves

some room to interpretation. Vertical equity requires that some tax-

payers, for instance, because of a higher ability to pay, must pay

more than others.

2. taxes must be clearly defined and not arbitrary

3. taxes must be collected in a reasonably painless way

4. taxes must have low costs, both in administrative terms and in

terms of the inefficiencies they cause in the economy.

Today we would probably add at least two more criteria:

5. (flexibility) taxes must adapt to economic fluctuations by acting as

automatic stabilizers

6. tax incidence should be clear so that taxpayers know who in fact

pays taxes.

At this level of generality, the search for optimal taxes seems a

daunting task. Economists nevertheless developed in the 1970s a

series of models that approaches this question by insisting on the

trade-off between equity (point 1) and efficiency (point 4). How-

ever, equity is only studied in its vertical meaning, and the ineffi-

ciencies that are modeled only concern the distortions induced in the



economy, and exclude administrative costs.42 We will see that this

literature nevertheless yielded some useful and sometimes surpris-

ing results.

In a perfectly competitive economy, the second welfare theorem

tells us that any Pareto optimum can be attained through the right

lump-sum redistribution. From this point of view, lump-sum taxes

clearly are the optimal form of taxation since they can achieve any

redistributive objectives at zero social cost. As we saw in the Intro-

duction, these taxes however are impractical, essentially because the

government does not have the information needed to implement

them. This is the most important theme in the optimal taxation liter-

ature: how much information the government has determines what

fiscal instruments it may use. Without lump-sum taxes the govern-

ment can only tax economic transactions. By doing so, it influences

the decisions of private agents, which leads to inefficiencies. The op-

timal taxation problem then can be stated in simple terms: given the

tax revenue that the government has decided to collect, how should

it choose the rates of the various taxes to maximize social welfare?

First note that this definition assumes that we can evaluate social

welfare, which subsumes many conceptual difficulties such as the

interpersonal incomparability of preferences (see Salanié 2000, ch. 1).

It seems impossible to discuss redistribution without assuming some

form of interpersonal comparability. The literature on optimal taxa-

tion cuts through this knot of problems by assuming the existence of

a Bergson-Samuelson functional

WðV1; . . . ;VnÞ

where Vi is the utility index of consumer i. Let x and y denote two

vectors of feasible social choices;43 x is socially preferred to y if and

only if

WðV1ðxÞ; . . . ;VnðxÞÞ > WðV1ðyÞ; . . . ;VnðyÞÞ

This is clearly a very strong assumption; nevertheless, some quali-

tative results do not depend at all on the particular choice of the

42. These administrative costs are usually nonnegligible; moreover one should add
to them the value of the time and money that taxpayers spend to prepare their tax
returns and to comply with the law. These compliance costs can be ten times higher than
the budget of tax authorities. In total, American estimates for the personal income tax
suggest that these two categories of costs may amount to 10 percent of the tax revenue.
43. In our applications such vectors will usually represent the consumptions and labor
supplies of the various agents.
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(increasing and concave) functional W. Note that while the monoto-

nicity of the function W reflects the concern with efficiency, its

concavity reflects redistributive objectives. Maximizing W thus does

imply a trade-off between equity and efficiency.

There are two types of taxable transactions: consumptions of

goods and factor incomes. We speak of indirect taxation for the for-

mer and of direct taxation for the latter.44 First consider the example

of taxation on a given good such as bananas. If the tax were non-

linear in the quantity consumed, then consumers would arbitrage

between them by sharing purchases equally (if the tax is convex) or

by delegating one of them to be the single buyer (if the tax is con-

cave). Thus a nonlinear tax on bananas requires the government to

keep a precise tally of the consumption of bananas by a consumer in

any given year, which is administratively unfeasible. For this reason

taxes on goods are usually linear, and this is the assumption used in

the literature.45 Chapter 3 examines optimal taxation in this setting,

using the supplementary assumption that the government can only

tax income linearly.

It is relatively easy in fact to collect a nonlinear income tax. Most

taxpayers only perceive income from a limited number of sources,

and these sources are legally bound to declare the sums they pay. It

is therefore possible for government to evaluate precisely for every

taxpayer the total income he derives from every factor he owns.46

Chapter 4 studies the shape of the optimal nonlinear tax on wage

income.

The analysis in chapter 3 does not allow for a nonlinear income

tax. Chapter 5 shows that the classical results change radically when

we add to linear taxes on goods a general nonlinear income tax.

These three chapters only consider wage income. Chapter 6 ex-

tends the analysis by studying in what measure it is useful to add a

tax on capital income to the optimal tax on wage income.

As was said before, the viewpoint adopted by the literature on

optimal taxation may seem simplistic. Chapter 7 presents some of the

main critiques of optimal taxation and attempts to evaluate them.

44. Some authors include in direct taxation those taxes that can be personnalized and
in indirect taxation those that cannot be. This distinction largely coincides with the
more traditional one that I use.
45. On the other hand, as we will see in chapter 9, it is quite possible for government
to collect a nonlinear tax on total consumption, that part of income that is not saved.
46. This statement should be tempered: it is more tenable for wage income than for
other labor income and, especially, for capital income.
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3 Indirect Taxation

We assume in this chapter that the government cannot use a non-

linear tax on income. The only available tax instruments are linear,

possibly differentiated taxes on goods and a linear tax on wages.

This approach may seem unduly restrictive, but it played a very im-

portant role in the development of theory.

3.1 Ramsey’s Formula

The first analysis of this problem is due to Ramsey (1927); his results

were rediscovered by Samuelson in a note to the US Secretary of the

Treasury (1951, published in 1986). Diamond-Mirrlees (1971b) then

extended the Ramsey results to an economy with several consumers.

Ramsey’s formula is formally identical to that obtained by Boiteux

(1956) for the socially optimal pricing of a budget-constrained multi-

product monopoly, so it is sometimes called the Ramsey-Boiteux

formula.

3.1.1 An Informal Approach

Before moving to the rigourous derivation of Ramsey’s formula, let

us return to the formulas derived in chapter 2 for the social welfare

loss due to a tax on good i in partial equilibrium. If consumer sur-

plus applies, we know that the deadweight loss of a small ad valorem

ti on good i is

DiðtiÞ ¼ �
piti dxi

2
¼ e iDe iS

e iD þ e iS
t2i
pixi
2

In partial equilibrium, the distortions created on the various markets

are, by construction, independent. A tax system ðt1; . . . ; tnÞ therefore
creates a total deadweight loss



DðtÞ ¼ D1ðt1Þ þ � � � þDnðtnÞ

and collects a tax revenue equal to

RðtÞ ¼ p1x1t1 þ � � � þ pnxntn

If we minimize DðtÞ under the constraint that RðtÞ ¼ T and assuming

that expenditure pixi on each good is fixed, we immediately obtain

ti
e iDe iS

e iD þ e iS
¼ k

where k is the Lagrange multiplier associated to the government’s

budget constraint. We can rewrite this formula as the famous ‘‘in-

verse elasticities rule’’:

ti ¼ k
1

eDi
þ 1

eSi

� �

This formula is somewhat surprising: it indeed suggests that optimal

indirect taxation is never uniform. It does have its logic: if demand

or supply for a good is relatively elastic, taxing it discourages its

consumption and production more and thus creates more dis-

tortions; it may therefore be better to increase the tax rate on another

good whose demand and supply are less elastic.

However, we obtained this formula under very restrictive as-

sumptions, in partial equilibrium and with consumer surplus analy-

sis applied separately on each market. Thus we had to neglect all

general equilibrium interactions, but also income effects and cross-

elasticities.

3.1.2 The General Model

Now consider the general equilibrium of a simple production econ-

omy. The economy consists of I consumer-workers with utility func-

tions UiðXi; LiÞ, where Xi represents consumptions of the n goods

and Li is the supply of labor. For a start, we assume that production

has constant returns of the simplest variety: each good is produced

from labor alone. Production of a unit of good j requires aj units of

labor so that the production price can only be pj ¼ ajw in equilib-

rium. We choose to normalize w ¼ 1; moreover we choose the units

of goods so that each aj equals one, so that all production prices

satisfy pj ¼ 1.

Since this is a general equilibrium model, we must specify how

the government intervenes in the economy. The government may
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want to pay civil servants, finance the production of public goods,

or purchase private goods. To simplify, we assume here that it just

buys T units of labor. Since the wage is normalized to one, the gov-

ernment must collect revenue T. We consider the following taxes:

. linear taxes on goods, which raise consumer prices to ð1þ tjÞ

. a linear tax on wages, so that the after-tax wage is ð1� tÞ.

The budget constraint of consumer i, who only owns his labor force,

then is

Xn
j¼1
ð1þ tjÞXi

j ¼ ð1� tÞLi

It is easy to see that in this setting (with no nonlabor income, and no

bequests), the tax on wages is equivalent to a uniform tax on goods.

Indeed define

t 0j ¼
tþ tj

1� t

Since 1þ t 0j ¼ ð1þ tjÞ=ð1� tÞ, we can rewrite the budget constraint of

consumer i as

Xn
j¼1
ð1þ t 0j ÞXi

j ¼ Li

The tax system ððtjÞ; tÞ then is equivalent for all consumers to the tax

system ððt 0j Þ; 0Þ, which does not tax wages. Replacing the former with

the latter leaves consumer choices unchanged. Moreover the gov-

ernment collects from consumer i with the former tax system

Xn
j¼1

tjX
i
j þ tLi

But using the consumer i ’s budget constraint

Li ¼
Xn
j¼1
ð1þ t 0jÞXi

j

this tax revenue can also be written

Xn
j¼1
ðtj þ tð1þ t 0j ÞÞXi

j ¼
Xn
j¼1

t 0jX
i
j
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which is exactly what the government collects from consumer i in

the latter tax system. Thus a tax on wages is absolutely equivalent to

a uniform tax on goods.

As a consequence only n of the ðnþ 1Þ rates ððtjÞ; tÞ are determined

at the optimum, whatever that is. We may, for instance, fix arbi-

trarily the rate of the tax on wages. This hardly matters, since we

focus here on how taxes are differentiated across goods, and t 0j
increases in tj. We therefore use from now on the t 0j notation, which

fixes t ¼ 0.

We will work on the indirect utility of consumers, which can be

written ViðqÞ, where q ¼ 1þ t 0 is the vector of consumption prices:

ViðqÞ ¼ max
ðXi;L iÞ

UiðXi; LiÞ under q � Xi ¼ Li

We are in a second-best situation, since we do not allow for the

lump-sum transfers that would implement any Pareto optimum. To

model the redistributive objectives of government, we assume that it

maximizes a Bergson-Samuelson functional

WðqÞ ¼ WðV1ðqÞ; . . . ;VIðqÞÞ

To fulfill its needs in the most efficient way, the government must

maximize WðqÞ in q under its budget constraint (remember that

q ¼ 1þ t 0, so choosing the tax rates is equivalent to choosing the

consumption prices):

XI
i¼1

Xn
j¼1
ðqj � 1ÞXi

j ðqÞ ¼ T

where the Xi
j ðqÞ are the demands of the various consumers.47

Let l denote the Lagrange multiplier of the budget constraint of

government. We have, by differentiating in qk,

XI
i¼1

qW

qVi

qVi

qqk
¼ �l

XI
i¼1

 
Xi

k þ
Xn
j¼1

t 0j
qXi

j

qqk

!

By Roy’s identity,

47. We should note here that the indirect utilities ViðqÞ are quasi-convex, so that even
though W is concave, the program we shall solve may not be concave. Diamond-
Mirrlees (1971b) prove that the calculations that follow can nevertheless be rigour-
ously justified.
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qVi

qqk
¼ �aiX

i
k

where ai is the marginal utility of income of i. We define

bi ¼
qW

qVi
ai

This new parameter weighs the marginal utility of income of

consumer i by his weight in the social welfare function; bi is called

the social marginal utility of income of i, since it is the increase in the

value of the Bergson-Samuelson functional when i is given one more

unit of income.

We have, by substituting these definitions,

XI

i¼1
biX

i
k ¼ l

XI
i¼1

 
Xi

k þ
Xn
j¼1

t 0j
qXi

j

qqk

!

We will now use Slutsky’s equation

qXi
j

qqk
¼ Si

jk � Xi
k

qXi
j

qRi

where we defined

Si
jk ¼

 
qXi

j

qqk

!
Ui

We get, by rearranging,

Xn
j¼1

t 0j
XI
i¼1

Si
jk ¼

P I
i¼1 biX

i
k

l
�
XI
i¼1

Xi
k þ

XI
i¼1

Xi
k

Xn
j¼1

t 0j
qXi

j

qRi

which contains the new parameter

bi ¼
bi

l
þ
Xn
j¼1

t 0j
qXi

j

qRi

The first term of bi is the social marginal utility of income of i, di-

vided by l, which is the cost of budget resources for the government;

the second term is the increase in tax revenue collected on i when his

income increases by one unit. The parameter bi thus measures what

is called the net social marginal utility of income of consumer i. It
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accounts not only for the direct term bi=l of social utility (measured

in monetary units) but also for the fact that the increase in taxes paid

by i allows to reduce tax rates. Of course, bi is endogenous, just like

bi.

Let us denote the aggregate demand for good k by Xk ¼
P I

i¼1 X
i
k.

Rearranging and using the symmetry of the Slutsky matrix, we

finally get

Xn
j¼1

t 0j
XI
i¼1

Si
kj ¼ �Xk

 
1�

XI

i¼1
bi
Xi

k

Xk

!

By definition,

XI
i¼1

Xi
k

Xk
¼ 1

Denote b as the average of the bi’s and define the empirical co-

variance (across consumers) as

yk ¼ cov
bi

b
;
IXi

k

Xk

� �

We can now write

�
Pn

j¼1 t
0
j

P I
i¼1 S

i
kj

Xk
¼ 1� b� byk

which is Ramsey’s formula with several consumers, first obtained in

this form by Diamond (1975).

The left-hand side of this equation is called the discouragement

index of good k. Let indeed the t 0j be small (which must hold if the

government collects a low tax revenue T ). Then the tax t 0j on good

j reduces the consumption of good k by consumer i by t 0j S
i
kj at a

fixed utility level. The left-hand side is, to a first-order approxi-

mation, minus the percentage of decrease of the consumption of

good k summed across consumers. Thus it can be interpreted as the

relative reduction in the compensated demand for good k induced

by the tax system.

As for the right-hand side, it depends negatively on the term yk ,

that is, on the covariance between the net social marginal utility

of income and the share of consumer i in the total consumption of

good k. With only one consumer, yk obviously is zero. It only differs
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from zero in that consumption structures and the bi factors differ

across agents. For this reason it is called the distributive factor of

good k.

Ramsey’s formula therefore indicates that the government should

discourage less the consumption of these goods that have a positive

yk, that is, of goods that are heavily consumed by agents with a high

net social marginal utility of income. But who are these agents?

Coming back to the definition of the bi’s, it is clear that ceteris

paribus, the agents with a high qW=qVi also have a high bi. But

these agents, who are privileged by the government in its objective

function, are probably also the poorest. This suggests that the tax

system should discourage less the consumption of the goods that

the poor buy more, since these goods have a positive distributive

factor yk.

To obtain this formula, we assumed that production exhibited

constant returns and moreover had a very simple structure—each

good being produced independently from labor alone. It is easy

to show that the formula remains valid for any constant returns

technology. If returns are decreasing, then firms make profits that

(possibly after taxation) are paid to their shareholders. Consumer

demands then depend both on consumption prices q and production

prices p, which makes the analysis much more complicated (see

Munk 1978). Note, however, that these profits are actually rents, and

that it is efficient for the government to tax them; if profits in fact are

taxed at a 100% rate, then Ramsey’s formula again remains valid.

3.1.3 Some Special Cases

First note that if all consumers have the same consumption structure,

then all Xi
k=Xk terms are equal to 1=I and the covariance of the right-

hand side is zero, so the discouragement index is the same for all

goods at the optimum.

But the most interesting special case is that studied by Ramsey

and Samuelson, where all bi are identical and equal to some b. This

obviously holds if the population can be represented by a single

consumer. We will focus this subsection on the study of Ramsey’s

formula with a representative consumer.

In this case too, all discouragement indexes are equal. This pre-

scription is very different in general from the popular notion that ‘‘to

avoid distortions,’’ all goods should be taxed at the same rate. Our

formula now is

Chapter 3 Indirect Taxation 69



�
Pn

j¼1 t
0
j Skj

Xk
¼ 1� b

Note that if we move Xk to the right-hand side and sum the equal-

ities across goods, weighted by t 0, we get

�
Xn
j; k¼1

t 0j Skjt
0
k ¼ ð1� bÞ

X
k

t 0kXk

The left-hand side is the semi-norm of t 0 for the semidefinite positive

matrix ð�SÞ and therefore it is nonnegative. The right-hand side is

the product of tax revenue T with ð1� bÞ. Thus ba 1 if the tax is to

collect any revenue. In return, we conclude that the discouragement

indexes are all nonnegative: the optimal tax system does not en-

courage the consumption of any good.48

At this stage Ramsey’s formula still is rather opaque. It neverthe-

less yields some conclusions. Consider, for instance, the two-good

case, n ¼ 2. By solving the Ramsey formulas associated with these

two goods, and denoting D ¼ S11S22 � S2
12 > 0 as the determinant of

the Slutsky submatrix for the two consumption goods, we find

t 01 ¼
1� b

D
ðS12X2 � S22X1Þ

t 02 ¼
1� b

D
ðS21X1 � S11X2Þ

8>><
>>:

Now the expenditure function is homogeneous of degree one in

prices and the Slutsky matrix is its second derivative. Denoting 0 for

the good ‘‘leisure,’’ Euler’s theorem implies that

Si0 þ q1Si1 þ q2Si2 ¼ 0 for i ¼ 1; 2

We rewrite these equalities as

S12 ¼ �
S10
q2
� q1S11

q2

S21 ¼ �
S20
q1
� q2S11

q1

8>>><
>>>:
Define as usual the compensated elasticities as eij ¼ Sijqj=Xi, whence

48. This observation no longer holds in the several-consumer model, where the opti-
mal tax system may in fact encourage the consumptions of some goods.
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t 01 ¼ �
1� b

D

X1X2

q2
ðe10 þ e11 þ e22Þ

t 02 ¼ �
1� b

D

X1X2

q1
ðe20 þ e11 þ e22Þ

8>>><
>>>:

It follows that

t 01q2 � t 02q1 ¼ �
1� b

D
X1X2ðe10 � e20Þ

Since q ¼ 1þ t 0, the left-hand side is just t 01 � t 02. Thus this equation

implies that t 01 > t 02 if and only if e10 < e20, that is, if and only if good

1 is more complementary to leisure than good 2.

To interpret this result, recall that by definition,

ei0 ¼
q log Xi

q log w

� �
U

Therefore e10 < e20 if an increase in wages induces a larger increase in

the consumption of good 2 than in the consumption of good 1 for a

fixed utility level. But for a fixed utility level only substitution effects

come into play, and a wage increase leads to an increase in labor

supply. Thus good 1 must be taxed at a higher rate than good 2 if

when the consumer works more, he increases his consumption of

good 2 more than that of good 1.

This result was obtained by Corlett-Hague (1953): when prefer-

ences are not separable between goods and leisure, the government

should deviate from uniform taxation by taxing more heavily the

goods that are complementary to leisure (e.g., skis) than the goods

that are complementary to labor (e.g., urban transportation). The

intuition can be seen by recalling that a uniform taxation is equiva-

lent to a tax on wages, which discourages labor supply. One way

to counter this distortion is to discourage the consumption of lei-

sure by taxing more heavily the goods that are complementary to

leisure.

Let us now make even more restrictive assumptions: we assume

that all compensated cross-elasticities of good k with other goods are

zero. Define ek ¼ �Skkqk=Xk as the direct compensated elasticity of

good k. Then we get the inverse elasticities rule:

t 0k
1þ t 0k

¼ 1� b

ek
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If these assumptions hold for all goods, then tax rates should be (to a

first-order approximation) inversely proportional to demand elastic-

ities;49 this is the formula from the beginning of this section, except

that since returns here are constant, eS ¼y. This has been used as a

way to justify the so-called sin taxes on tobacco and alcohol, but it is

not clear that their demands in fact are price-inelastic.

One may wonder when Ramsey’s formula for a representative

consumer yields uniform taxation of goods. Deaton (1981) shows

that a necessary and sufficient condition is that the utility function

be quasi-separable,50 that is, that the marginal rates of substitution

between goods on a given indifference curve be independent of

the consumption of leisure. It can be proved that quasi-separability

holds if and only if the expenditure function can be written

eðu; q;wÞ ¼ e�ðu;w; bðu; qÞÞ

It is easy to see that then a wage increase does not change the rela-

tive compensated demands of the various goods. Thus Deaton’s re-

sult generalizes that of Corlett and Hague to the n-good case. This

condition clearly is very restrictive.

When the consumers are heterogeneous, then the analysis of the

practical consequences of Ramsey’s formula becomes very complex.

It is in particular impossible to find reasonable conditions for uni-

form taxation to be optimal.

Note, however, that there may be reasons outside this model that

plead for uniform taxation. For instance, uniform taxation can lower

49. Contrary to appearances, this formula is perfectly consistent with the Corlett-
Hague result. The compensated cross-elasticities indeed are zero if the utility function
can be written

Xn
k¼1

ukðXkÞ � BL

But then minimizing expenditure yields

Ek;
qk

u 0kðXkÞ
¼ w

B

It follows that for any good k,

u 0kðXkÞ ¼
Bqk
w

so that ek0 ¼ ek : the goods that are more complementary to leisure are also those with
the less elastic demands.
50. Sometimes the term ‘‘implicitly separable’’ is used. This property should be dis-
tinguished from weak separability, which we will encounter in chapter 5.
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administration costs, and limit the lobbying by interest groups, since

each group attempts to bend the tax system in its favor.

Finally, recall that Ramsey’s formula only holds in a world where

income is taxed linearly. We will see in chapter 5 that setting this

assumption aside has spectacular consequences on the structure of

optimal indirect taxation.

3.2 Productive Efficiency

Now consider a production economy where technologies combine

several inputs to produce several outputs. If production does not

exhibit constant returns, assume also that profits are taxed at a 100%

rate. Then Diamond-Mirrlees (1971a) showed that the optimal tax

system has another remarkable property: it always maintains the

economy on the production possibilities frontier. This is called the

productive efficiency property. It implies that there is no reallocation

of inputs that would increase the production of every good. More

formally, productive efficiency implies that the technical marginal

rates of substitution between two given inputs are equal in all pro-

ductive units that use them. Moreover this holds whether these pro-

ductive units are firms, households, or the government. A tax on the

use of an input cannot vary across sectors without violating this

equality and therefore productive efficiency.

That the tax system maintains productive efficiency is a priori

rather surprising. We know at least since Lipsey-Lancaster (1956–

1957) that in a second-best universe, our usual intuitions may not

be valid any more. In particular, two distortions may be better than

one distortion, and one might want to ‘‘correct’’ a tax-induced dis-

tortion in consumption by a distortion in production. Diamond and

Mirrlees have shown that it is in fact not a feature of the optimal tax

system.

To prove this result, it is simplest to use a more abstract but also

more general approach than in the preceding section. Thus let xi be

the net consumption plan of consumer i, which includes its net

consumptions of private goods, of public goods, and its supplies of

production factors. If q is the associated price vector, the consumer

achieves an indirect utility ViðqÞ by maximizing his utility UiðxiÞ
under the budget constraint

q � xi a 0
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Once again, this budget constraint assumes that there are no profits

redistributed to consumers: if a firm makes profits, they are taxed at

a 100% rate. We denote g as the vector of government’s net con-

sumptions, assumed to be exogenous. Finally, we assume that firm

j ¼ 1; . . . ; J chooses a production plan y j in its production set Yj.

First assume that just like in a socialist economy, the government

can control the production of each firm, and neglect for now the

government’s budget constraint. For fixed g, the government tries to

set prices q so as to maximize the social welfare

WðqÞ ¼ WðV1ðqÞ; . . . ;VnðqÞÞ

under the scarcity constraint

Xn
i¼1

xiðqÞ þ ga
XJ

j¼1
yj

with y j A Y j for all j ¼ 1; . . . ; J.

The proof of the productive efficiency lemma proceeds by contra-

diction. Thus assume that at the social optimum, production is inef-

ficient: the aggregate production plan y ¼
PJ

j¼1 yj lies in the interior

of the aggregate production set Y ¼
P J

j¼1 Yj. Choose a consumption

good k for which all consumers have a positive net demand. Then

the indirect utility of any consumer ViðqÞ decreases in qk. By reducing

qk, the government therefore increases social welfare. Under some

regularity assumptions the net demands xiðqÞ are continuous; since

we start from a situation where

Xn
i¼1

xiðqÞ þ g ¼ y A IntY

one can reduce slightly qk and change the aggregate production plan

to respect the scarcity constraint within the bounds of Y. Thus we

found a change in the tax system that is feasible and improves social

welfare, a contradiction.

In our economies the government of course does not control pro-

duction. But since at the optimum y must be on the frontier of Y, let p

be a vector that is normal to this frontier in Y. Then for every firm

j the production plan y j maximizes profit p � y j at the production

prices p. There thus exists a production price system that decentral-

izes the production plan y.
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Finally, note that the budget constraint of the government auto-

matically holds. Indeed the government must finance

p � g ¼ p �
 XJ

j¼1
y j �

Xn
i¼1

xi

!

But at the optimum of consumer i, q � xi ¼ 0, and thus

�p � xi ¼ ðq� pÞ � xi ¼ t � xi

where t ¼ q� p is the vector of taxes at the optimum.51 If we denote

p j ¼ p � y j the before-tax profit of firm j, we therefore get

p � g ¼
XJ
j¼1

p j þ t �
Xn
i¼1

xi

which shows that at the optimum the government finances its con-

sumption exactly through the 100% tax on profits and the taxes on

consumers. It is in fact a consequence of Walras’s law: since all mar-

kets are in equilibrium and every agent but one is on its budget

constraint, then so must the last agent (the government).

The intuition for this result is simple: if profits are not redis-

tributed, the utilities of consumers and thus social welfare only de-

pend on consumption prices and on the prices consumers get for the

inputs they sell. If the government manipulates production prices

and the prices paid by firms for inputs, it only adds distortions

without correcting the existing ones, and therefore it must reduce the

value of the government’s objectives.

This theorem in fact has several important consequences for

optimal taxation. By definition, productive efficiency excludes using

taxes on production factors that are not uniform across firms. For

instance, the corporate income tax may be interpreted as a tax on

capital that only affects some firms in the private sector and there-

fore reduces productive efficiency. A similar case can be made

against taxes on intermediate goods, which are produced by some

51. Note that when no profits are redistributed to consumers, the price systems q and
p can be normalized independently. Therefore there exists an infinity of tax systems t

that decentralize the optimum. If, for instance, we multiply q (resp. p) by a positive
real number l (resp. m), then the tax system t 0 ¼ lq� mp leads to exactly the same
productions and consumptions than t. Thus comparisons such as tk > tl depend on
the normalization rule. On the other hand, the comparison of ad valorem tax rates
tk=pk > tl=pl does not.
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firms and used as inputs by other firms, or against reductions in

payroll taxes that are sector-specific. Since productive efficiency

concerns all productive units and not only private firms, one can also

deduce from the theorem that the government should use the

production prices of the private sector as its shadow prices. Finally,

consider the world as a whole, and assume that there exists a world

government (or perhaps a World Trade Organization) that attempts

to maximize global welfare. Then the production efficiency lemma

implies that international trade must occur at production prices, that

is, without any tariff. International trade indeed can be analyzed as a

production technique that transforms exported goods into imported

goods.

The production efficiency lemma of course only holds under some

assumptions. As we saw above, it can only be generalized to pro-

duction with decreasing returns if the government can tax profits at

a 100 percent rate. Moreover it assumes that there is no limit to the

ability of the government to vary tax rates on goods. In fact many

goods (e.g., housing, banking, and insurance services) are usually

exempt from VAT. In such a situation it may be optimal to violate

productive efficiency so as to remedy the impossibility to tax some

consumptions. We also implicitly assumed that all production fac-

tors can be taxed at different rates. This is rather unrealistic, since

few factors are homogeneous. It assumes, for instance, that skilled

labor and unskilled labor can be taxed at linear but different rates.

Naito (1999) shows that it may in fact be optimal for government to

use a shadow price for skilled labor employed in the public produc-

tion sector that is higher than its market price. Then public firms

demand less skilled labor, which reduces its relative wage and thus

contributes to redistributing incomes.
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4 Direct Taxation

Chapter 3 characterized optimal indirect taxation when the tax on

wages is proportional. In practice, most developed countries use a

graduated income tax. Even when a ‘‘flat tax’’ with a single tax rate

is proposed (as in the United States), it usually comprises a personal

exemption so that the tax is progressive.52 The shape of the income

tax schedule is a key element of the democratic debate. It clearly

cannot escape value judgments, but economists nevertheless can

contribute to the debate. Note that the personal income tax is not the

only tax that depends on income. Thus in this chapter direct taxation

in fact comprises all taxation that depends on primary income,

which includes payroll taxes such as social contributions but also all

means-tested benefits.

The study of optimal direct taxation must take into account dis-

incentive effects on labor supply. This has been obvious for some

time, but only since Mirrlees (1971) do we have a model that allows

us to discuss the trade-off between equity (the search for a redis-

tribution that implements social views) and efficiency (minimizing

distortions induced by the tax system).

4.1 The Emergence of the Model

The literature on optimal direct taxation assumes that consumer-

workers are born with heterogeneous, innate earning capacities w.

We may identify w to human capital, or perhaps to productivity53 or

to the wage that the individual can obtain on the labor market. This

last interpretation nevertheless neglects some general equilibrium

52. We call a tax progressive when its average rate increases with the taxable basis.
53. For simplicity, I will use that term in this chapter.



considerations, to which we will return later. We also usually sup-

pose that all consumers have the same utility function UðC; LÞ, de-
fined over a single consumption good54 C and a labor supply L. This

simplifying assumption in fact plays an important role, since it sets

aside all individual differences in preferences, and thus all consid-

erations that have to do with horizontal equity.

The definition of the proper redistributive objectives of govern-

ment has been debated for quite some time. Some classical authors

argued for a tax that would be proportional to the ability to pay;

others preferred a tax that would equalize the ‘‘sacrifices’’ of tax-

payers. The latter camp was split between those who favored equal

sacrifice (the same reduction in utility for all) and those who pre-

ferred equiproportional sacrifice (where percentages of utility re-

ductions are equalized across taxpayers).55

Nowadays we model social preferences in this field by endowing

the government with an additive Bergson-Samuelson functional:

W ¼
ð

CðUðwÞÞ dFðwÞ

where UðwÞ is the after-tax utility of consumer w, F is the cumulative

distribution function of w in the population, and C is an increasing

and concave function that weights the utilities of the agents accord-

ing to redistributive objectives. As an example, in simulations the

function

CðuÞ ¼ ur

r

is often used, where r is a parameter smaller than one that indexes

the social aversion to inequality (and CðuÞ ¼ logu for r ¼ 0). When

r ¼ �y, the dominant term in the integral that defines W is that

which yields the lowest UðwÞ. We call the resulting social prefer-

ences Rawlsian: the government aims at maximizing the utility of

the least favored member of society.56 The r ¼ 1 case represents

54. Chapter 5 reintroduces a multiplicity of consumption goods.
55. Around 1900 the marginalists often applied ‘‘Bernoulli’s law,’’ that is, a utility of
income given by UðxÞ ¼ logðxÞ whereby all agents derive an identical increment of
utility from proportional income increases. So it is easy to say that the equal sacrifice
principle leads to a proportional tax, while equiproportional sacrifice argues for a
progressive tax.
56. In deference to John Rawls, whose Theory of Justice, published in 1971, is the most
important writing in this field.
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(unweighted) utilitarian preferences: the government simply maxi-

mizes the integral of utilities over the population.57

First assume that labor supply is perfectly inelastic (so that we can

neglect the dependence of utility on L) and that individual w earns

before-tax income YðwÞ. All preferences on income are identical and

are given by a function U. The government aims at financing public

good expenditures R.58 Thus, if government collects from individual

w a tax revenue TðwÞ, then it must be that

ð
TðwÞ dFðwÞ ¼ R

The individual indexed by w then reaches utility

UðwÞ ¼ UðYðwÞ � TðwÞÞ

The optimal income tax is obtained by maximizing

W ¼
ð

CðUðwÞÞ dFðwÞ

under the governement’s budget constraint. If l is the multiplier

associated to that constraint, we get immediately

Ew; C 0ðUðwÞÞU 0ðYðwÞ � TðwÞÞ ¼ l

This is what Edgeworth (1897) called the principle of equimarginal

sacrifice. If C �U is strictly concave, then we obtain Edgeworth’s

conclusion:

The solution of this problem in the abstract is that the richer should be taxed
for the benefit of the poorer up to the point where complete equality of for-
tunes is attained.

Therefore government should collect taxes so as to equalize all after-

tax incomes ðYðwÞ � TðwÞÞ. In fact Edgeworth only considered the

utilitarian case where CðuÞ ¼ u. Even in that case the result holds

if U is strictly concave, which can be justified by the standard as-

sumption that the marginal utility of income is decreasing. This may

seem surprising; after all, utilitarianism is in general not viewed as

57. See Salanié (2000, ch. 1) for a brief discussion of the theories of justice that underlie
these representations.
58. In all of this chapter we neglect the dependence of utility on the production of the
public good, which is held fixed.
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a very redistributive social philosophy.59 Nevertheless, it rests on

several crucial assumptions, the most important of which is the per-

fect inelasticity of labor supply.

It seems quite natural that if the agents do not react to taxation,

this should transfer income from the agents who have a lower mar-

ginal utility of income (the rich) to those who have a high marginal

utility of income (the poor). And there is no reason for this process

to stop until marginal utilities of income are equalized. In the real

world the reactions of the workers who are taxed counter this pro-

cess of equalization: taxation changes the primary incomes YðwÞ. A
simple way to take this into account seems to be to write primary

incomes as

YðwÞ ¼ wLðwÞ

The simplest interpretation is that individual w has a fixed produc-

tivity w.60 The labor market is assumed to be competitive, so that

each individual is paid his productivity level. Then everyone chooses

their labor supply so as to maximize after-tax utility

LðwÞ ¼ arg max
L

UðwL� TðwÞ; LÞ

At this stage the model is still not very realistic. Assume, for in-

stance, as we will do later, that utility takes the quasi-linear form

UðC; LÞ ¼ C� vðLÞ

Then it is easy to see that the tax has no influence on labor supply

LðwÞ (with a general utility function, the tax would have an income

effect on labor supply, just as any lump-sum transfer). To reintro-

duce the effect of the income tax on behavior, we must take into

account an essential limit to the ability of the government. The gov-

ernment indeed cannot observe the productivities of the agents; it is

very easy for an agent who has a high productivity w to claim to have

a lower productivity so as to pay a lower tax. The government can

only tax primary income YðwÞ ¼ wLðwÞ, so the tax must take the form

TðwÞ ¼ TðYðwÞÞ

59. We will see later in analyzing Mirrlees’s model that it confirms this opinion.
60. This implicitly assumes that the production function exhibits an infinite elasticity
of substitution between skills. Otherwise, the productivity of each skill depends on
how it is combined with other skills. We will return to this point later.
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This apparently innocuous remark in fact has very important con-

sequences. As Mirrlees (1971) writes:

As a result of using men’s economic performance as evidence of their eco-
nomic potentialities, complete equality of social marginal utilities of income
ceases to be desirable, for the tax system that would bring about this result
would completely discourage all unpleasant work.

Note here that if the government could observe both primary in-

come Y and labor supply L, it could infer the value of the produc-

tivity w ¼ Y=L. Thus we must assume that the government cannot

observe L. This is arguably too strong if L represents hours of work:

one could imagine that each employer must be made to report the

hours worked by each employee to the tax authority. It is more

plausible if L also has unobservable components such as effort.

Under this observability constraint, it is clear that even with a

quasi-linear utility function, the tax influences labor supply, since

the program of individual w becomes

LðwÞ ¼ arg max
L
ðwL� TðwLÞ � vðLÞÞ

A confiscatory taxation then reduces production and thus the size of

the social pie. Classical authors were aware of that risk, as Edge-

worth wrote:

. . . the first approximation to the solution of the problem is obtained by
minimising the total sacrifice, subject to the condition that production is not
much diminished.

However, Edgeworth and his contemporaries did not know how to

model the trade-off between efficiency and equity. The great merit of

Mirrlees is that he invented a model that yields operational results.

4.2 Mirrlees’s Model

The preceding discussion leads us to the model introduced in the

literature by Mirrlees (1971).61 The government’s problem is to

choose the income tax schedule Tð:Þ so as to maximize

W ¼
ðy
0

CðUðwÞÞ dFðwÞ

61. Some elements of this model were already featured in Vickrey (1945, sec. III).

Chapter 4 Direct Taxation 83



where

UðwÞ ¼ UðwLðwÞ � TðwLðwÞÞ; LðwÞÞ

and LðwÞ maximizes over L

UðwL� TðwLÞ; LÞ

all of this under the government’s budget constraint

ðy
0

TðwLðwÞÞ dFðwÞbR

At this level of generality, the problem is very difficult: Mirrlees’s

paper has as many as 141 numbered equations. The optimal tax can

be characterized, but the resulting formulas are rather opaque. We

will begin by solving in a simple way an interesting special case.

4.2.1 The Rawlsian Case

Let us now assume that the government’s preferences are Rawlsian.

First note that UðwÞ always is an increasing function; actually

UðwÞ ¼ max
L

UðwL� TðwLÞ; LÞ

Applying the envelope theorem leads to

U 0ðwÞ ¼ ð1� T 0ÞLU 0C b 0

given T 0a 1, which must obviously hold for the optimal tax.62 Thus

the least favored individual is the one with the lowest w, say w. If his

productivity is low enough, then the optimal tax will discourage him

from working (it is obviously true if w ¼ 0). Then he will only live off

transfers �TðwÞ, and a Rawlsian government will seek to make these

transfers as large as possible. This implies maximizing tax revenue

from individuals who actually work. More generally, the optimal

tax schedule must maximize tax revenue under two constraints: the

incentive constraint and the constraint that the utility of the least

favored individual should be equal to the value of the government’s

social objective function.63 Piketty (1998) showed that under this ob-

62. No individual will choose his labor supply to locate at a point where T 0 > 1.
Otherwise, he could increase his utility by reducing his labor supply. If T 0 ¼ 1 as in the
case of a guaranteed minimum income, the only rational choice is L ¼ 0.
63. Any schedule that does not solve this program can be replaced with one that is
socially preferred.
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jective of maximizing tax revenue, it is very easy to characterize the

optimal tax if one moreover assumes that there is no income effect on

labor supply.

Let us start from the optimal income tax and increase the mar-

ginal tax rate by an infinitesimal amount dT 0 on a small interval

½Y;Yþ dY �, as illustrated on figure 4.1. Two effects should be dis-

tinguished. First note that to the first order, the tax paid by every

individual whose primary income is larger than Y increases by

dT 0dY.64 Let wY denote the productivity level that corresponds to the

primary income Y. Since these individuals are ð1� FðwYÞÞ in num-

ber, tax revenue increases by

dT 0dYð1� FðwYÞÞ ð1Þ

On the other hand, those individuals whose primary income was

between Y and ðYþ dYÞ face a higher marginal tax rate. Their net

wage indeed decreases from wYð1� T 0Þ to wYð1� T 0 � dT 0Þ, which is

a relative reduction of dT 0=ð1� T 0Þ. By the definition of the elasticity

of labor supply eL, their labor supply decreases by LeL dT
0=ð1� T 0Þ

and for each such individual, tax revenue goes down by

T 0YeL
dT 0

1� T 0

Figure 4.1

Marginal change in the tax schedule

64. Since we excluded income effects, these individuals do not change their labor
supply.
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Let f denote the probability distribution function of w; these people

number f ðwYÞ dwY. Moreover

dY

dwY
¼ dðwLÞ

dw
¼ Lð1þ eLÞ

so the individuals affected by the disincentive are

f ðwYÞ
dY

Lð1þ eLÞ

Then total tax revenue decreases by

eL

1þ eL
T 0wY

dT 0

1� T 0
þ f ðwYÞ dY ð2Þ

But since we started from the optimal tax, the effects (1) and (2) must

exactly cancel out, so

T 0ðYÞ
1� T 0ðYÞ ¼ 1þ 1

eL

� �
1� FðwYÞ
wY f ðwYÞ

This formula is more complex than it seems, since wY and eL both

depend on the tax schedule. However, it clearly exhibits two of the

three main determinants of the optimal tax. The first one, of course,

is the elasticity of labor supply: as could be expected, the larger the

elasticity is, the lower are the optimal marginal tax rates. The second

factor was more difficult to anticipate. It depends on the distribu-

tion of productivities in the population and shows that the optimal

marginal tax rate is higher when w is lower in the distribution

of productivities (since the ð1� FðwÞÞ=w term is decreasing in w),

and when the concentration of individuals around the productivity

under examination is smaller.65

Piketty’s argument makes it clear why we find this second term.

When we increase the marginal tax rate at productivity level w, we

collect more tax on more productive individuals, who are ð1� FðwÞÞ
in number; on the other hand, such a rate increase has a disincentive

effect on the individuals whose productivity is close to w. The num-

ber of these individuals is proportional to f ðwÞ, and the disincen-

tive effect is more detrimental, for a given elasticity of labor supply,

when they are more productive. We will see later that the shape

65. Note that f ðwÞ=ð1� FðwÞÞ is what statisticians call the hazard function of the dis-
tribution F.
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of this term in fact largely determines the shape of the optimal tax

schedule.

4.2.2 The General Approach

Let us come back to the general case and see how far we can carry

the analysis. Unfortunately, it is rather hard to make progress in the

analysis of the optimal tax schedule without making specific as-

sumptions. Readers who are more interested in the practical appli-

cations of theory can skip this subsection without much loss.

The tax schedule defines a relationhip C ¼ Y� TðYÞ between the

consumption of the taxpayer and his before-tax income. Y ¼ wL. It is

therefore useful to define a new utility function by

uðC;Y;wÞ ¼ U C;
Y

w

� �

Note that u is increasing in C and w and decreasing in Y. The re-

velation principle (e.g., see Salanié 1997, ch. 2) implies that the

government cannot do better than by choosing a direct revealing

mechanism, that is, a pair of functions ðCðwÞ;YðwÞÞ such that each

taxpayer finds it best to announce his own productivity:

Ew; w 0; uðCðwÞ;YðwÞ;wÞb uðCðw 0Þ;Yðw 0Þ;wÞ

This double infinity of incentive constraints obviously is not easy to

handle. However, we will see below how it can be simplified by

imposing a very weak condition of the preferences of taxpayers. We

assume from now on that the marginal rate of substitution between

consumption and before-tax income is smaller for more productive

individuals:

qC

qY

� �
u

¼ u 0Y
u 0C

decreases in w

This condition is sometimes called agent monotonicity; it corresponds

to the Spence-Mirrlees condition (single crossing condition) in contract

theory (see Salanié 1997, ch. 2). Assume, for instance, that prefer-

ences are quasi-linear,

UðC; LÞ ¼ C� vðLÞ

Then uðC;Y;wÞ ¼ C� vðY=wÞ and
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qC

qY

� �
u

¼ 1

w
v 0

Y

w

� �

which decreases in w if and only if Lv 0ðLÞ increases in L. This last

condition is easily seen to be equivalent to the elasticity of labor

supply being larger than �1. Since all empirical estimates are much

larger than that, the Spence-Mirrlees condition indeed is rather weak.

Figure 4.2 illustrates why this condition is so useful. We pic-

tured two indifference curves for productivities w < w 0 in the ðY;CÞ
plane, along with the tax schedule C ¼ Y� TðYÞ. Under the Spence-

Mirrlees condition the indifference curve of w by definition is steeper

than that of w 0 at the point where they cross. It is easy to see on the

figure that this implies CðwÞ < Cðw 0Þ and YðwÞ < Yðw 0Þ: more pro-

ductive agents have higher consumption and before-tax income.

To prove it more rigorously, let us define the utility of taxpayer w

when he claims to have productivity w 0:

Vðw 0;wÞ ¼ uðCðw 0Þ;Yðw 0Þ;wÞ

For the mechanism to be revealing, V must be maximal in w 0 ¼ w.

Assume that all functions are differentiable and that income Y is

positive. Then we have the first-order necessary condition

qV

qw 0
ðw;wÞ ¼ 0 ðNC1Þ

Figure 4.2

Spence-Mirrlees condition
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and the second-order necessary condition

q2V

qw 02
ðw;wÞa 0 ðNC2Þ

Differentiating (NC1) gives us

q2V

qw 02
þ q2V

qw 0qw
¼ 0

so (NC2) can be rewritten as

q2V

qw 0qw
b 0

We compute easily

qV

qw 0
¼ u 0CC

0 þ u 0YY
0

and

q2V

qw 0qw
¼ u 00CwC

0 þ u 00YwY
0

Condition (NC1) then makes it possible to write

C 0 ¼ � u 0Y
u 0C

Y 0

and (NC2) becomes

�u 00Cw
u 0Y
u 0C
þ u 00Yw

� �
Y 0b 0

But the Spence-Mirrlees condition implies, by differentiating the

marginal rate of substitution in w, that

� u 00Yw
u 0C
þ u 00Cwu

0
Y

ðu 0CÞ
2

a 0

so (NC2) just says that Y 0b 0. The Spence-Mirrlees condition thus

does imply that income increases with productivity, and since

C 0 ¼ � u 0Y
u 0C

Y 0

consumption also increases with productivity.
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The Spence-Mirrlees condition in fact allows us to reduce the incen-

tive constraints to a much more manageable form. To see this, write

qV

qw 0
ðw 0;wÞ ¼ u 0CðCðw 0Þ;Yðw 0Þ;wÞC 0ðw 0Þ þ u 0YðCðw 0Þ;Yðw 0Þ;wÞY 0ðw 0Þ

We also have

0 ¼ qV

qw 0
ðw 0;w 0Þ

¼ u 0CðCðw 0Þ;Yðw 0Þ;w 0ÞC 0ðw 0Þ þ u 0YðCðw 0Þ;Yðw 0Þ;w 0ÞY 0ðw 0Þ

from which we get

qV

qw 0
ðw 0;wÞ ¼ Y 0ðw 0Þu 0CðCðw 0Þ;Yðw 0Þ;wÞD

where

D ¼ u 0Y
u 0C
ðCðw 0Þ;Yðw 0Þ;wÞ � u 0Y

u 0C
ðCðw 0Þ;Yðw 0Þ;w 0Þ

has the sign of ðw� w 0Þ, by the Spence-Mirrlees condition. Since Y 0

and u 0C are both positive, we deduce that

qV

qw 0
ðw 0;wÞ has the sign of ðw� w 0Þ

so Vðw 0;wÞ indeed is maximal in w 0 ¼ w.

To sum up these rather abstract developments, the Spence-

Mirrlees condition, which is very weak, implies that more produc-

tive agents earn more and consume more. On a technical plane, it

allows us to sum up the incentive constraints in the first-order nec-

essary condition

Ew; u 0CðCðwÞ;YðwÞ;wÞC 0ðwÞ þ u 0YðCðwÞ;YðwÞ;wÞY 0ðwÞ ¼ 0 ðC1Þ

and the second-order condition

Ew; Y 0ðwÞb 0 ðC2Þ

The problem to be solved then is to find two functions C and Y that

maximize the objective funtion

ðy
0

CðuðCðwÞ;YðwÞ;wÞÞ dFðwÞ
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under the incentive constraints (C1) and (C2) and the government’s

budget constraint

ðy
0

ðYðwÞ � CðwÞÞ dFðwÞbR

This problem can be treated in its general form (e.g., see Ebert 1992).

It is still rather complex, mostly because constraint (C2) may be

binding on some intervals at the optimum.66 With a lot of work, one

could prove rather weak properties of the optimal tax schedule.

Rather than to pursue this approach, we will now adopt a more

heuristic approach based on assuming quasi-linear utility functions.

This will allow us to discuss the shape of the optimal tax schedule

more precisely.

4.2.3 The Quasi-linear Case

We will focus on the special case where the utility function of tax-

payers is quasi-linear:

UðC; LÞ ¼ C� vðLÞ

This assumption is rather restrictive, of course, since it sets aside

income effects on labor supply and it also means that the marginal

utility of income is constant. However, it will allow us to come to a

very simple formula for the optimal tax. To do so, we will skip some

mathematical difficulties.

The Rawlsian case helped us derive two of the three determinants

of the optimal tax schedule. On the other hand, focusing on the

maximization of tax revenue meant that we forgot about redistribu-

tion from the rich to the middle class. We will now see that taking

into account more general redistributive objectives adds a third term

in the formula that determines the optimal marginal tax rate.

The computations at this stage become a bit more complex. To

solve the government’s problem, we begin by eliminating the tax

schedule. First note that

UðwÞ ¼ max
Lb0
ðwL� TðwLÞ � vðLÞÞ ¼ wLðwÞ � TðwLðwÞÞ � vðLðwÞÞ

so the government’s budget constraint can be written

66. Such intervals correspond to discontinuities of the marginal tax rate T 0ðYÞ, just as
in the transition between two brackets of the actual income tax schedule; then a group
of taxpayers chooses the same point ðY;CÞ. This is called bunching.
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ðy
0

ðwLðwÞ �UðwÞ � vðLðwÞÞÞ dFðwÞbR

Assume that the tax schedule is continuously differentiable. Then by

the envelope theorem we have

U 0ðwÞ ¼ ð1� T 0ðwLðwÞÞLðwÞ

If moreover LðwÞ > 0, then the first-order condition of the taxpayer’s

program is

wð1� T 0ðwLðwÞÞÞ ¼ v 0ðLðwÞÞ

so that67

U 0ðwÞ ¼ LðwÞv 0ðLðwÞÞ
w

Of course, the first-order condition is not enough to characterize the

solution of the taxpayer’s program. However, we will assume that it

is sufficient, which amounts to neglecting the constraint Y 0ðwÞb 0 in

the general approach.

Under these assumptions the government’s problem amounts to

choosing functions U and L so as to maximize

ðy
0

CðUðwÞÞ f ðwÞ dw

under the budget constraint

ðy
0

ðwLðwÞ �UðwÞ � vðLðwÞÞÞ f ðwÞ dw ¼ R

and the differential constraint

U 0ðwÞ ¼ LðwÞv 0ðLðwÞÞ
w

To solve this problem, we use Pontryagin’s maximum principle.68

We choose UðwÞ as a state variable LðwÞ as a control variable.

Denoting l the multiplier associated to the budget constraint and

mðwÞ the multiplier attached to the differential constraint, the Hamil-

tonian can be written

67. Note that this formula also trivially holds if LðwÞ ¼ 0.
68. This is briefly described in appendix B.
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H ¼ CðUÞ f þ lðwL�U� vðLÞÞ f þ m
Lv 0ðLÞ
w

Pontryagin’s maximum principle states the following:

. LðwÞ maximizes H in L so that

lðw� v 0Þ f þ m
v 0 þ Lv 00

w
a 0

with an equality if LðwÞ > 0

. the derivative of m is given by

m 0 ¼ � qH

qU

whence

m 0 ¼ ðl�C 0ðUÞÞ f
. m verifies the two transversality constraints

mð0Þ ¼ lim
w!y

mðwÞ ¼ 0

Let us first analyze the conditions on m. Integrating the definition of

m 0 between w and infinity, and using the transversality condition at

infinity, we get

mðwÞ ¼
ðy
w

ðC 0ðUðtÞÞ � lÞ f ðtÞ dt

Now use the transversality condition in zero; this yields an expres-

sion for the multiplier associated to the budget constraint69

l ¼
ðy
0

C 0ðUðtÞÞ f ðtÞ dt ðLÞ

For simplicity, define the function D by

DðwÞ ¼ 1

1� FðwÞ

ðy
w

C 0ðUðtÞÞ f ðtÞ dt

This function by definition is the average value of C 0ðUÞ on the

69. Economic reasoning could have given us that equation: a uniform tax decrease of
one dollar on each taxpayer increases the value of the social objective function by the
right-hand side of (L), and its cost, by definition, equals l.
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interval ½w;þy½. But C 0 is the marginal weight given to utility in

the social objective, and given redistributive objectives, it must

be decreasing. Thus the function DðwÞ is also decreasing. Using its

definition, we finally get l ¼ Dð0Þ and

mðwÞ ¼ ð1� FðwÞÞðDðwÞ �Dð0ÞÞ

which cannot be positive.

Now choose some w such that LðwÞ > 0. Then we have the

equation

lðw� v 0Þ f þ m
v 0 þ Lv 00

w
¼ 0

Note that since

wð1� T 0Þ ¼ v 0

we have w� v 0 ¼ wT 0. Moreover let the taxpayer face a net wage wn.

His labor supply is given by

v 0ðLÞ ¼ wn

so its elasticity is

eL ¼
q log L

q log wn
¼ wn

Lv 00

Here the net marginal wage is wn ¼ wð1� T 0Þ, and thus we get

eL ¼
wð1� T 0Þ

Lv 00

whence

v 0 þ Lv 00 ¼ wð1� T 0Þ 1þ 1

eL

� �

We finally deduce that

Dð0ÞwT 0f ¼ ð1� FÞðDð0Þ �DðwÞÞð1� T 0Þ 1þ 1

eL

� �

By rearranging, we obtain

T 0ðYÞ
1� T 0ðYÞ ¼ 1þ 1

eLðwYÞ

� �
1� FðwYÞ
wY f ðwYÞ

1�DðwYÞ
Dð0Þ

� �
ðFÞ
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at every point where the taxpayer works (Y > 0), and with wY

defined by the equality Y ¼ YðwYÞ.
This formula calls for a first, technical remark. Using wð1� T 0Þ ¼

v 0, we get

T 0ðYÞ
1� T 0ðYÞ ¼

1

1� T 0ðYÞ � 1 ¼ wY

v 0ðY=wYÞ
� 1

which is an increasing function of wY and a decreasing function of Y.

Thus it is quite possible that formula (F) leads to wY being decreasing

in Y, which violates the second-order condition (C2) and invalidates

all our computations. It never is the case when the right-hand side of

the formula is decreasing in wY, but since the third term is increas-

ing, this is by no means certain.70 If this problem occurs in Y, then

the optimal marginal tax rate must be discontinuous in Y.

Note that this formula differs from that obtained in the Rawlsian

case only because of the new, third term

1�DðwYÞ
Dð0Þ

which reflects the profile of redistributive objectives over the popu-

lation. Since DðwÞ is decreasing, this term is increasing: if the gov-

ernment wishes to redistribute between high incomes and middle

incomes, it should raise the marginal tax rate on high incomes.

In general, DðwÞ is a rather complicated function. It simplifies if

we adopt ‘‘weighted utilitarianism’’ by choosing weights aðwÞ that
decrease in w and by replacing CðUÞðwÞ with aðwÞUðwÞ, as is often

done in simulations of optimal schedules. Then

DðwÞ ¼
Ðy
w aðtÞ dFðtÞ
1� FðwÞ

so DðwÞ is simply the average value of a over the interval ½w;þy½.
This shows that in the special case of classical utilitarianism where

aðwÞ is constant, so is DðwÞ and the marginal tax rates are uniformly

zero: the optimal income tax consists of having all taxpayers pay

the same amount. This is quite different from Edgeworth’s result.

70. It is easy to see that with Rawlsian preferences and a nondecreasing elasticity
of labor supply, the second-order condition holds if and only if ð1� FðwÞÞ=wf ðwÞ is
nonincreasing in w, which is empirically plausible given the observed distribution of
income.
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The reason is simple: with constant aðwÞ and quasi-linear preferences,

taxes only enter the social objective function through

ðy
0

TðwLðwÞÞ dFðwÞ ¼ R

and the government can achieve the first best by using only lump-

sum taxes (which must be uniform since taxpayers are observation-

ally equivalent).

The formula (F) thus obtained allows us to prove very simply

some properties that are quite general. First note that the right-hand

side is always nonnegative, so 0aT 0 < 1 wherever L > 0. Now de-

note w the lower bound of the support of f . It is easy to see that

DðwÞ ¼ Dð0Þ, so the marginal tax rate is zero for the least productive

agent if that agent works at the optimum.71 Finally, the marginal tax

rate has a somewhat surprising property. Assume that the maximal

productivity is finite, at w; then the second term and therefore the

marginal tax rate are also zero in w. The optimal tax schedule thus

cannot be uniformly progressive: its average rate T=Y must decrease

above some income level. This is actually easy to understand: it is

useless to have a positive marginal rate ‘‘at the top’’ because there is

no one above from whom the extra tax revenue can be collected, and

any positive marginal tax rate creates distortions. We should not,

however, focus on this property. First, simulations show that the

optimal marginal rate can be high even rather far to the right in

income distribution. Second, given the large dispersion of high in-

comes, it may not be appropriate to model them with a finite w. If

the income distribution extends to infinity, then there is no reason

why the marginal rate should tend to zero at infinity, as we will see

later.

4.3 Generalizations

Even in the quasi-linear setup our analysis of Mirrlees’s model

neglected several important points. For instance, we focused on tax-

payers who choose to work. In fact, if

wð1� T 0ð0ÞÞ < v 0ð0Þ

71. This would not hold if some low-productivity agents found it best not to work.
Also note that in the Rawlsian case, the function DðwÞ is zero for all w > w; it is not
continuous in w, which explains why the marginal tax rate is not zero in w.
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then the individual with productivity w prefers not to work.72 This

may happen for low-productivity taxpayers if the marginal rates

they face are too high. Since marginal rates for low-skilled agents are

rather high in many developed countries, it would be useful to inte-

grate this case in the analysis. This point is related to one of the

weaknesses of Mirrlees’s model: its static character. Productivity (or

more generally employability) of an individual is not constant over

time. More important, it is well established that low-skilled agents

who are excluded from work for some time see their productiv-

ity deteriorate over time. By neglecting these dynamic aspects, the

model underestimates the negative effects of high marginal rates on

the low-skilled.

Even if we allow for the income tax to discourage some people

from working, the model does not allow for any other source of

unemployment. In continental Europe, for instance, the minimum

wage may interact with taxation to create unemployment, as we saw

earlier. This type of distortion (and still others) should be added to

the model to make it more realistic.

Another remark is in order here. One often hears that high taxes

may cause some of the more productive workers to leave the coun-

try. If one wants to prevent this flight of human capital, one should

take into account a participation constraint that says that the utility

UðwÞ cannot fall below some exogenous threshhold UðwÞ that is re-

lated to the aftertax income that the worker can get into a foreign

country. In a similar way (but at the other end of the income distri-

bution), high marginal rates on the low-skilled may tempt them to

switch to underground work. Taking into account the first (resp.

second) factor should force the average tax rate (resp. marginal tax

rate) down at the bottom (resp. the top) of the distribution.

We mostly focused on the case where preferences are quasi-linear.

This excludes income effects on labor supply, while it is clear there

are such effects. It is possible to study the form of the optimal tax

schedule with a general utility function, but it is hard to interpret the

results (e.g., see Saez 2001). These results are nevertheless useful in

simulations, as we will see later.

The exogeneity of wages w is another limit of the model. It can be

justified by assuming that the production function has an infinite

elasticity of substitution between all productivities w:

72. We might of course assume that v 0ð0Þ ¼ 0 to eliminate this possibility. It is true by
construction when labor supply has constant elasticity c > 0, since then v 0ðLÞ ¼ BL1=c.
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Q ¼
ðy
0

wLðwÞ dFðwÞ

Then cost minimization does imply that each individual should be

paid his productivity w. When the elasticity of substitution is finite,

things are more complicated: equilibrium wages depend on what

combination of productivities is used, and that in turn depends on

labor supplies and therefore on the tax schedule. It is unfortunately

quite difficult to specify a simple production function that models

the limits to factor substitution with an infinite number of factors.

One could think, for instance, of a CES production function with

constant elasticity of substitution s:

Qðs�1Þ=s ¼
ðy
0

ðwLðwÞÞðs�1Þ=s dFðwÞ

but such a formula implicitly assumes that very low skills are just

as substitutable to high skills than to midlevel skills, which seems

doubtful.

To examine this issue, we will therefore focus on a two-type

model. There are n1 individuals of type 1 (with low productivity)

and n2 individuals of type 2 (with high productivity). The produc-

tion function has constant returns

Q ¼ Fðn1L1; n2L2Þ

We can rewrite this as

Q ¼ n1L1 f ðlÞ

where

l ¼ n2L2
n1L1

and the function f is increasing and concave. For simplicity, we

again assume quasi-linear preferences: if type i is paid a wage rate

wi and pays a tax Ti, his utility is

Ui ¼ wiLi � Ti � vðLiÞ

The objective of the government is to maximize

n1U1 þ mn2U2
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where 0 < m < 1 accounts for redistributive objectives by reducing

the weight given to the utility of the more productive type. The

government may choose a tax schedule TðYÞ and let the agents de-

cide on their labor supply. It may also rely on the revelation princi-

ple and use a direct revealing mechanism, that is, two pairs ðT1;Y1Þ
and ðT2;Y2Þ such that type 1 prefers the first pair and type 2 prefers

the second pair. The government must take into account several

constraints:

. its budget constraint

n1T1 þ n2T2 ¼ R

. the incentive constraints that state that each type chooses the pair

ðTi;YiÞ that is destined for him. One could prove that if redistributive

objectives are strong enough, only one of the two constraints is

binding at the optimum: that relative to type 2, or

Y2 � T2 � v
Y2

w2

� �
¼ Y1 � T1 � v

Y1

w2

� �

The intuition is very simple: given a tax that increases in income,

the difficulty is to prevent the more productive types from claiming

to be less productive (by working Y1=w2 hours) so as to pay less

tax.

. the equalities between marginal productivities and wages, or

w1 ¼ f ðlÞ � lf 0ðlÞ
w2 ¼ f 0ðlÞ

�

To solve this problem, it is easier to define the auxiliary variables

Li ¼ Yi=wi, which are just the labor supplies of each type at the opti-

mum of the program. First we eliminate T1 and T2 by using the

government’s budget constraint and the incentive constraint of type

2. We easily obtain

ðn1 þ n2ÞT1 ¼ R� n2 w2L2 � w1L1 � vðL2Þ � v
L1w1

w2

� �� �� �

ðn1 þ n2ÞT2 ¼ Rþ n1 w2L2 � w1L1 � vðL2Þ � v
L1w1

w2

� �� �� �
8>>><
>>>:
Then we can rewrite the objective function (up to a constant term)

as
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n1½w1L1 � vðL1Þ� þ n2m½w2L2 � vðL2Þ�

þ n1n2ð1� mÞ
n1 þ n2

w2L2 � w1L1 � vðL2Þ � v
L1w1

w2

� �� �� �

This formula depends on L1 and L2 both directly and indirectly

(through the definitions of w1 and w2). First assume that both skill

levels are infinitely substitutable, as in Mirrlees’s model. Then f ðlÞ ¼
aþ bl and wages are fixed at w1 ¼ a and w2 ¼ b. Maximizing the ob-

jective in L1 and L2 yields easily

v 0ðL1Þ ¼ w1 1� n2ð1� mÞ
n1 þ n2

1� 1

w2
v 0

L1w1

w2

� �� �� �

v 0ðL2Þ ¼ w2

8><
>: ðGÞ

Note that the incentive constraints imply as usual that Y1 < Y2, or

L1w1=w2 < L2 and therefore

v 0ðL1w1=w2Þ < v 0ðL2Þ ¼ w2

It follows by substituting in (G) that v 0ðL1Þ < w1.

To interpret these formulas, recall that when type i faces a mar-

ginal tax rate T 0i , his labor supply is given by

wið1� T 0i Þ ¼ v 0ðLiÞ

It follows immediately that

T 01 > 0

T 02 ¼ 0

�

Once again, the marginal tax rate is zero ‘‘at the top’’: the optimal

tax should not affect the incentives to work of the most produc-

tive agents. On the other hand, the marginal tax rate on the less

productive agents is positive; it depends both on redistributive

objectives (through m), on before-tax inequality (through the ratio

of wages) and on the distribution of productivities (through n1
and n2).

Now return to the general case. When differentiating the objective

in L1 and L2, we must now take into account how wages depend on

labor supplies, that is,
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qw1

qL1
¼ l2

L1
f 00ðlÞ

qw1

qL2
¼ � l2

L2
f 00ðlÞ

qw2

qL1
¼ � l

L1
f 00ðlÞ

qw2

qL2
¼ l

L2
f 00ðlÞ

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:
Since f 00ðlÞa 0, these derivatives imply that when the employment

of the more productive increases, their wage rate decreases and that

of the less productive increases (with opposite effects when the em-

ployment of the less productive increases).

Focus on the total derivative of the objective in L2. The direct de-

rivative can be written Aðw2 � v 0ðL2ÞÞ, where A is a positive coeffi-

cient. We must add the indirect derivative (which goes through w1

and w2), that is,

n1
qw1

qL2
L1 þ mn2

qw2

qL2
L2 þ

n1n2
n1 þ n2

ð1� mÞ

� qw2

qL2
L2 �

qw1

qL2
L1 þ L1v

0 L1w1

w2

� �
qðw1=w2Þ

qL2

� �

This term simplifies into

n1 þ n2m

n1 þ n2

qw1

qL2
L1n1 þ

qw2

qL2
L2n2

� �
þ n1n2
n1 þ n2

ð1� mÞL1v 0
L1w1

w2

� �
qðw1=w2Þ

qL2

But the term

qw1

qL2
L1n1 þ

qw2

qL2
L2n2 ¼ �l2f 00ðlÞ

L1n1
L2
þ lf 00ðlÞn2

is zero. Moreover the concavity of f implies that w1 (resp. w2) is an

increasing (resp. decreasing) function of l and therefore of L2. It fol-

lows that

qðw1=w2Þ
qL2

> 0

and thus that (since m < 1) the indirect derivative is positive. Thus
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ðw2 � vðL 02ÞÞ must be zero at the optimum, or equivalently, T 02 must

be negative.

This result was proved by Stiglitz (1982). It should not be inter-

preted too narrowly: with negative marginal tax rates, taxpayers

would be tempted to overestimate their income, which would be

difficult to prevent. The message to remember is that in taking into

account general equilibrium effects on wage determination, govern-

ment should be induced to lower the marginal tax rate on the more

productive individuals. By doing so, the government increases their

labor supply; by increasing their use in production, this reduces the

before-tax wage differential and thus relaxes the incentive constraint.

Because of general equilibrium effects, taxation acts both on primary

incomes and on disposable incomes, whereas only the latter effect

was present in Mirrlees’s model.

Finally, note that Mirrlees’s model assumes that taxpayers are

perfectly informed of their productivity before deciding on their la-

bor supply. This is a natural assumption if one identifies L to labor

supply; it is less tenable if L comprises effort, in which case the way

the labor market values effort may not be known to the agent. In

such a situation Varian (1980) and Eaton-Rosen (1980) showed that

the tax acts as an insurance device. The argument is exactly the same

as that of Domar and Musgrave mentioned in chapter 2: by taxing

part of the income fluctuations of taxpayers, the government insures

them against their productivity risk. Assume, for instance, that all

taxpayers are identical, with productivity W; then the optimal tax

when W is known by the taxpayers is simply a uniform lump-sum

tax. On the other hand, if W is random and independent across

agents, then the optimal tax has a positive marginal rate that allows

the government to mutualize the risk represented by W.

The most interesting situation is clearly that when agents differ ex

ante and where their productivity is random. This model was stud-

ied by Mirrlees (1990). Mirrlees assumes that the ex post produc-

tivity of the agent with innate productivity w is wm, where m is a

random variable with unit expectation distributed identically and

independently across agents. Mirrlees studies the optimal linear

(affine) tax

TðYÞ ¼ �Gþ tY

Given such a tax, taxpayer w chooses his labor supply LðG; ð1� tÞwÞ
so as to maximize
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EmUðGþ ð1� tÞwmL; LÞ

where Em is the expectation over the variable m.

Let vðG; ð1� tÞwÞ denote the value of this program. If the govern-

ment has utilitarist preferences, it will maximize in G and t

EwvðG; ð1� tÞwÞ

where Ew is the expectation over the variable w, under the budget

constraint

�Gþ tEwðwLðG; ð1� tÞwÞÞ ¼ R

Mirrlees proved that to the first order in R, the optimal marginal rate

is

t ¼ AVwþ BVm

where A and B are two positive coefficients that depend on the pref-

erences U, and Vz denotes the variance of the random variable z.

This formula calls for several remarks. First, the optimal marginal

rates increases with inequality, as it is measured by the variances

of the distributions of productivities. Second, we find again that the

marginal rate is positive even if all agents are ex ante identical

(Vw ¼ 0). Adding uncertainty always increases the marginal rate. On

the other hand, one can show that A > B if the elasticity of labor

supply eL is positive; then for a given level of ex post inequality

ðVmþ VwÞ, the optimal marginal rate is higher when the ex ante in-

equality Vw is greater.

4.4 Simulations

The shape of the schedule of the optimal income tax clearly is a cen-

tral issue in this literature. Starting with Smith, the classical authors

thought that the tax should have a single rate, but with a personal

exemption equal to the subsistance wage. This exemption thus

conferred some progressivity to the tax.73 The concept of a schedule

with increasing marginal rates came to the fore only slowly.74

Nowadays, all developed countries use this type of schedule—even

73. Remember that the tax is called progressive when its average rate (not necessarily
its marginal rate) increases with income.
74. It was the second point of the platform of the Communist Party Manifesto written
by Marx and Engels in 1848—the first point being the abolition of landownership.
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though some economists would prefer a flat tax with a single rate

above a personal exemption.

One of the objectives of Mirrlees was to measure the progressivity

of the optimal tax schedule. To do so, he calibrated social prefer-

ences, the elasticity of labor supply and the distribution of pro-

ductivities in a ‘‘reasonable’’ way. He then computed the optimal

schedule. To his surprise, he found that this hardly differed from an

affine function, that is from a negative tax

TðYÞ ¼ �Gþ tY

whose marginal rate is independent of income.75 Many authors have

done their own simulations and proved that Mirrlees’s results were

not very robust. However, their own results are so variable that it

seems difficult to draw general conclusions without resorting to em-

pirical estimation of the parameters of the model.

More recently the breakdown of the determinants of the marginal

rates into its three factors, as obtained in section 4.2.3, was used

by Diamond (1998) to argue that the tax must be progressive above

some productivity level. In the absence of precise information on the

variation of the elasticity of labor supply with productivity, Dia-

mond assumes that it is constant—which corresponds to a function v

of the form

vðLÞ ¼ AL1þð1=eLÞ

In this case the first term of the formula that gives marginal rates is

constant. Now assume that above some productivity w0, the distri-

bution of productivities is well approximated by a Pareto distribu-

tion,76 with a probability distribution function

f ðwÞ ¼ B

w1þa

Then it is easy to check that the second term

1� FðwÞ
wf ðwÞ

is also constant above w0. Thus the shape of marginal tax rates in

75. It is still progressive if G > 0.
76. The Pareto distribution is in fact often used in the empirical literature to parame-
terize the distribution of income.
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this region is entirely dictated by the third term, which we know

is increasing. Thus marginal tax rates must be increasing for suffi-

ciently high incomes.77

This argument obviously is not final. For twenty years after Mirr-

lees’s paper was published, simulations of the optimal tax schedule

relied on often vague calibrations of the distribution F. Today it

seems clear that it is preferrable to use individual data to estimate

this distribution. This is in fact a complicated matter. First, we only

have data on wages, which depend on productivities but also on

labor supply behavior as induced by the current tax system. To infer

productivities from wages, we must ‘‘invert’’ the existing tax system.

Second, this inversion is problematic for the unemployed and the

inactive, who by definition do not earn wages and are very numer-

ous at the bottom of the distribution. Third, the taxable unit often is

the household rather than the individual. As we know, it is difficult

to estimate the elasticity of labor supply for an individual, but the

task appears daunting, both conceptually and in practice, when we

deal with a household.

These reservations notwithstanding, it seems (e.g., based on work

on US data by Saez 2001) that the term

1� FðwÞ
wf ðwÞ

is decreasing until fairly high productivity levels. This suggests that

with Rawlsian preferences and a constant elasticity of labor supply,

marginal rates should be decreasing for low to middle incomes. Of

course, this tendency could be countered by strong redistributive

objectives. It is only for high productivities that the distribution

F seems to be well approximated by a Pareto distribution, so that

Diamond’s argument applies. Saez (2001) simulates on US data a

marginal rate curve that slopes upwards starting at around 75,000

dollars/year, which is rather high. Thus marginal rates should be

decreasing for most taxpayers.

Another lesson from recent simulations is that the optimal mar-

ginal rates are very high at the bottom of the distribution: these

individuals are not very many, and since their productivity is low, it

77. Note, however, that with Rawlsian preferences, the third term is constant; mar-
gianl rates can only be increasing for high incomes if the government is concerned
with redistributing income from high earners to the middle class.
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is no great loss if they work little. To sum up, one may represent (in

a purely illustrative way) what the optimal tax schedule may look

like on figure 4.3. It clearly makes little sense to compare the optimal

marginal rates with the rates on existing tax schedules. On the other

hand, the figure suggests that to the best of our knowledge,

. the optimal marginal rates at the bottom of the distribution are

very high, but are nevertheless lower than in several existing tax

systems, where guaranteed minimum income systems induce a 100%

marginal rate

. in existing tax systems, marginal tax rates slope up much earlier

than is shown in figure 4.3.

The asymptotic marginal tax rate (the marginal tax rate that

applies to the highest incomes) is even more controversial. Let us

go back to the situation studied by Diamond where preferences

are quasi-linear and the distribution F is a Pareto distribution with

parameter a. Denote by g the social weight of the richest individuals,

defined by

g ¼ C 0ðyÞ
EC 0

Then it is easy to see that g ¼ DðyÞ=Dð0Þ. An immediate computa-

tion gives

Figure 4.3

Optimal marginal tax rates

106 Part II Optimal Taxation



T 0ðyÞ ¼ ð1þ eLÞð1� gÞ
aeL þ ð1þ eLÞð1� gÞ

Given the data, a ¼ 2 seems to be a reasonable value for the Pareto

parameter.78 Assume, for instance, that g ¼ 0:5. Then table 4.1 gives

the value of the asymptotic marginal rate for several ‘‘reasonable’’

values of the elasticity of labor supply. For the purpose of compari-

son, the existing asymptotic marginal rate is about 50 percent in the

United States and 70 percent in a high-tax country like France.

The clear lesson from table 4.1 is that the optimal asymptotic

marginal rate varies a lot with the elasticity of labor supply.79 What

do we know about eL? As we saw in chapter 2, there is a very large

literature on the estimation of labor supply behavior. This literature

usually presents nonnegligible estimates of the income effect, but

Saez (2001) proves that if eL now denotes the uncompensated elas-

ticity of labor supply and r the (normally negative) income effect,

then the optimal asymptotic marginal rate is

T 0ðyÞ ¼ ð1þ eLÞð1� gÞ
aðeL � rÞ þ ð1þ eLÞð1� gþ rÞ

In principle, we just have to insert in this formula the consensus

estimates for eL and r. Unfortunately, there is no such consensus at

this time, even for high incomes. This implies that it is difficult to

answer some politically charged questions. Consider, for instance,

the highest point of the Laffer curve, which is the asymptotic mar-

ginal rate t� that maximizes tax revenue on the high earners. It is

Table 4.1

Asymptotic marginal rates

eL T 0ðyÞ

0 1

0.1 0.73

0.25 0.55

0.5 0.43

0.75 0.37

1 0.33

78. In this subsection we denote a the parameter of the Pareto distribution of pro-
ductivities, and not that of the income distribution as in Saez (2001).
79. It also varies with g, but g is even more difficult to estimate than eL.
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obtained for g ¼ 0 (when preferences are Rawlsian). With our cali-

bration and without an income effect, this gives

t� ¼ 1þ eL

1þ 3eL

Take a high-tax country like France. This formula means that France

has gone beyond the top of the Laffer curve if and only if eL is larger

than 0:27, which may or may not be true.

To answer this type of question, some economists have tried to use

directly the natural experiments created by tax reforms. We already

mentioned in chapter 2 the study by Eissa (1995), which analyzes

the effect of the 1986 Tax Reform Act in the United States on labor

supply of women married to high earners.80 One shortcoming of this

line of work is that it assimilates eL to the elasticity of labor supply,

whereas as we noted earlier, L may also measure the more evasive

effort of the worker. Feldstein (1995) initiated another group of

studies that aims at measuring directly the elasticity of taxable in-

come. He uses data on tax statements to compare the variation in

taxable income of two groups following TRA86. The first group

contains households that were in the highest tax bracket in 1985;

the second group contains households that were in the preceding

tax bracket. TRA86 reduced the marginal rate T
0
(or equivalently,

increased the ‘‘retention rate’’ 1� T 0) much more for the first group

than for the second group. By taking the ratio of the difference in

the increases in taxable income for the two groups divided by the

difference in the increases in the retention rates, Feldstein gets an

implicit elasticity of taxable income of about one, which is rather

high.

Feldstein’s study has been criticized for relying on a ‘‘difference of

difference’’ estimator that implicitly assumes that in the absence

of any tax reform, the taxable incomes of both groups would have

increased at the same rate. In fact, there was a trend toward increas-

ing inequality in the United States at the time of TRA86, which may

bias Feldstein’s estimate upward. Other authors have obtained esti-

mates closer to 0:5, which is still fairly high. Moreover estimates

linked to other tax reforms are usually lower.

80. Recall that Eissa estimates that the labor supply elasticity of this subpopulation is
about 0:8.
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5 Mixed Taxation

We characterized optimal indirect taxation in chapter 3 when the tax

on wages is proportional. We saw there that in the simplest case (a

representative consumer, zero cross-elasticities of demand), the tax

rates on the various goods are inversely proportional to the com-

pensated elasticities of their demand functions. We will see in this

chapter that with an optimal direct tax (which in general is non-

linear), this result breaks down completely: in this and some other

cases, indirect taxation in fact becomes superfluous.

Before presenting and discussing this result, note that it goes

against the grain of traditional analyses. These assigned to direct and

indirect taxation two distinct roles: redistribution for direct taxation,

and efficiency for indirect taxation, which was understood to cause

less distortions in the economy. A more elaborate analysis shows

that at least approximately, direct taxation can in fact play these two

roles.

First note that assigning to the individuals heterogenous wage

rates does not change the analysis of chapter 3. The wage rate

w (which was normalized to one) in fact played no role there. The

reader may check that transforming w into fixed wi’s (which may or

may not be known to the government) does not modify Ramsey’s

formula.

5.1 The Negative Income Tax

Let us start by introducing a negative income tax in the economy.

Instead of paying a tax on wages twiL
i, consumer i now pays

ðtwiL
i � GÞ, where G is a uniform transfer whose value must be de-

termined at the optimum. Let us stay with the normalization t ¼ 0,

which corresponds to parameterizing the indirect tax rates as t 0j . The



government’s budget constraint then becomes

XI
i¼1

Xn
j¼1

t 0jX
i
j ðq;GÞ ¼ T þ IG

An increase in the uniform transfer dG increases the left-hand side by

XI
i¼1

Xn
j¼1

t 0j
qXi

j

qRi
dG

and increases the right-hand side by IdG. The net cost for the social

objective is obtained by weighting the difference of these two effects

by the multiplier of the government’s budget constraint l so that it is

l

 
I �

XI

i¼1

Xn
j¼1

t 0j
qXi

j

qRi

!
dG

On the other hand, this variation dG increases utilities and thus the

social objective increases by

XI
i¼1

qW

qVi

qVi

qRi
dG ¼

XI
i¼1

bi dG

At the optimum these two terms must be equal, so

XI
i¼1

bi ¼ l

 
I �

XI

i¼1

Xn
j¼1

t 0j
qXi

j

qRi

!

which we can rewrite as

XI
i¼1

 
bi

l
þ
Xn
j¼1

t 0j
qXi

j

qRi

!
¼ I

But we can see in the left-hand side what we called the net social

marginal utility of income bi. Therefore this equality just says that

the average of the bi’s is one:

b ¼ 1

Given this equality, Ramsey’s formula becomes

�
Pn

j¼1 t
0
j

P I
i¼1 S

i
kj

Xk
¼ �yk

Recall that yk is the distributive factor of good k, that is, the co-

variance between the bi’s and the consumptions of good k. There-
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fore the optimal discouragement index is positive for luxuries and

negative for necessities. Indirect taxation should encourage the con-

sumptions of the poorest individuals and discourage the consump-

tions of the richest. Although simple, this is not quite the standard

interpretation of Ramsey’s formula.

If the consumers can be aggregated into a representative consum-

er, then yk is zero for each good k and the discouragement indexes

are all zero, which implies that all tax rates t 0j must be zero! But since

we already fixed t at zero, how does the government collect reve-

nue? The answer is simple: it should fix the value of G at �T=I and
finance itself only with a uniform tax equal to �G. This result in fact

is rather obvious: we know that lump-sum taxation leads to a first-

best optimum, and lump-sum taxation is quite feasible in a world

where all consumers are identical. Still, the usefulness of the ‘‘inverse

elasticities rule’’ is badly shaken once a negative income tax is pos-

sible. But it is not clear why it should not be possible; so this is a

first, rather destructive attack on Ramsey’s model.81

5.2 Is Indirect Taxation Useful?

We have just seen that introducing a negative income tax makes in-

direct taxation superfluous when all consumers are identical. How-

ever, it appears to still be useful when consumers differ. We will now

see that even this is not warranted. Let us go back to Mirrlees’s

model and introduce indirect taxes. To keep maximum generality,

we give the utility function the general form UðX; L;wÞ. Thus indi-

vidual preferences may a priori differ arbitrarily (through w) and

exhibit all sorts of income effects and cross-elasticities between each

good Xk and labor.

As in chapter 3 we normalize producer prices to one, which im-

plicitly assumes that production has constant returns. With a direct

tax Tð:Þ and indirect taxes tj, consumer w’s budget constraint is

Xn
j¼1
ð1þ tjÞXjðwÞ ¼ wLðwÞ � TðwLðwÞÞ

81. Even in this representative agent model, it may be useful to create taxes on some
goods if prices are constrained, as shown by Bénard and Chiappori (1989). Thus, if
rents are controlled, it may be useful to subsidize substitutes to housing (like hotel
rooms) and to tax complements (such as furniture).
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and the total tax revenue on this consumer is

Xn
j¼1

tjXjðwÞ þ TðwLðwÞÞ ¼ wLðwÞ �
Xn
j¼1

XjðwÞ

The government’s budget constraint then can be written

ðy
0

 
wLðwÞ �

Xn
j¼1

XjðwÞ
!
dFðwÞ ¼ R

There is a slight change here from Mirrlees’s model. Since we have

more general utility functions, we must recompute the derivative

of the utility function in w. Let n be the multiplier of consumer w’s

budget constraint in his maximization program. The first-order con-

dition in L of this program is

U 0L ¼ �nwð1� T0Þ

while the envelope theorem implies that

U 0ðwÞ ¼ qU

qw
þ nLð1� T 0Þ

Thus we get

U 0ðwÞ ¼ � LU 0L
w
þ qU

qw

Since once again we rewrote the constraints so as to eliminate the

tax schedule, the government’s problem is simply to choose a state

variable U and control variables that maximize the social objective

function

ðy
0

CðUðwÞÞ dFðwÞ

under the government’s budget constraint and the differential equa-

tion on U.

The choice of control variables is a bit subtle. In our study of

Mirrlees’s model we chose L as our control variable. It would seem

logical here to choose L and the consumptions X. But U, X, and L are

linked by

UðXðwÞ; LðwÞ;wÞ ¼ UðwÞ

Thus we may only choose ðn� 1Þ consumptions as control variables.
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We choose ðX2; . . . ;XnÞ, with X1 determined as an implicit function

of ðX2; . . . ;Xn; L;UÞ by the definition of utilities above.

Let us write the Hamiltonian as usual by assigning a multiplier l

to the government’s budget constraint and a multiplier mðwÞ to the

differential equation:

H ¼
 

CðUÞ þ l

 
wL�

Xn
j¼1

Xj

!!
f þ m

�
� LU 0L

w
þ qU

qw

�

Choose some good k ¼ 2; . . . ; n. Since Xk is a control variable, its

value must maximize the Hamiltonian. The Xk term enters H di-

rectly (in
Pn

j¼1Xj, in U and U0L) and indirectly (through X1 in these

three same terms). It follows that

l f 1þ qX1

qXk

� �
U

� �

¼ �m � L

w
U 00L1

qX1

qXk

� �
U

þU 00Lk

� �
þU 00w1

qX1

qXk

� �
U

þU 00wk

� �
ð1Þ

This equation seems very complicated, but it can be simplified by

replacing the marginal rate of substitution of X1 for Xk with its value,

that is by the ratio of marginal utilities, which is equal to the ratio of

consumer prices at the optimum of the consumer’s program:

qX1

qXk

� �
U

¼ � U 0k
U 01
¼ � 1þ tk

1þ t1

Now use the first equality in the right-hand side of (1) and the sec-

ond equality in the left-hand side. This yields

lf 1� 1þ tk
1þ t1

� �
¼ �m � L

w
�U 00L1

U 0k
U 01
þU 00Lk

� �
�U 00w1

U 0k
U 01
þU 00wk

� �
ð2Þ

which shows how indirect taxes should be differentiated at the opti-

mum. We can simplify the right-hand side further by noting that if y

is any variable, then

q logðU 0k=U 01Þ
qy

¼
U 00ky

U 0k
�
U 001y

U 01

Let us apply this formula with y ¼ L and y ¼ w and then substitute

equation (2); this becomes
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lf 1� 1þ tk
1þ t1

� �
¼ �mU 0k �

L

w

q logðU 0k=U 01Þ
qL

þ q logðU 0k=U 01Þ
qw

� �
ð3Þ

If tax rates on goods are differentiated at the optimum, it must be

that the marginal rates of substitution between goods vary across

consumers (through w) or as a function of labor supply (through the

derivative in L). The multiplier of the government’s budget con-

straint l is clearly positive. We saw in chapter 4 that the multiplier m

was negative; we will assume that it is also negative here. The mar-

ginal rate of substitution U 0k=U
0
1 can be interpreted as the propensity

to trade good 1 for good k. We can therefore deduce from (3) that

good k should be taxed at a higher rate than good 1 if the propensity

to trade good 1 for good k decreases in L or increases in w.

In more economic terms, government should tax more heavily

goods that are more complementary to leisure or that weigh more

heavily in the preferences of the more productive agents. These

two points already arose in chapter 3, but the intuition here is

a bit different. Government would like to tax directly differences

in productivities. Since these are unobservable, it will tax more

heavily goods whose consumption signals a high productivity. This

is clearly the case for purchases of goods that the more productive

prefer. Moreover taxing more heavily goods that are more comple-

mentary to leisure makes work more attractive and thus relaxes the

incentive constraint on the more productive agents.

Assume now that the utility functions of all consumers can be

written

UðX; L;wÞ ¼ ~UUðhðXÞ; L;wÞ ð4Þ

where hðXÞ is a scalar function (an ‘‘aggregator’’)82 so that the utility

function is weakly separable.

Then the marginal rates of substitution between goods are

U 0k
U 01
¼ q ~UUðh 0kÞ=qh

q ~UUðh 01Þ=qh
¼ h 0k

h 01

and are thus independent of L and w. We deduce immediately from

equation (3) that taxes on the various goods must have a uniform

82. This generalizes, inter alia, the quasi-linear case studied in chapter 4, since the
disutility of labor can now depend on productivity:

UðX;L;wÞ ¼ hðXÞ � vðL;wÞ
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rate (e.g., contrary to VAT). This rate may even be chosen to be zero,

as we know that a uniform tax on goods is equivalent in this model

to a proportional tax on wages, which can be absorbed in the sched-

ule of the optimal direct tax Tð:Þ. Nevertheless, there is no reason in

this model why a zero tax should be preferred to any other uniform

tax on goods.

Thus, whatever the social objectives (the function C), indirect

taxation is superfluous if the direct tax is chosen optimally and the

utility function take the form given in (4). This surprising result is

due to Atkinson-Stiglitz (1976). It deals a severe blow to the tradi-

tional analyses of the respective roles of direct and indirect taxation.

5.3 Criticisms

One may wonder a priori whether the Atkinson-Stiglitz result

depends on the fact that we allowed for an arbitrary nonlinear in-

come tax and only for linear indirect taxes. It is easy to see that this

is not true; the argument indeed only relies on marginal rates. If the

tax on good k were TkðXkÞ, we would just need to replace tk with T 0k
and t1 with T 01 in formula (3). If utility functions are weakly separa-

ble as in (4), then the marginal rates of all indirect taxes must be

equal at the optimum—and one can choose them equal to zero.

On the other hand, restricting the form of the income tax schedule

would, of course, reintroduce a role for nonuniform indirect taxation.

By fixing the producer prices at one, we implicitly assumed that

production exhibits constant returns. One could, however, check that

without this constraint, the Atkinson-Stiglitz result still holds if

government can tax profits in an arbitrary way. This argument is

perfectly analogous to one we already discussed in chapter 3.

It may be more interesting to elucidate the mechanism that

underlies the result. It is in fact rather obvious. Note that in this

model the only heterogeneity between individuals comes from their

productivities. Given utility functions that satisfy (4), these differ-

ences in productivities only show up in their incomes, and not

in their relative demands for goods. Then the ‘‘targeting principle’’

familiar to economists suggests that only incomes should be taxed

(of course, a uniform taxation on goods is only another way to tax

incomes).

A contrario, the result does not hold if there are several dimen-

sions of heterogeneity or if (4) is too restrictive. To illustrate the first
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possibility, assume that agents also differ through their inherited

wealth, and that the tax on bequests only partially corrects for this

inequality. Then taxing luxuries (which by definition are more often

bought by the rich) is one way to attack this second source of heter-

ogeneity (see Cremer-Pestieau-Rochet 2001).

The second possibility is illustrated by some microeconometric

studies such as that of Browning-Meghir (1991), which rejects (4).

First, marginal rates of substitution among goods certainly depend

on hours of work. We already saw in chapter 3 that some goods

are complementary to leisure (skis) and others are complementary

to work (urban transportation). Christiansen (1984) shows, as one

might expect, that social objectives can be improved by substituting

at the margin (for a given tax revenue) taxes on skis and subsidies to

urban transportation for a cut in the income tax. More precisely,

consider the conditional demand functions as introduced by Pollak

(1969). They are the solution Xðq;R; LÞ of the program

max
X

UðX; LÞ given q � XaR

If U is weakly separable, these conditional demands are independent

of L. Christiansen shows that one should introduce a small tax

dtj > 0 on good j (and cut the income tax accordingly) if and only if

X jðq;R; LÞ decreases in L.

We assumed so far that agents were perfectly informed of their

productivity. Otherwise, one should distinguish goods that are con-

sumed before uncertainty is revealed from those that are consumed

afterward (see Cremer-Gahvari 1995). As we saw in chapter 4, taxes

reduce the risk agents bear, but this insurance has no value for goods

that are consumed before uncertainty is revealed. This suggests that

goods such as housing services should be taxed relatively lightly,

since households start consuming them early in their life cycle.

One can also not exclude that agents who were lucky enough to be

born with a high productivity have particular tastes. If there is a

positive correlation between the taste for fine wines and productiv-

ity, then fine wines should be taxed relatively heavily (God forbid!).

Of course, it is hard to say whether such deviations from (4) induce a

first- or second-order departure from the Atkinson-Stiglitz result.

Naito (1999) recently showed that if the productive sector consists

of several sectors that use different skill levels in varying proportion,

then it may be optimal to have nonuniform taxes on goods, whatever
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the preferences. Assume, for instance, that there are only two levels

of skills, unskilled labor and skilled labor, as in the Stiglitz (1982)

model we studied in chapter 4. There are two productive sectors that

produce the two consumption goods from both types of labor alone.

We know from our discussion of Harberger’s model in chapter 1 that

in such a case, an infinitesimal tax on the consumption good that is

produced by the most skill-intensive sector reduces the relative wage

of skilled labor and thus the wage differential. As in Stiglitz’s model

this relaxes the incentive constraint and therefore improves the social

objective. This first-order gain should be compared with the usual

second-order loss (see the discussion of social welfare losses in

chapter 2). Thus government should substitute at the margin a tax

on the most skilled-intensive good to the income tax, so as to reduce

ex ante inequality.

To conclude this discussion of the Atkinson-Stiglitz result, it may

be useful to emphasize that the result was obtained in a theorist’s

world. In the real world the administrative costs of taxes and the risk

of evasion are important determinants of the choice among taxes. In

this regard, VAT has some real advantages. In most countries it is

collected by the ‘‘subtraction method,’’ whereby firms declare their

purchases from other firms in order to deduct them from their own

sales. This has low administrative costs and makes evasion easy to

detect. On the other hand, the income tax has high collection costs

and is much easier to evade. Thus it may be better to collect at least

part of the tax revenue by VAT (in any case, uniform VAT still does

not violate the Atkinson-Stiglitz result).83 Thus many developing

countries have created an income tax, but their weak tax author-

ities find it hard to collect the tax. These countries must therefore

de facto rely in a large part on indirect taxation to finance public

expenditures.
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6 The Taxation of Capital

Our discussion of optimal direct taxation in chapter 4 focused on

labor income. But labor income only comprises about two-thirds of

GDP, while one-third goes to capital. Taxation of capital therefore

deserves its own analysis. It is a very vast subject, since many things

go under the name of capital. The common element to all of these is

that capital is accumulated savings, whether it be physical capital

(machines and buildings used for production, but also housing held

by families) or financial capital (bank and financial assets, e.g., bonds

and shares). Thus taxation of capital in fact involves two sorts of taxes:

. taxes on the stock of capital like the wealth tax, the tax on be-

quests, property taxes

. taxes on the income from savings, such as the corporate income

tax,84 taxation of interest and dividends, and the taxation of capital

gains.85

The economic analysis of these two cases in fact is very similar, since

capital stocks stem from accumulated savings. Thus the distinction

will play no role in this chapter.

As in the last three chapters, the standpoint adopted here is that of

optimal taxation. Thus our main concern here is with the optimal

level of capital taxation. However, we will also return to the inci-

dence of capital taxation. In the whole chapter we neglect consid-

erations linked to risk. This makes the analysis much less realistic

but also much more tractable. The reader should remember on this

topic the discussion of the Domar-Musgrave effect in chapter 2.

84. Although the question of what the corporate income tax actually taxes is contro-
versial.
85. The stock-flow distinction is not very clear when it comes to capital gains; how-
ever, they are usually taxed as income.



In many European countries the press and some politicians com-

plain that the taxation rate of capital goes down while taxation of

labor income seems to increase inexorably. This is deemed unfair,

since a common (but simplistic) theory of incidence suggests that

workers pay the tax on labor income and capitalists pay the tax on

capital. This is also thought to encourage substitution of capital for

labor, thus reducing labor demand. Therefore the relative decline of

the taxation of capital would be partly responsible for high unem-

ployment and low wages.

As often in the theory of taxation, theoretical results are quite re-

mote from popular discourse. We will see in this chapter that at least

to a first approximation, there is no strong reason to tax capital at all:

the optimal tax rate on capital is zero! This a priori surprising result

actually is an old theme in economic literature. It is linked to the

optimality of a consumption tax, to which we will return in chapter

9. As is easily seen by writing the intertemporal budget constraint of

a worker-consumer who receives and leaves no bequest,

XT
t¼1

Ct

ð1þ rÞ t
¼
XT
t¼1

wtLt

ð1þ rÞ t

a tax on consumption is equivalent to a tax that bears on labor in-

come only, to the exclusion of income from savings.

As early as the seventeenth century Hobbes had stated a moral

argument for the consumption tax:

Equality of imposition consisteth rather in the equality of that which is con-
sumed, than of the riches of the person who consumes the same. For what
reason is there, that he which laboureth much, and sparing the fruits of his
labour, consumeth little should be more charged, than he that living idly,
getteth little and spendeth all he gets; seeing the one has no more protec-
tion from the Common-wealth, than the other.—Thomas Hobbes, Leviathan
(1651)

Consider Mrs. Thrifty and Mr. Bigspender. They receive (and spend)

the same discounted labor income over their life cycles, but Mrs.

Thrifty saves for her retirement while Mr. Bigspensder spends his

income within each period. They both by construction pay the same

tax on labor income. But the actual income tax also taxes income

from savings. Thus Mrs. Thrifty pays more income tax, since she is

taxed at retirement time on the income she draws from her accumu-

lated savings. Only a consumption tax could tax Mr. Bigspender and

Mrs. Thrifty equally.
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Moral arguments needn’t carry much weight in economics, but the

above example suggests a more technical argument linked to the

double taxation of savings. This argument was stated in its classical

form by John Stuart Mill:

If, indeed, reliance could be placed on the conscience of the contributors, or
sufficient security taken for the correctness of their statements by collateral
precautions, the proper mode of assessing an income tax would be to tax
only that part of income devoted to expenditure, exempting that which is
saved. For when saved and invested (and all savings, speaking generally,
are invested), it thenceforth pays income tax on the interest and profits
which it brings, notwithstanding that it has already been taxed on the prin-
cipal. Unless therefore savings are exempted from income tax, the con-
tributors are twice taxed on what they save and only once on what they
spend. . . . The difference thus created to the disadvantadge of prudence and
economy is not only impolitic but unjust.—John Stuart Mill, Principles of
Political Economy (1848)

Our task now is to evaluate the real strength of this argument. Dou-

ble taxation of income saved certainly introduces a new distortion in

the economy. But is it ‘‘impolitic’’ in a second-best world? After all,

taxing labor income also introduces a distortion by reducing labor

supply. It might be that introducing a distortion on the supply of

capital helps correct for the first distortion, thus improving welfare.

The whole second-best literature shows that counting distortions is

not the right way to do welfare analysis. We must therefore study

taxation of capital more rigorously.

6.1 Applying Classical Results

As we saw in chapter 2, the effect of taxation of income from savings

is to increase the price of future consumption relative to that of

current consumption. Thus what matters is whether we should

tax future consumption more than current consumption. The results

presented in the last two chapters seem to apply directly to this

problem, since we may consider consumptions at various dates as as

many different goods.

Ramsey’s formula gives us a first guide. With a representative

consumer, the Corlett-Hague result shows that a higher tax on future

consumptions may be in order if they are more complementary to

leisure than current consumption. This in principle is an empirically

testable proposition: Does a permanent wage increase translate (for
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fixed utility) into an increase of future consumptions smaller than

that in current consumption? Unfortunately, we have no convinc-

ing answer to this question. If future consumptions and current

consumption are equally complementary to leisure but individuals

are heterogeneous, then Ramsey’s formula indicates that future

consumption should be discouraged more if the rich tend to defer

their consumption more than the poor. Observation shows convinc-

ingly that the rich have a higher propensity to save than the poor,

which seems to provide us with a second argument for taxing

capital.

However, we saw in chapter 4 that Ramsey’s model in fact is very

restrictive, as it only allows for proportional labor income taxation.

Now turn to the Atkinson-Stiglitz result on the role of indirect taxa-

tion with an optimal nonlinear income tax. This theorem tells us that

if the utility function of consumers is weakly separable, so that it can

be written

UðC1; . . . ;CT; L1; . . . ; LT;wÞ ¼ ~UUðhðC1; . . . ;CTÞ; L1; . . . ; LT;wÞ

then all consumptions should be taxed at the same rate and income

from savings should not be taxed at the optimum. Under this sepa-

rability hypothesis, the targeting principle applies: it may well be

that the rich save more, but this is because they have higher incomes,

and that comes from their higher productivity. Thus the optimal

trade-off between equity and efficiency can be attained by taxing

only labor income.

We raised some criticisms of the Atkinson-Stiglitz result in chapter

5. The fact that it neglects inherited wealth seems the most relevant

here: if consumer-workers come to life with different productivities

and different bequests, then the latter should be taxed at the opti-

mum. There is indeed no relevant difference between endowments at

birth, whether they consist in a higher productivity or a higher be-

quest. However, this argument neglects the effect of capital taxation

on the decisions of the person who leaves the bequest. Taxation of

bequests becomes more problematic if they are planned by altruistic

donors.

6.2 The Overlapping Generations Model

Even if we accept all assumptions of the Atkinson-Stiglitz result,

applying it directly to taxation of capital still is not wholly convinc-
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ing. In a closed economy, savings equals investment, which renews

the stock of productive capital. Factor incomes are not exogenous

as in chapter 5; they depend on the taxation of capital through its

accumulation process. Accumulation itself can only be studied in a

dynamic model. The most often used model here is the overlapping

generations model, which was invented by Allais, rediscovered by

Samuelson (1958), and then applied to capital accumulation and

public finance by Diamond (1965).

Remember that this model considers generations that follow each

other over an infinity of periods. In the simplest model, which we

will use in this chapter, each generation lives for only two periods

and works only in the first period of its life. In period t, a generation

is born; individual i in this generation works Li
t and consumes Ci

yt

during this period while he is ‘‘young.’’ In period ðtþ 1Þ this indi-

vidual is ‘‘old’’: he does not work any more, consumes Ci
o; tþ1 using

the income from his first-period savings, and dies. In this same

period ðtþ 1Þ a new generation is born; it is ð1þ nÞ times larger

(which allows for demographic growth). Two generations, the young

and the old, thus coexist within each period. Note that we can inter-

pret the first period of life as working life and the second one as re-

tirement. This interpretation is not flawless: thus only the young and

active save in this model, which is a caricature of reality.86 The value

of this model lies more in its ability to illustrate the main economic

mechanisms than in its descriptive aspects.

There is only one good (in addition to labor) in this model; as in

the neoclassical growth model this good serves both as consumption

good and as capital. Through savings the young finance their next-

period consumption in old age, and their savings also allow the

economy to accumulate capital. This capital is combined with labor to

produce constant returns. Let Q denote production, net of the capital

used (capital does not depreciate and therefore it can be reused in its

entirety in production or consumption). Then we can write

Q ¼ FðK;EÞ ¼ Ef ðkÞ

where f is concave, E is efficient labor (i.e., the sum of labor supplies

weighted by their productivities)87 and k ¼ K=E is capital intensity.

This change of variable is perfectly identical to that in Solow’s

86. In the real-world, saving is hump-shaped over the life cycle: the very young active
borrow and the young retired save.
87. This implicitly assumes that all forms of labor are perfect substitutes in production.
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model. As in the latter model, the wage rate per unit of efficient labor

and the return to capital are given by

w ¼ f ðkÞ � kf 0ðkÞ
r ¼ f 0ðkÞ

�

6.3 The Zero Capital Taxation Result

The Atkinson-Stiglitz model is obtained by embedding the Ramsey

model within Mirrlees’s. Similarly, combining Mirrlees’s model and

Diamond’s model allows us to study the optimal taxation of capital.

Here Ordover-Phelps (1979) proved a remarkable result: if consum-

ers have weakly separable utility functions and government has

policy instruments that allow it to fix the capital stock at its socially

optimal level, then the optimal tax rate on capital is zero.

The Ordover-Phelps (1979) model is rather complex, but Stiglitz

(1985) gave a simple proof of the zero tax result. Assume that there

are only two types, 1 and 2, of consumers in each generation. In

period t there are thus N1
t ¼ N1ð1þ nÞ t young of type 1, whose pro-

ductivity is n < 1, and N2
t ¼ N2ð1þ nÞ t young of type 2, of produc-

tivity 1. Given perfect competition of employers on the labor market,

the relative wage of type 1 is n. With perfect substitutability of the

skilled (type 2) and the unskilled (type 1) in production, labor can be

measured in efficient units by

Et ¼ nN1
t L

1
t þN2

t L
2
t

and production is Qt ¼ FðKt;EtÞ. We denote wt the wage per unit of

efficient labor. We write type i ’s utility function as UiðCi
t ; L

i
tÞ where

Ci
t ¼ ðCi

yt;C
i
o; tþ1Þ are his consumptions when he is young and when

he is old.

The government collects taxes to finance its consumption Rt. Gross

production therefore equals the sum of its uses, for private con-

sumption, government consumption, and capital reinjected in pro-

duction:88

FðKt;EtÞ þ Kt ¼ N1
t C

1
yt þN2

t C
2
yt þN1

t�1C
1
o;t þN2

t�1C
2
o;t þ Ktþ1 þ Rt

As in chapter 4 the government must choose a direct revealing

mechanism ðC1
t ;Y

1
t ;C

2
t ;Y

2
t Þ under a self-selection constraint that

88. Recall our assumption that capital does not depreciate in production.
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states that the skilled do not pretend to be unskilled so as to pay

lower taxes. Type 2 may indeed claim to be type 1 by earning the

same labor income Y1
t , since government only observes incomes. To

do this, he just has to work Y1
t =wt. The self-selection constraint then

is

U2 C2
t ;
Y2
t

wt

� �
bU2 C1

t ;
Y1
t

wt

� �

As usual, we will assume that the other self-selection constraint is

slack at the optimum.

The government’s objective is defined over utilities weighted by

redistributive weights m i
t ; government maximizes

W ¼
Xy
t¼1

Wt ¼
Xy
t¼1
ðm1

t N
1
t U

1
t þ m2

t N
2
t U

2
t Þ

under the self-selection constraint and the scarcity constraint. The

Lagrangian of this problem is L ¼
Py

t¼1Lt, where

Lt ¼ Wt þ l2
t U2 C2

t ;
Y2
t

wt

� �
�U2 C1

t ;
Y1
t

wt

� �� �

þ gtðFðKt;EtÞ �N1
t C

1
yt �N2

t C
2
yt �N1

t�1C
1
o; t �N2

t�1C
2
o; t � Ktþ1 þ KtÞ

The policy instruments of government are the consumptions and the

labor incomes of each type in each period, that is, for each t and each

i ¼ 1; 2,

Ci
t ;Y

i
t

We also include the variables Kt as maximands. This amounts to

assuming that the government has the means to fix the capital stock

at its optimal level—we will see how later in this chapter.

Once again, it is simpler to maximize with respect to the labor

supplies

L1
t ¼

Y1
t

wtn

L2
t ¼

Y2
t

wt

8>>><
>>>:
We begin with the first-order conditions in C2

t ,
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qL

qC2
yt

¼ ðN2
t m2

t þ l2
t Þ

qU2

qC2
yt

ðC2
t ; L

2
t Þ �N2

t gt ¼ 0

and

qL

qC2
o; tþ1

¼ ðN2
t m2

t þ l2
t Þ

qU2

qC2
o; tþ1
ðC2

t ; L
2
t Þ �N2

t gtþ1 ¼ 0

and the first-order condition in Ktþ1,

qL

qKtþ1
¼ gtþ1ð1þ F 0KðKtþ1;Etþ1ÞÞ � gt ¼ 0

It follows that

ðqU2=qC2
ytÞðC2

t ; L
2
t Þ

ðqU2=qC2
o; tþ1ÞðC2

t ; L
2
t Þ
¼ gt

gtþ1
¼ 1þ F 0KðKtþ1;Etþ1Þ

But the left-hand side is just the marginal rate of substitution of type

2 between current and future consumption, and this is equal to one

plus the after-tax interest rate at the optimum of the consumer’s

optimization program. On the other hand, the marginal productivity

of capital on the right-hand side equals the before-tax interest rate at

the optimum of the producer’s program. It follows immediately that

at the social optimum, the government should not tax the interest

income paid to type 2.

At this stage this result brings to mind the fact that the marginal

tax rate on the labor income of the most productive agent is zero,

which is not very surprising. It is still possible for the interest income

paid to type 1 to be taxed. This is where the weak separability of

utility functions comes into play. The first-order conditions in C1
yt

and C1
o; tþ1 indeed are

qL

qC1
yt

¼ N1
t m1

t

qU1

qC1
yt

ðC1
t ; L

1
t Þ � l2

t

qU2

qC2
yt

ðC1
t ; L

1
t nÞ �N1

t gt ¼ 0

and

qL

qC1
o; tþ1

¼ N1
t m1

t

qU1

qC1
o; tþ1
ðC1

t ; L
1
t Þ � l2

t

qU2

qC2
o; tþ1
ðC1

t ; L
1
t nÞ �N1

t gtþ1 ¼ 0

If we impose weak separability

UiðCi
t ; L

i
tÞ ¼ ~UUiðhðCi

tÞ; Li
tÞ
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then for all L and for each i ¼ 1; 2,

qUiðCi
t ; LÞ=qCi

yt

qUiðCi
t ; LÞ=qCi

o; tþ1
¼

qhðCi
t Þ=qCi

yt

qhðCi
tÞ=qCi

o; tþ1

The equation

qL

qC1
yt

¼ 0

can then be rewritten as

qhðC1
t Þ=qC1

yt

qhðC1
t Þ=qC1

o; tþ1
N1

t m1
t

qU1

qC1
o; tþ1
ðC1

t ; L
1
t Þ � l2

t

qU2

qC2
o; tþ1
ðC1

t ; L
1
t nÞ

 !
¼ N1

t gt

and we get by substituting in the other first-order condition

qhðC1
t Þ=qC1

jt

qhðC1
t Þ=qC1

v; tþ1
¼ gt

gtþ1
¼ 1þ F 0KðKtþ1;Etþ1Þ

This last equation means that the marginal rate of substitution of the

consumer and its equivalent for the firm are equal. Thus at the social

optimum, type 1 should not be taxed on his interest income, no more

than type 2. Therefore the optimal taxation of interest income is zero.

Is this so surprising? We said earlier that the Atkinson-Stiglitz

might fall when we take capital accumulation into account. But we

assumed here, without justifying it, that the government can fix the

capital stock at its optimal level. Can the government really do it?

This is what we will look at now. To do so, we will have to learn

more about Diamond’s model.

6.4 Capital Accumulation

For simplicity, we assume that every generation has only one type

of agent: redistributive considerations are not essential here since

we focus on the capital accumulation process. As before, generations

grow at rate n; labor supply is now assumed to be inelastic (each

young person supplies one unit of labor). Capital does not depreci-

ate, and there is no technical progress. We start the analysis by

assuming that there is no taxation to begin with. Recall that we are

in a closed economy, so savings must directly feed investment.

With an inelastic labor supply, the representative agent of genera-

tion t maximizes UðCyt;Co; tþ1Þ under his budget constraint
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Cyt þ St ¼ wt

Co; tþ1 ¼ ð1þ rtþ1ÞSt

�

where St is the savings of generation t. We obtain the intertemporal

budget constraint as

Cyt þ
Co; tþ1
1þ rtþ1

¼ wt

The first-order condition is

U 0yðCtÞ
U 0oðCtÞ

¼ 1þ rtþ1

which generates demand functions Cðwt; rtþ1Þ and savings

Sðwt; rtþ1Þ ¼ wt � Cyðwt; rtþ1Þ

We still denote FðK; LÞ production (net of capital), and we denote

f ðkÞ ¼ Fðk; 1Þ net production per capita. As usual, profit maximiza-

tion gives factor incomes:

wt ¼ f ðktÞ � kt f
0ðktÞ

rt ¼ f 0ðktÞ

�

where we used the notation kt ¼ Kt=Lt.

Finally, equilibrium on the market for capital implies the equality

between the savings of the young St and the capital stock in the next

period.89 Taking into account demographic growth, this gives

ktþ1ð1þ nÞ ¼ Sðwt; rtþ1Þ ¼ Sð f ðktÞ � kt f
0ðktÞ; f 0ðktþ1ÞÞ

This equation defines the dynamics of the capital accumulation pro-

cess. Unfortunately, it is very nonlinear, which raises several diffi-

culties. First note that ktþ1 appears on both sides of the equation, so

the dynamics is only defined implicitly. We will assume here that we

can in fact extract a dynamic mapping ktþ1 ¼ gðktÞ. Even then, this

system may not be stable. Now assume that there exists a unique

solution k � of

k�ð1þ nÞ ¼ Sð f ðk�Þ � k�f 0ðk�Þ; f 0ðk�ÞÞ

This solution is locally stable if

89. The capital stock of period t is recycled, and some of it may be consumed—
remember that there is only one good in the economy.

130 Part II Optimal Taxation



jg 0ðk�Þj < 1

that is, if

�k�f 00ðk�ÞS 0w
1þ n� f 00ðk�ÞS 0r

< 1

Then the per capita capital stock converges (at least locally) to k�,

which defines the steady state equilibrium where capital intensity

is constant and the stock of capital grows at the same rate n as the

population.

We will always assume that the steady state is unique and locally

stable, so as to look at its comparative statics. Simple computations

show that if the savings function also depends on a parameter y,

St ¼ Sðwt; rtþ1; yÞ

then if the steady state is locally stable, the steady state capital in-

tensity k� is a function of y whose sign is that of S 0y: a variation of y

whose direct effect is to increase savings indeed leads to an increase

in capital intensity.

The uniqueness and local stability assumptions imposed on the

dynamic system are very strong: in general, one cannot exclude

indeterminacies (several solutions in ktþ1 for a given kt) and/or cy-

clical or even chaotic dynamics.

Is the steady state optimal? Optimality is rather easy to define if

we focus on stationary trajectories, where all per capita allocations

are constant. Then all generations have the same utility, and we nat-

urally seek to maximize the utility of any of them. Thus consider a

stationary allocation with capital intensity k. Our old friend the be-

nevolent and omniscient planner only faces one constraint: since

he needs nk, given population growth, to keep the capital intensity

unchanged, he only has ð f ðkÞ � nkÞ to share between the old and the

young in any given period. Since the old at each time are ð1þ nÞ
times fewer than the young, we must therefore have

Cy þ
Co

1þ n
¼ f ðkÞ � nk

If we maximize UðCy;CoÞ under this constraint, obviously we first

need to maximize ð f ðkÞ � nkÞ, which gives

r ¼ f 0ðkÞ ¼ n
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At the social optimum, capital intensity must be such that the inter-

est rate equals the rate of growth of the population. This is called the

golden rule, and it defines a capital intensity kG.

Can we compare the optimum kG and the steady state k�? Un-

fortunately, there is no reason why these two capital intensities

should coincide. Assume, for instance, that the utility has the Cobb-

Douglas form

UðCy;CoÞ ¼ a log Cy þ ð1� aÞ log Co

and that the production function also is a Cobb-Douglas:

FðK; LÞ ¼ KaL1�a

Then

f ðkÞ ¼ ka

The consumption and savings functions are very simple:

Cy ¼ aw

Co ¼ ð1þ rÞð1� aÞw
S ¼ ð1� aÞw

8<
:
The dynamics of capital intensities is

ktþ1ð1þ nÞ ¼ ð1� aÞð1� aÞka
t

which indeed converges to a steady state given by

k� ¼ ð1� aÞð1� aÞ
1þ n

� �1=ð1�aÞ

The golden rule gives

aðkGÞa�1 ¼ n

or

kO ¼ a

n

� �1=ð1�aÞ

It is easily seen that kG may be smaller or greater90 than k�. Moreover

90. The reader may check that kG > k� seems more likely with ‘‘reasonable’’ values of
a, a and n, but once again, this model is not particularly realistic.
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no reasonable condition will make them equal: in general, the steady

state is not optimal.91

When kG < k�, one can even improve the utility of all generations.

Just assume that just after production at some date T, the govern-

ment decides to release ðk� � kGÞ for consumption and to then main-

tain the capital intensity at kG. The quantity of good available for

consumption in period T is

f ðk�Þ þ ðk� � kGÞ � nkG ¼ f ðk�Þ � nk� þ ðnþ 1Þðk� � kGÞ

which is larger than ð f ðk�Þ � nk�Þ: both generations present at T can

consume more. At later dates the quantity available for consumption

is

f ðkGÞ � nkG > f ðk�Þ � nk�

by the definition of the golden rule, and here again all generations

alive at these dates can consumemore. With such excess accumulation

of capital, we say that the economy is dynamically inefficient: there

exists a reallocation that improves the utility of all generations.92

Otherwise, we say that the economy is dynamically efficient—which

does not mean that the level of capital is optimal, since k�a kO.

Let us now return to the taxation of capital. Any tax (or subsidy)

on capital affects savings and therefore capital accumulation. If the

steady state is not optimal, such a tax can thus bring the economy

closer to the golden rule. If, for instance, we tax capital at rate t and

we redistribute the tax revenue to the young (with a transfer Ty) and

to the old (with a transfer To), then the consumer’s budget con-

straints become

Cy þ S ¼ wþ Ty

Co ¼ ð1þ rð1� tÞÞSþ To

�

or in the intertemporal form

Cy þ
Co

1þ rð1� tÞ ¼ wþ Ty þ
To

1þ rð1� tÞ

91. This is no violation of the first welfare theorem: here we have an infinity of agents
indexed with their date of birth t ¼ 1; . . . ;y, whereas the proof of the first theorem
heavily relies on the assumption that the number of agents is finite.
92. Abel et al. (1989) study empirically the accumulation process in the main devel-
oped countries. They conclude that the economy is dynamically efficient in each of
these countries, which suggests that they have too little capital.
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so that savings become

S ¼ wþ Ty � Cy wþ Ty þ
To

1þ rð1� tÞ ; rð1� tÞ
� �

Transfers must, of course, balance the government’s budget con-

straint, which is

Ty þ
To

1þ n
¼ rtS

1þ n

since the tax collects rtS on each old individual and the old are

ð1þ nÞ times fewer than the young in each period.

Creating such a tax changes the capital accumulation process

through

ð1þ nÞk ¼ S

We could pursue with complicated computations, but let us focus on

the effects involved instead. The creation of the tax has, as usual, two

opposite effects on savings: the income effect increases savings, and

the substitution effect reduces it.93 A transfer to the old tends to

reduce savings since it helps finance second-period consumption.

Finally, a transfer to the young increases savings in the reasonable

casewhere themarginal propensity to consume is below one. There are

thus five effects to account for, and two independent instruments

(since t, Ty, and To are linked by the government’s budget constraint).

For simplicity, return to the case where the utility function is

Cobb-Douglas; then the income effect and the substitution effect

cancel out and we have

S ¼ ð1� aÞðwþ TyÞ �
aTo

1þ rð1� tÞ

First assume that the revenue from taxing capital is entirely given to

the young: To ¼ 0 and Ty ¼ rtS=ð1þ nÞ. Then we get

S ¼ ð1� aÞw
1� ð1� aÞrt=ð1þ nÞ

which increases in t. If we start from a dynamically inefficient econ-

omy, then the government can move closer to the golden rule by

93. There is here a third effect due to the discounting of the transfer to the old; this
tends to reduce savings if To is positive.
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discouraging savings. This is done here by subsidizing savings and

by financing the subsidy through a lump-sum tax on the young. If

the economy is dynamically efficient, the government should tax

capital and transfer the revenue to the young.

The government can also move the economy closer to the golden

rule without transferring money to or from the young, that is Ty ¼ 0

and To ¼ rtS. Then we compute

1þ art

1þ rð1� tÞ

� �
S ¼ ð1� aÞw

and S now decreases in t. If the economy is dynamically inefficient,

the government now should tax capital and transfer the revenue to

the old; if it is dynamically efficient, the right policy is to subsidize

savings and raise a lump-sum tax on the old.

This example, of course, is purely illustrative: Cobb-Douglas

functions may not be very realistic, and the two-period model where

only the young save is a caricature.94 However, it shows that the

optimal way to tax capital depends heavily on how the tax revenue

is used; for any given economy, one may want to tax or subsidize

savings depending on whether the government balances its budget

on the old or on the young. The intuition is simple: in this model the

young save and the old dissave. Thus we encourage savings by

making a transfer to the old and we discourage savings by making a

transfer to the young.

Diamond’s model therefore yields a rather ambiguous justification

of capital taxation: the optimal policy may be a subsidy as well as

a tax. In fact we will now see that the argument for taxing capital

is even weaker than that: there are other ways to get closer to

the golden rule, such as intergenerational transfers and the public

debt.

We already implicitly studied the role of intergenerational trans-

fers. Let us return to our analysis of capital taxation and assume that

t ¼ 0, so that capital is neither taxed nor subsidized. Then we must

have

Ty þ
To

1þ n
¼ 0

94. Several authors (e.g., see Auerbach-Kotlikoff 1987) use for simulation purposes
more complex models that may have up to eighty generations living at each date. The
central mechanisms, however, are the same as in our two-generation model.
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But under reasonable assumptions, we know that savings S increases

in Ty and decreases in To (this is clearly true for a Cobb-Douglas

utility function, as we saw above). If the economy is dynamically

inefficient, the government moves the economy closer to the golden

rule by making a transfer from the young to the old: this discourages

savings and thus reduces capital intensity. If, on the other hand, the

economy is dynamically efficient, the government should make a

transfer from the old to the young instead.

Note that transfers from the young to the old exist in many coun-

tries, where they finance (at least part of) Social Security and are

known as pay-as-you-go pensions systems. The defining feature of

such a system is that at each date, the social contributions paid by

the young finance the pension benefits of the old. Thus a reasoned

choice of the level of pension benefits may bring the economy closer

to the golden rule.95

Intergenerational transfers are not the only way to move the

economy closer to the golden rule. All governments finance part of

their budget deficits by issuing public debt, that is, financial assets

that are bought by private agents. We distinguish two forms of

public debt, which do not have the same effects: external public debt,

which is held by nonresidents, and internal public debt, which is

held by agents who live in the country. Let us focus on internal

public debt, since the agents live in a closed economy. Assume that

debt is contracted for one period, and that it pays the same interest

rate as capital—which must be true in equilibrium since there is no

risk. Part of the savings of the young now is invested in government

bonds to finance their consumption when they are old. Let b denote

the per capita stock of public debt at the steady state. Since the per

capita stock of debt must be constant, the government must issue

exactly nb in new debt at each date, and it must pay rb interest on

current debt. The difference ðr� nÞb is financed by lump-sum taxes

(possibly negative). If, for instance, these taxes are paid by the young,

capital market equilibrium becomes

ðk þ bÞð1þ nÞ ¼ Sðw� ðr� nÞb; rÞ

since savings now both funds investment and public debt. It is easy

to see that public debt is a perfect substitute for intergenerational

95. Once again, this is a caricature: real-world social contributions are not lump sum.
Since they are based on wages, they tend to discourage labor supply, which is inelastic
in our version of Diamond’s model.
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transfers. We can indeed rewrite the equation as

ðk þ bÞð1þ nÞ ¼ w� ðr� nÞb� Cyðw� ðr� nÞb; rÞ

which we can identify as equivalent to the capital market equilib-

rium with intergenerational transfers:

kð1þ nÞ ¼ wþ Ty � Cy wþ Tj þ
Tv

1þ r
; r

� �

where Ty and To are defined by96

Ty ¼ �bð1þ rÞ
To ¼ ð1þ rÞð1þ nÞb

�

These transfers are clearly balanced at each date since Ty þ To=

ð1þ nÞ ¼ 0. Thus internal public debt is equivalent to a transfer from

the young to the old. The economy moves closer to the golden rule if

public debt increases (resp. decreases) and the economy is dynami-

cally inefficient (resp. efficient).

The conclusion suggested by this brief study of capital accumu-

lation and government policy is rather mixed. As was shown

by Atkinson-Sandmo (1980), whether capital taxation is of any use

depends a lot on the policy instruments of government. Capital tax-

ation may be a way to move the economy closer to the golden rule,

but one may need a subsidy as well as a tax. Moreover the govern-

ment may reach the same goal without taxing or subsidizing capital,

but simply by setting the level of pension benefits or that of internal

public debt. Of course, a more realistic study of the problem should

take into account the distortions on labor supply induced by the in-

come tax or social contributions.

6.5 Capital Taxation with an Infinite Horizon

We assumed until now that the agents had a finite horizon. Chamley

(1986) and Judd (1985) have shown that if the agents have an infinite

horizon, taxing capital cannot be optimal, whatever the preferences.

We will illustrate this result using Chamley’s model.

Chamley considers an economy with a representative consumer

who lives an infinite number of periods and has a utility function

96. This is in addition to the fact that the young already balance the government’s
budget constraint.

Chapter 6 The Taxation of Capital 137



Vt ¼
Xy
t¼0

dtuðCtþt; LtþtÞ

Note that this does not imply weak separability à la Atkinson-

Stiglitz, since the marginal rate of substitution between current and

future consumption in general depends on labor supplies.

We again assume that there exists a single good, which is used

as consumption good C, public consumption G, and capital good K.

Production has constant returns with a technology FðK; LÞ. With no

depreciation of capital, the scarcity constraint is

FðKt; LtÞ þ Kt ¼ Ct þ Gt þ Ktþ1

Chamley assumes that the government can fix the capital stock at its

optimal level. It can also raise proportional taxes on labor and capi-

tal income; we denote rt and wt the before-tax incomes of capital and

labor and rt and wt their after-tax incomes. The government can also

issue public debt bt to finance the excess of its expenditure on its tax

revenue Rt:

btþ1 ¼ ð1þ rtÞbt þ Gt � Rt

As we know, this is one way for government to reach the optimal

capital intensity.

Now tax revenue is given by

Rt ¼ ðrt � rtÞKt þ ðwt � wtÞLt

But since production has constant returns,

FðKt; LtÞ ¼ rtKt þ wtLt

and tax revenue becomes

Rt ¼ FðKt; LtÞ � rtKt � wtLt

The government’s budget constraint thus is

btþ1 ¼ ð1þ rtÞbt þ rtKt þ wtLt � FðKt; LtÞ þ Gt

Note that by assumption, the government cannot use lump-sum

taxes, which would of course be optimal. This is a Ramsey-type

problem, and we know that in a finite-horizon model, the optimal

level of capital taxation would depend on the preferences of the

representative agent. We will now see that it is always zero when the

horizon is infinite.
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The consumer faces a trajectory of after-tax factor prices rt and wt

and maximizes his utility under the budget constraint. We will not

write the resulting equations; the important thing is that they (obvi-

ously) do not contain the capital stock.

At t ¼ 1, the government must choose quantities and prices to

maximize the objective

W ¼ V1

The government must take into account at each date t the scarcity

constraint, to which we associate a multiplier lt, and its budget con-

straint, to which we associate a multiplier xt. The Lagrangian also

depends on terms linked to the consumer’s program, which once

again do not contain the trajectory of capital. As a matter of fact, the

capital stock only appears in the two constraints. Using r ¼ F 0K, the

first-order condition in Ktþ1 is

�lt þ ltþ1ð1þ rtþ1Þ þ xtþ1ðrtþ1 � rtþ1Þ ¼ 0

Assume that the trajectories of all economic variables converge to

a steady state. The multipliers represent the gain in social welfare,

discounted in t ¼ 1, from relaxing the scarcity constraint or the gov-

ernment’s budget constraint. On a stationary trajectory they must

decrease over time in a way that reflects the consumer’s discount

rate: lt and xt must be proportional to d t. But at the optimum of the

consumer’s program, an Euler condition holds:

qut
qC
¼ dð1þ rtÞ

qutþ1
qC

On a stationary trajectory, we must therefore have dð1þ rÞ ¼ 1, and

we can write

lt ¼
l

ð1þ rÞ t

xt ¼
x

ð1þ rÞ t

8>>>><
>>>>:
Therefore the first-order condition in Ktþ1 becomes on a stationary

trajectory

ð1þ rÞl ¼ lð1þ rÞ þ xðr� rÞ
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This equation has a simple interpretation: it says that the social value

of a marginal increase in the capital stock is equal to the sum of the

social value of the induced increase in production (recall that r is the

marginal productivity of capital) and of the social value of the in-

crease in taxes on capital (which depends on the difference in interest

rates before and after the tax and must be weighted by the multiplier

of the government’s budget constraint).

It follows from this last equation that

ðlþ xÞðr� rÞ ¼ 0

But by construction, all multipliers are positive, and thus we

must have r ¼ r: at the optimum, capital should not be taxed (or

subsidized).

This result is very strong: as we already noted, it does not re-

quire in any way a weak separability assumption. The underlying

intuition in fact is quite simple. Assume that at the steady state

the capital is paid a before-tax return r and its tax rate is t. Then

capital taxation changes the relative price of consumption at date

t and consumption at date ðtþ TÞ by a factor

1þ r

1þ rð1� tÞ

� �T

If t is nonzero, this factor tends to zero or infinity (depending on the

sign of t) when T goes to infinity. Thus taxing (or subsidizing) capi-

tal would change in an explosive way the choice between current

and future consumptions, which seems difficult to justify.

This result is interesting, but real-world consumers clearly do

not live infinite lives. One simple way to interpret this model is to

assume that the economy comprises generations that live only one

period, consume Ct, work Lt, and save to leave a bequest to their

children. Their motivation to do so is dynastic: the utility of the

generation t-consumer depends directly on the utility of his children

since d > 0. In these conditions the Chamley-Judd result shows

that the optimal tax on bequests is zero, at least if these bequests

are planned. Another way to interpret this result when agents live

finite lives is to elaborate on the intuition given above: if the hori-

zon is sufficiently far away, then it becomes difficult to justify a high

tax rate on capital. Of course, this leaves room for quantitative

disagreement.
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6.6 The Incidence of Capital Taxation

We already studied the incidence of capital taxation in Harberger’s

model in chapter 1. However, that model assumes that the supply

of capital is inelastic. We will now briefly look at the incidence

of capital taxation when one takes into account its effects on capital

accumulation.

The very stylized overlapping generations model we used until

now is not adequate for this study, since it only has one consumer

per generation. We adopt here the extension by Kaldor and Pasinetti

of Solow’s neoclassical growth model to an economy with both

workers and capitalists. As in the rest of this chapter, we neglect

capital depreciation and technical progress. The balanced growth

equilibrium is given by

sðkÞ f ðkÞ ¼ nk

where sðkÞ is the savings rate, the ratio of savings to production.

Kaldor and Pasinetti endogeneized the way it depends on capital

intensity by assuming the coexistence of two classes, workers and

capitalists. Capitalists receive capital income rk ¼ f 0ðkÞk and have a

propensity to save sr, while workers are paid wages w ¼ f ðkÞ � kf 0ðkÞ
and have a lower propensity to save sw < sr. This savings function

obviously are rather ad hoc; they allow us nevertheless to model in a

very simple way the heterogeneity of private agents.

Under these assumptions

sðkÞ f ðkÞ ¼ sr f
0ðkÞk þ swð f ðkÞ � kf 0ðkÞÞ

If we introduce a tax on capital at rate t and redistribute the tax

revenue tf 0ðkÞk to workers,97 then the equilibrium is given by

srð1� tÞ f 0ðkÞk þ swð f ðkÞ � kf 0ðkÞ þ tkf 0ðkÞÞ ¼ nk

With sr > sw and for fixed k, the left-hand side decreases in t. If the

equilibrium is locally stable, decreasing savings imply a lower equi-

librium capital intensity. As a consequence the gross return of capital

r ¼ f 0ðkÞ increases and wages w ¼ f ðkÞ � kf 0ðkÞ decrease: the tax is

partly shifted to workers (whose income still increases since they

receive the proceeds of the tax). As a matter of fact, if sw ¼ 0, we have

97. It would be rather strange to tax capital and return the proceeds to capitalists.
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srð1� tÞ f 0ðkÞ ¼ n

and the net return of capital ð1� tÞ f 0ðkÞ is unchanged by the tax: the

tax is entirely shifted to workers.98

This reasoning is only valid in a closed economy. The polar oppo-

site of a closed economy is a small open economy, which cannot

influence world prices. Then with perfect capital mobility, the net

return of capital cannot deviate from its world value:99

f 0ðkÞð1� tÞ ¼ r�

Then the tax on capital is entirely shifted on workers:100 the before-

tax return increases so as to leave unchanged the net return, and

wages go down. Gordon (1986) relies on this as an argument against

taxing capital in a small open economy: since taxing capital makes it

fly abroad (which reduces capital intensity at home) and eventually

is shifted to labor, it is better to tax labor directly. However, the as-

sumption of perfect capital mobility is overdone: despite globali-

zation, capital markets still are far from perfectly integrated.

6.7 Conclusion

As we have seen, there are several possible justifications for taxing

capital. The first reason is that weak separability may be a bad as-

sumption when it comes to the choice between current and future

consumptions. Unfortunately, we lack empirical evidence to sub-

stantiate this claim. The second reason is that if agents inherit wealth

that is not well taxed by the tax on bequests, then it may be optimal

to tax capital income. Note in this regard that if these bequests were

planned by the donors, then the Chamley-Judd result goes the other

way.

The second justification for capital taxation resides in the sub-

optimality of capital accumulation in the economy. In the likely case

98. This sentence is not completely true: production per capita and capital intensity
also decrease, which reduces the income of capitalists rð1� tÞk. On the other hand,
workers have unchanged incomes, as the proceeds of the tax exactly compensate the
decrease in wage income.
99. If, for instance, the net return were lower than abroad, capital would flee the
economy; this would reduce k and thus increase the net return until it becomes equal
to its value abroad.
100. But see note 98.
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in which our economies suffer from too little capital, we saw that if,

for instance, agents have a Cobb-Douglas utility function, it may be

useful to tax capital and to transfer the tax revenue to the young.

Note, however, that the same result may be achieved by raising a

lump-sum tax on the old and using it to subsidize capital. Moreover

one may dispense with taxing or subsidizing capital altogether and

just use intergenerational transfers or change the level of the public

debt.

Thus none of these arguments seem to provide a very secure foot-

ing for taxing capital (and certainly none of them supports the lay-

man’s opinion that capital and labor should be taxed at the same

rate). However, there is another argument. We assumed until now

that the relative wages of the various individuals were exogenous. In

Stiglitz’s model of capital taxation we thus assumed that the skill

premium was equal to the relative productivity n. If this relative

wage in fact depends on capital intensity, then n ¼ nðKtÞ. It is easy to

see that the derivative of the Lagrangian in Ktþ1 then would be

gtþ1ð1þ F 0KðKtþ1;Etþ1ÞÞ � gt � l2
tþ1

qU2

qL2
tþ1

n 0ðKtþ1Þ ¼ 0

whence

gt
gtþ1
¼ 1þ F 0KðKtþ1;Etþ1Þ �

l2
tþ1

gtþ1

qU2

qL2
tþ1

n 0ðKtþ1Þ

Given existing empirical evidence (e.g., see Krusell et al. 2000), there

are good reasons to think that unskilled labor is more substitutable

to capital than skilled labor. In other words, it is easier to replace

unskilled labor with machines than to do the same with skilled

labor. Then an increase in the capital intensity in the economy tends

to increase the relative wage of skilled labor, so that nðKÞ is a

decreasing function. It follows immediately from the equation101

above that the aftertax interest rate is smaller than the before-tax in-

terest rate, meaning that capital should be taxed.

This argument is quite general: one could check that in the Cham-

ley-Judd model, such a configuration of elasticities of substitution

would also lead to taxing capital. Of course, this effect remains to be

quantified. Note also that some authors think that the increasing role

101. Remember that utility decreases in L.
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of computers in production could make skilled labor a better substi-

tute for capital.

This chapter set aside some points that are nevertheless important.

Thus we always assumed full employment. It is not clear how

unemployment would affect our results; in any case, that certainly

would depend on the causes of unemployment. We also assumed

that financial markets were perfect. If some agents in fact find it

easier to borrow than others, then such a market imperfection makes

the allocation of capital among competing projects inefficient. In

particular, if the rich find it easier to borrow, it is reasonable to think

that this would justify some taxation of capital. Even without such

considerations, Chamley (2001) shows that when agents are con-

strained on their borrowing, it may be optimal to tax capital. To see

this, assume that future wages are affected by idiosyncratic shocks

(independent across agents). Since it is difficult to borrow, each

consumer will build up precautionary savings to guard against

times when his wage will be low. In general, consumption at one

given date will be positively correlated with accumulated savings.

Then taxing this accumulated savings to finance a uniform lump-

sum transfer effectively redistributes from high consumption states

of the world to low consumption states of the world. This smooths

consumption across states and thus increases the expected utilities of

consumers. Once again, the tax here acts as an insurance device.

Finally, note that all that we said so far also applies to the taxation

of human capital: under some conditions that we needn’t repeat, the

return to human capital should not be taxed. Only the innate pro-

ductivity of agents should be taxed. This recommendation may seem

abstract, but one can derive practical consequences from it. For a

start, assume that the tax on labor income is proportional. Then a

student who must decide whether to study one more year compares

the value of his forgone wages to the increase in future wages that a

higher diploma will give him. With a proportional tax, the tax rate

appears on both sides and drops out so that the tax is neutral. In

practice, the tax is usually progressive and thus it discourages the

accumulation of human capital. Moreover investments in human

capital are not limited to forgone wages. We should also include

tuition fees, which therefore should be deductible from taxes. Simi-

larly taxes paid to finance public education expenditures should be

deductible from taxable income, given the arguments in this chapter.
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7 Criticisms of Optimal
Taxation

We devoted four chapters to optimal taxation. Some economists

would think that this is way too much, for reasons that we will

briefly discuss in this chapter.

A first category of criticisms comes from within the theory itself.

Even if we accept the viewpoint of optimal taxation, we may find

some of its assumptions weak. Thus we assumed that the economy

consisted of isolated individuals, each of whom was a taxable unit.

In practice, the taxable unit often is the family, and even when taxa-

tion is individual, members of a household partially pool incomes.

Consider, for instance, a simple example where each household is a

childless couple who can be given a utility function that depends on

total income and on both labor supplies. Then we can rewrite the

optimal direct taxation program by denoting ðw1;w2Þ the productiv-

ities of the two members of the couple and by looking for the opti-

mal tax schedule Tðw1L1;w2L2Þ. Boskin-Sheshinski (1983) studied this

problem. Their analysis suggests that in so far as labor supply of

married women is much more elastic than that of men, the labor in-

come of women should be taxed at a lower rate than that of men.

One may also wonder whether it is realistic to attribute such

sophisticated preferences as a Bergson-Samuelson functional to gov-

ernment. This implicitly assumes that the government is able to

compare numerically the social cost of one dollar of tax raised on

two given individuals. Consider, for instance, the following prob-

lem: should government take fifty dollars from a person who earns

50,000 dollars a year to give ten dollars to a minimum wage earner?

Simple introspection shows that it is difficult to answer such ques-

tions. Rather than to assume that government can do it, we may at-

tribute to it preferences that are both simpler and possibly more

politically realistic. Thus Kanbur-Keen-Tuomala (1994) assume that



government tries to minimize a measure of poverty. They show that

the optimal tax schedule subsidizes the labor supply of the poorest

individuals; however, their simulations suggest that this effect is

weak in practice.

Finally, in these earlier chapters we focused on taxes that are

linear on goods and nonlinear on income. Guesnerie-Roberts (1984)

show that if a nonlinear income tax cannot be used, it may be use-

ful to resort to quantitative controls. To see this, consider Ramsey’s

model with two goods (plus labor) and a representative consumer

with a quasi-linear utility function:

X1 þ u2ðX2Þ � vðLÞ

Assume, as usual, that production only uses labor with constant

returns so that we can normalize producer prices to p1 ¼ p2 ¼ 1. We

also normalize the consumer price system by q1 ¼ 1. The consumer’s

demand for good 2 is given by

u 02ðX2ðqÞÞ ¼ q2

If government forces the consumer to buy ðX2ðqÞ þ eÞ instead of

X2ðqÞ, the consumer must reduce his demand for good 1 by q2e to

stay on his budget line. To the first order, his change in utility is

ðu 02ðX2ðqÞÞ � q2Þe

which is zero. But the taxes collected by government increase by

t2e. Thus, if t2 > 0 (resp. t2 < 0), the government can improve social

objectives by forcing the consumer to buy more (resp. less) of good 2

than he spontaneously would. The intuition is simple: when a good

is taxed, consumers tend to buy too little of it, and a positive quota

partly counters this tax-induced distortion.

We will devote the rest of this chapter to three categories of criti-

cisms that are more external to the theory of optimal taxation:

. the literature on optimal taxation is only concerned with vertical

equity and largely neglects horizontal equity

. in the real-world, reformers cannot set aside the existing tax sys-

tem to reconstruct ex nihilo a better system, as optimal taxation

seems to imply

. as was mentioned repeatedly, there should be reintegrated in

the analysis the administrative costs of taxes as well as political

constraints.
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7.1 Horizontal Equity

Recall that we distinguished two concepts of equity. Vertical equity

sums up all characteristics of individuals in their earning capacities.

The central question, which is at the heart of optimal taxation, then

is how to trade off efficiency and redistribution between the rich

(who have a higher earning capacity) and the poor.

In theory, one may justify the exclusive focus of optimal taxa-

tion on vertical equity by assuming that taxable units only differ by

their productivity—for instance, they are all young bachelors in

good health. In practice, decision-makers cannot abstract from other

differences between units: family composition, disabilities, but also

differences in tastes. Thus horizontal equity concerns are central to

many current debates.

Unfortunately, horizontal equity is a rather evasive concept. One

may define it approximately by specifying that the effect of the tax

system on individuals should not vary with respect to irrelevant

individual characteristics. The difficulty, of course, is how to decide

which characteristics should be deemed irrelevant. A concern for

liberalism (in the philosophical meaning) would suggest that differ-

ences in tastes should be included in this category. But the horizontal

equity principle then excessively restricts the choice of the tax sys-

tem. It is easy to see that even a uniform tax on goods violates this

definition of horizontal equity if demands do not have the same

price elasticity; similarly a proportional income tax would be ex-

cluded. On the other hand, age or gender clearly are irrelevant char-

acteristics. But even in that case, serious difficulties arise. Should,

for instance, female pensioners receive the same benefits as men,

even though they live longer and thus receive a larger discounted

amount? Most tax systems discriminate (one way or the other) be-

tween married couples and common-law couples: Is it good or

bad?

Let us now look in a more detailed way at the consequences of

horizontal equity for direct taxation when families have varying

compositions. To simplify again, we just compare the tax treatments

of a bachelor and a couple. We apply the horizontal equity principle

in the following way: if two families have the same before-tax utility,

they must have the same aftertax utility. This implicitly assumes that

we can define the utility of a family, not only that of its members.

For a bachelor, it is easy to define utility as UbðC; LÞ if he consumes C
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and works L. We assume that we can write the utility of a couple

as UcðC; L1; L2Þ, where C denotes the total amount available for the

consumptions of its two members, and Li is the labor supply of

member i. Note that this definition makes the strong assumption that

how the consumption is shared within the couple does not affect its

utility.

Let us assume that a couple whose two members have productiv-

ities w1 and w2 has the same before-tax utility as a bachelor with

productivity w:

max
L

UbðwL; LÞ ¼ max
ðL1;L2Þ

Ucðw1L1 þ w2L2; L1; L2Þ

Horizontal equity implies that after taxation, the utilities of the

bachelor and the couple still coincide:

max
L

UbðwL� TbðwLÞ; LÞ

¼ max
ðL1;L2Þ

Ucðw1L1 þ w2L2 � Tcðw1L1;w2L2Þ; L1; L2Þ

where TbðYÞ is the tax paid by a bachelor with before-tax income Y

and TcðY1;Y2Þ is the tax paid by a couple whose two members have

before-tax incomes Y1 and Y2.

This is still a very complex problem. To simplify it even more, as-

sume that labor supplies are inelastic: whatever the level of taxes,

each individual supplies one unit of labor. Finally, assume that the

utilities of the bachelor and the couple can be compared through an

equivalence scale: the couple must have an income N times greater

than the bachelor to enjoy the same standard of living:

ER; UbðRÞ ¼ UcðNRÞ

The equality of before-tax utilities then gives

UbðwÞ ¼ Ucðw1 þ w2Þ ¼ Ub
w1 þ w2

N

� �

or

w ¼ w1 þ w2

N
ð1Þ

After taxation, we must have the equality
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Ubðw� TbðwÞÞ ¼ Ucðw1 þ w2 � Tcðw1;w2ÞÞ

¼ Ub
w1 þ w2 � Tcðw1;w2Þ

N

� �

from which it follows that

w� TbðwÞ ¼
w1 þ w2 � Tcðw1;w2Þ

N
ð2Þ

Combining equalities (1) and (2) finally gives

Tmðw1;w2Þ ¼ NTc
w1 þ w2

N

� �

To preserve horizontal equity, the government should therefore tax

the incomes of the two members of the couple jointly after apply-

ing a coefficient read from the equivalence scale. This is exactly the

income-splitting system applied for the income tax in France. Still, it

rests on a number of very restrictive assumptions. Moreover the im-

plicit equivalence scale used in the French income tax schedule is

rather different from the OECD equivalence scale.

For childless couples, the income-splitting system gives incentives

for marrying: since the income tax is progressive, the function Tb is

convex and thus

Tcðw1;w2Þ ¼ 2Tb
w1 þ w2

2

� �
< Tbðw1Þ þ Tbðw2Þ

In other countries, which do not apply income splitting, marriage

may be penalized or encouraged, depending on whether the incomes

of the two members are close or not. Such is the case in the United

States, where the personal income tax paid by a family of N mem-

bers, M of them children, and with total income R, is given by

TðR�D�NEÞ �MC

where D is a standard deduction, E a personal exemption, and C a

child credit. In general, it is easy to see that the only income tax that

taxes married couples as a function of their total income and does

not change incentives to marry must have a constant marginal rate,

which is of course very restrictive. This special case again shows the

basic conflict between vertical equity and horizontal equity.
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7.2 Tax Reforms

Many authors have criticized optimal taxation for the reason that it

implicitly assumes that the tax system can be reconstructed ab initio

(e.g, see Feldstein 1976). A strict application of the Atkinson-Stiglitz

result, for instance, would imply setting up the optimal direct tax

and abolishing all nonuniform indirect taxes. In practice, the political

machine moves less abruptly: tax reforms are piecemeal and grad-

ual. Moreover any reform creates both winners and losers,102 and

the latter usually complain loudly. Thus one should look for ‘‘direc-

tions of tax reform’’ that are Pareto-improving, that is, incremental

changes of the tax system that create no losers and some winners.

The literature on these tax reforms is usually fairly technical. We

will only give here a brief sketch of the methods involved; the reader

can go to Myles (1995, ch. 6) or Guesnerie (1995) for more detail. We

study here indirect taxation, using the notation of chapter 3. The

economy thus comprises I consumer-workers whose Marshallian net

demand functions are Xiðq;RÞ, where q denotes consumer prices and

R is a uniform lump-sum transfer. The aggregate production set is

described by

FðyÞa 0

and we denote X ¼
P I

i¼1 Xi the aggregate excess demand. We once

again assume that profits are taxed at a 100 percent rate, and that

there exist producer prices p that support the equilibrium (this last

assumption can be justified rigorously).

Start from an equilibrium ðp; q;RÞ that is productively efficient,

namely

FðXðq;RÞÞ ¼ 0

We consider an infinitesimal tax reform that changes consumer

prices and the uniform lump-sum transfer dz ¼ ðdq; dRÞ. This reform

induces a change in the aggregate excess demand dX, and it is feasi-

ble only if the economy stays within the aggregate production set.

Thus we must have

F 0 � dXa 0

But since p supports the equilibrium, F 0 must be proportional to p.

102. In the absence of compensating lump-sum transfers.
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Moreover we have

dX ¼ qX

qq
� dqþ qX

qR
dR

Thus the reform is feasible only if Adza 0, where A is the vector

A ¼ p
qX

qq
; p

qX

qR

� �

Moreover it increases the indirect utility of consumer i by

qVi

qq
� dqþ qVi

qR
dR

which, given Roy’s identity, can also be written as

qVi

qR
ðdR� Xi dqÞ

For the tax reform to be Pareto improving, it must be that for each

consumer i, Bi dz > 0, where

Bi ¼ ð�Xi; 1Þ

Thus we just have to find a vector dz such that103

A dza 0 and Bi dz > 0 for all i ¼ 1; . . . ; I;

Using Farkas’s lemma (or the theorem of the alternative), one may

show that such a feasible, Pareto-improving tax reform exists if A

does not belong to the cone B generated by the Bi’s, that is,

B ¼
XI

i¼1
libi; li b 0 and bi A Bi Ei

( )

To interpret this condition, note that by differentiating the budget

constraint

q � Xiðq;RÞ ¼ R

we get

q � qXi

qq
þ Xi ¼ 0 and q � qXi

qR
¼ 1

103. As in chapter 3, Walras’s law implies that the budget constraint of the govern-
ment is satisfied.
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Denote t ¼ q� p the vector of taxes; we can rewrite these equalities

as

p
qXi

qq
¼ �Xi � t

qXi

qq
and p

qXi

qR
¼ 1� t

qXi

qR

from which it follows that

A ¼
XI
i¼1

Bi � t
qX

qq
; t

qX

qR

� �

In particular, if t ¼ 0, then A ¼
P I

i¼1 Bi belongs to the cone B, and

as could be expected, there is no Pareto-improving tax reform when

the original economy only has lump-sum taxes. Now assume that all

consumers are identical so that B1 ¼ � � � ¼ BI and B is simply the half-

line generated by B1. Then it is easy to see that if t is nonzero, A does

not belong to B and thus there exist feasible, Pareto-improving tax

reforms.

Figure 7.1 illustrates this result. For simplicity, we pictured an

economy with two goods and two consumers (n ¼ I ¼ 2), and we

assumed dR ¼ 0. Good 1 is leisure, which is in excess supply in

equilibrium, and good 2 is a consumption good produced from

labor. The vectors B1 and B2 then belong to the bottom-right part of

the graph. We assumed that A does not belong to B, so that there

exist feasible, Pareto-improving tax reforms: vector dq is an example.

Note that it is easy to construct such a reform; the only knowledge

required is that of demands and their local elasticities.

Figure 7.1

Tax reform
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We formulated the problem in an indirect tax setup, but it is pos-

sible to extend this approach to mixed taxation, with linear taxes on

goods and a nonlinear income tax. Konishi (1995) shows that in this

case there always exists a feasible and Pareto-improving tax reform.

The intuition for this result is that the nonlinearity of the income tax

leaves a lot of elbow room. If a tax reform that only affects tax rates

on goods harms some consumers, then it is always possible to com-

pensate the losers by manipulating the income tax.

Finally, note that while this literature may seem abstract, some

of its conclusions have significant economic content. The papers by

Corlett-Hague (1953), Christiansen (1984), and Naito (1999) illus-

trated this in earlier chapters. Guesnerie (1995, ch. 4) gives other

examples.

7.3 Administrative and Political Issues

We alluded several times to the importance of administrative costs.

These come into three main categories:

. evasion makes it necessary to increase the tax rates on honest

taxpayers and thus makes taxation less acceptable. Note that one

should distinguish between evasion, which is an illegal activity, and

avoidance, which is simply fiscal optimization by taxpayers fortu-

nate enough to be in a position to use loopholes.104

. administrative costs stricto sensu are the costs of collecting and

processing tax revenue, for instance, including the budget of the tax

authority

. one should also take into account the compliance costs incurred

by taxpayers while searching for the most tax-favored investments,

paying for professional advice (especially for firms and the richer

taxpayers), and losing time while filling up forms.

The sum total of these costs is not trivial: estimates for the United

States are close to 7 percent of tax revenue, or more than a hundred

billion dollars a year. However, one should realize that part of

the complexity in the system is unavoidable due to equity concerns.

After all, the least costly system would be to rely on voluntary con-

tributions, but it would hardly be fair (and probably not very effec-

tive either). The largest costs may not be the more obvious. Thus,

104. It is often said that ‘‘the poor evade, the rich avoid.’’
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having several tax brackets hardly complicates the task of taxpayers,

who can merely look up tables. The flowering of exemptions and

other tax expenditures probably induces much more serious costs.

Still, these costs should be considered when setting up or reform-

ing a tax system. As we already noted in chapter 4, VAT is an excel-

lent tax in that regard. With the subtraction method, each firm must

declare both its purchases and its sales, which is a fairly simple task:

the difference is noninvested value added, which is the basis for

VAT. Thus the report of firm A, which bought a computer from firm

B, allows the tax authority to check the sincerity of the report of firm

B. This system effectively discourages evasion. Similarly the gener-

alization of pay-as-you-earn (source-withholding) income taxation

allows the fight against tax evasion to focus on nonwage income.

As a conclusion, remember that the whole optimal taxation litera-

ture rests on the fictitious benevolent planner. As Schumpeter (1949,

p. 208) already noted:

Policy is politics; and politics is a very realistic matter. There is no scientific
sense whatever in creating for one’s self some metaphysical entity to be
called ‘‘The Common Good’’ and a not less metaphysical ‘‘State,’’ that, sail-
ing high in the clouds and exempt from and above human struggles and
group interests, worships at the shrine of the Common Good.

It is not necessarily true that each government must be captured

by interest groups that twist the tax system their way. Still, it is cer-

tainly true that governments are carried into power by coalitions

that hope for some sort of improvement in their economic lot. If the

arrival in power of a new government only means that the social

objective function changes, then the optimal taxation literature can

accomodate political changes. Things become more thorny if the new

government wishes to favor some horizontal groups: civil servants,

the steel industry, farmers, and so on.

Despite the recent developments in political economy there is no

generally agreed way for economic theory to endogeneize the tax

system. Most existing models rely on the median voter theorem,

which more or less reduces the political agenda to a unidimensional

choice. Still, one may note that the usual criteria of economists may

be turned around by politicians. Thus economists have held since

Adam Smith that the incidence of a good tax should be clear. But,

if the incidence is clear, then the losers are very likely to create an

opposition lobby. From a political viewpoint, it is much better to
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create taxes whose incidence is so opaque that popular protest re-

mains diffuse.105 In this sense, it is no wonder that targeted tax

expenditures are so beloved of politicians: they create grateful voters

(the beneficiaries) and dilute the costs among a mass of undiffer-

entiated voters who find it very hard to mobilize. More generally,

the study of decision-making on tax issues should be a part of the

curriculum of every good specialized economist.

Given the temptation for every government to bend the tax system

so as to favor the interest groups that carried it into power, Brennan-

Buchanan (1977) suggest that taxpayers can protect themselves by

setting up a ‘‘tax constitution’’ that constrains all future govern-

ments. Of course, it will be hard to agree on such a constitution once

lobbies have emerged. Brennan-Buchanan therefore appeal to the

fictitious ‘‘veil of ignorance,’’ by assuming that agents design a social

contract before they know their future position in society. They then

choose constraints c that will apply to all future tax systems. As

agents learn their identities, the government is formed, and the gov-

ernment chooses a tax system T that must respect the constraints

c.106 Brennan-Buchanan also assume that the government can ap-

propriate a proportion ð1� aÞ of the tax revenue to satisfy its clien-

tele or overpay civil servants. Then the government chooses T so as

to maximize tax revenue Rðc;TÞ. Ex ante, taxpayers thus must choose

the level of production of the public good G, then the constraints c,

so as to achieve

a max
t

Rðc;TÞ ¼ G

Brennan and Buchanan show that in this setup, tax constitutions

should prefer a narrow tax base to a wider one, since otherwise the

government would find it too easy to abuse its discretionary power

to tax.
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III Some Current Debates

The last part of this book uses the material presented in the first two

parts to throw light on some current debates on tax policy. I chose to

discuss income support programs, the consumption tax, and envi-

ronmental taxation, but there are other topics in the news, like tax

competition, which is hotly debated in the European Union.

Given the complexity of these issues, the reader should not hope

to find here clear-cut conclusions. At some point one must stop

relying on theorems and examine a whole array of theoretical, em-

pirical, and institutional arguments. Ideally each reader should build

his own judgment after studying these arguments and weighing

their relative strengths. This may seem to be a difficult discipline, but

remember what the inventor of Peter’s principle wrote:

Some problems are so complex that you have to be highly intelligent and
well-informed just to be undecided about them.
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8 Low-Income Support

Even in a perfectly competitive economy, without any governmental

intervention or any other distortion, the free play of the market may

leave some agents with low income. First, some low-productivity

individuals are only offered low wages; second, some agents whose

disutility of labor is relatively large to their offered wage may re-

fuse to work. Even in such an idealized economy there appear two

groups of poor: the working poor and the nonemployed poor. Of

course, the distortions in real-world economies affect the sizes of

these two groups. Thus monopsony power by employers may push

wages down and some workers into poverty. Moreover market

imperfections that create unemployment also create nonemployed

poor. Finally, tax policy itself may open ‘‘poverty traps,’’ as we will

see.

The existence of pockets of poverty in a developed economy is

generally considered unbearable. Politicians of the left and the right

alike agree that poverty should be reduced, even though they di-

verge greatly on what means should be used. All components of

public action may play a role in reducing poverty. For example, a

macroeconomic policy aiming at full employment or labor market

reforms may increase employment and thus thin the ranks of the

nonemployed poor. It is nevertheless clear that tax policy has a cru-

cial role to play in treating the symptoms and also the causes of

poverty. This notion has led most modern developed nations to

create a complex system of means-tested benefits. International

organizations also encourage developing countries to set up a

‘‘safety net’’ for their populations.

The study of current tax systems in developed countries shows

that their redistributive effects are largely due to their benefit com-

ponent. Taxes in themselves are mostly progressive for high incomes



only, while benefits are by their nature concentrated on low incomes:

they can raise incomes by as much as 50 to 100 percent in the bottom

quintile of the income distribution. Some of these benefits, such as

family benefits, partly answer horizontal equity concerns. But most

of them were designed to fight poverty and to implement solidar-

ity in the face of various social risks (health, unemployment, etc.).

The aim of this chapter is to examine how the tax system does and

should support low incomes.

8.1 Measuring Poverty

Defining poverty is a dificult task, both for conceptual and technical

reasons. Several approaches coexist, none of which is perfectly con-

vincing. The first approach defines poverty in absolute terms: a

family is poor if its consumptions of certain ‘‘essential’’ goods fall

below what is considered to be the minimum acceptable standard.

This criterion in principle is multidimensional, but usually it is re-

duced to the single criterion of income: then a family is classified as

poor if its income does not allow it to purchase these minimum con-

sumption levels. This is the approach used in the United States,

where the poverty line is about 11,000 dollars per year for a childless

couple, or a bit more than a full-time minimum wage.

European countries adopted a relative approach that has more to

do with inequality than with poverty. One first defines ‘‘consump-

tion units’’ to be the number of equivalent adults in the family, using

an equivalence scale.107 Then a family is classified as poor if its in-

come per consumption unit is below half of the median (or some-

times average) income per consumption unit. With this measure one

may, of course, imagine situations where all families have more

income per consumption unit and yet the percentage of ‘‘poor’’ in-

creases. This definition thus implicitly considers that poverty is a

relative notion, which depends on the average income in society. In

France, for instance, the poverty line is about 580 euros per month

and per consumption unit. About 10 percent of families then are

poor.

Whether the measure adopted is absolute or relative, it is in most

cases instantaneous: a family is poor in a given year if its income

107. The equivalence scale used attributes one consumption unit to the first adult in
the family, 0.5 to each other adult, and 0.3 to each child.
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falls below the poverty line in that year. This family may in fact

leave poverty the next year and not be poor over its life cycle. In-

stantaneous poverty indexes therefore should be complemented with

measures of income mobility, which unfortunately are harder to

come by. Some studies suggest that about a quarter of the (tradi-

tionally defined) poor in fact are only transitorily poor.

Once a poverty line is defined, poverty can be measured in several

ways. The simplest one is the percentage of families that fall below

the poverty line (the head count). One also often uses the poverty gap,

which measures the average amount of money that should be given

to each poor family in order to bring it up to the poverty line. This

second definition thus takes into account the distribution of income

among the poor. Some studies tried to axiomatize the measure of

poverty; thus Sen (1976) obtains a more complex formula that relies

on the head count, the poverty gap, and the Gini index.108

If poverty and income distribution are identified, then one may

use social welfare functions. Atkinson (1970) and Dasgupta-Starrett

(1973) thus show that if one compares two income distributions with

equal average income, then distribution A is preferred to distribu-

tion B for all strictly quasi-concave and symmetric social welfare

functions if and only if the Lorenz curve for A is closer to the diago-

nal than the Lorenz curve for B. This is a usual definition of a more

egalitarian income distribution; still, it clearly defines a very partial

order only.

8.2 Private Charity and Public Transfers

One may wonder a priori why government should be concerned

with fighting poverty. After all, social preferences reflect (somewhat

opaquely) private preferences. If government must fight poverty,

it is probably because the standard of living of the poor enters

every citizen’s utility function. Since citizens are altruistic, then why

should not the fight against poverty be left to private charity?

This argument has another component that deserves attention.

Once we recognize that private charity can play a role, we may fear

that public transfers substitute for private charity and thus do not

improve in fact the welfare of the poor. We will now examine these

two questions by adapting a model due to Warr (1982).

108. The Gini index is twice the surface between the diagonal and the Lorenz curve.
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To make things as simple as possible, we assume that there are

only two types of agents in the economy. The m ‘‘poor’’ have gross

income y and a utility function uðcÞ, where c is their aggregate con-

sumption and u is increasing and concave. The n ‘‘rich’’ have a gross

income Y > y and altruistic preferences given by

uðCÞ þ buðcÞ

where C represents the consumption of a rich agent and b > 0 his

altruism index. In this economy the Pareto optimum associated to a

social weight of each poor agent l > 0 is the solution to the program

max
c;C
ðlmuðcÞ þ nðuðCÞ þ buðcÞÞÞ

under the scarcity constraint

mcþ nCamyþ nY

The first-order condition of this program is

lmþ bn

m
u 0ðcÞ ¼ u 0ðCÞ

The corresponding solution can be implemented through a gift of D�

from each rich agent, where D� is defined by

u 0ðY�D�Þ ¼ lmþ bn

m
u 0 yþ nD�

m

� �

In practice, such gifts are by definition voluntary. We will therefore

focus on the Nash equilibrium of the game in which each rich agent

decides how much to give in order to reduce poverty. The rich agent

i then takes the voluntary contributions
P

j0i D j of the other rich

agents as given and solves

max
Di

uðY�DiÞ þ bu yþ
Di þ

P
j0i Dj

m

 !" #

In the symmetric equilibrium, all Di are equal to some DE given by

u 0ðY�DEÞ ¼ b

m
u 0 yþ nDE

m

� �

It is easy to see by comparing the equations that define D� and DE

that DE < D�: the voluntary contributions of the rich are too small

to implement the Pareto optimum. The reason is that just as in
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the subscription equilibrium for financing public goods (see Salanié

2000, ch. 4), each agent only takes into account part of the positive

consequences of his contribution. This is easily seen in the limit case

where l ¼ 0, so that social preferences coincide with those of the

rich. Even then, each rich agent neglects the effect that his gift has

on the utility of the other rich agents (through their concern for the

poor); this leads to underefficient contributions.

This result seems to open the door for government intervention.

Thus assume that the government institutes a compulsory lump-sum

transfer T from the rich to the poor. Then each rich agent chooses his

voluntary contribution Di so as to maximize

uðY�Di � TÞ þ bu yþ
Di þ

P
j0i Dj þ nT

m

 !

which leads at the interior symmetric equilibrium to a contribution

DT given by

u 0ðY�DT � TÞ ¼ b

m
u 0 yþ nðDT þ TÞ

m

� �

Obviously this equation exactly coincides with the previous one once

we replace DE with ðDT þ TÞ. It follows that

DT ¼ maxðDE � T; 0Þ

So long as the compulsory transfer T is smaller than DE, the rich

adjust their voluntary contributions so as to keep the total transfer

equal to DE: private charity is fully crowded out by public transfers.

On the other hand, if T goes above DE, then voluntary contributions

DT are zero and the total transfer is T, which may be set at the opti-

mal level D� > DE; this implements the Pareto optimum.

Note that the optimum D� can also be reached by creating a sub-

sidy to voluntary contributions financed by a tax on the consump-

tion of the rich. Thus assume that we tax the consumption of the rich

at the rate t and we subsidize their gifts at the rate s. Then the con-

sumption of the rich agent i is

Ci ¼ ðY�DiÞð1� tÞ þ sDi

and he chooses his voluntary contribution Di so as to maximize

uððY�DiÞð1� tÞ þ sDiÞ þ bu yþ
Di þ

P
j0i Dj

m

 !
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which gives at the symmetric equilibrium

ð1� t� sÞu 0ððY�DÞð1� tÞ þ sDÞ ¼ b

m
u 0 yþ nD

m

� �

It is easy to see that if we fix t and s so as to achieve both

1� t� s ¼ b

bnþ lm

and the government’s budget balance

tðY�DÞ ¼ sD

then D ¼ D�: it is possible to implement the Pareto optimum through

a balanced combination of taxes and of subsidies. This type of policy

does exist in reality, since the personal income tax includes deduc-

tions for charitable giving in many countries. However, in this sim-

ple model the optimal subsidy rate is

s� ¼ Y�D�

Y
1� b

bnþ lm

� �

Fix the proportion of poor in the population so that we can fix

b; then when n and m become large, the subsidy rate goes to

ðY�D�Þ=Y. This value is equal to the proportion of the income

of the rich that they keep for themselves at the Pareto optimum, so

it implies a rather large subsidy rate. Such a generous tax expen-

diture would probably encourage abuses. A system of public trans-

fers may be profitable even though it crowds out private charity.

This very simplified model neglects several elements in favor of a

policy of public transfers. First, some rich agents may be less altru-

istic than others, and only the government can make them contribute

as much as the others. Second, the government may be able to ex-

ploit more economies of scale than private charities in the adminis-

tration of charitable giving. Third, poverty is often linked to random

events against which public insurance may be the only resort, given

the difficulties raised by asymmetric information.

8.3 The Main Benefits

Two types of transfers can be used to reduce poverty: in-kind bene-

fits and cash benefits. We call a benefit ‘‘in-kind’’ when it can only be
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spent on one particular category of goods. In the United States, for

instance, food stamps are given to poor households and can only be

used to buy food. Several countries have housing benefits that can

only be used to pay the rent. Economists tend to be wary of in-kind

benefits. First, this type of program is costly to administer—for in-

stance, the US government must make sure that food stamps are

not traded for money. Second, a standard microeconomics exercise

shows that a consumer reaches lower utility when he is given an

in-kind benefit than when he gets the same amount in cash: in the

latter case he can reallocate his consumption between all goods

according to his preferences. It is also true that economists are by

training distrustful of what interferes with the freedom of choice of

individuals.

As the American example shows, these arguments against in-kind

benefits have not convinced the laymen. The public seem to rely on

a paternalistic approach that holds that individuals, when left to

themselves, do not consume enough of some essential goods (called

merit goods) like food and housing. Then the government must in-

tervene to modify their choices.109 One might justify this idea eco-

nomically by assuming that the consumption of merit goods by the

poor exerts a positive externality on the utility of all citizens: we

had rather live in a society where our neighbors (and especially their

children) are well-housed and well-fed, even though they would

prefer to consume other goods instead.

The bulk of benefits nevertheless is in cash; we will focus now on

the most often used types of cash benefits.

8.3.1 Guaranteed Minimum Income

One first approach is to guarantee to each family a minimum income

G. Then the benefit given is a function of gross income Y given by

maxðG� Y; 0Þ

The first use of such a system in history was in England with the

‘‘Speenhamland system’’ between 1795 and 1834. Such a system has

an obvious shortcoming: it induces a 100 percent taxation rate for

its beneficiaries, that is when gross income Y is smaller than G.

109. An oft-quoted example is that of school cafeterias. In some countries the replace-
ment of free tickets with a cash benefit has led some parents to save on their children’s
lunches. This situation was perceived as intolerable and many local authorities
returned to the free ticket system.
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These families get a benefit ðG� YÞ that decreases dollar-for-dollar

with gross income. This may have large disincentive effects on labor

supply.110 Moreover it may encourage its beneficiaries to evade the

system by working in the underground economy or by understat-

ing their income. However, this type of ‘‘differential allocation’’ was

in use in the United States until 1996 with the Aid for Families with

Dependent Children (AFDC) and still is in France with the Revenu

Minimum d’Insertion. Sometimes guaranteed minimum income bene-

fits are also given to special classes of beneficiaries, such as old peo-

ple without a pension or disabled persons.

8.3.2 The Negative Income Tax

Many economists of very diverse political leanings, among them the

conservative Milton Friedman and the Keynesians James Tobin and

James Meade, have argued in favor of a negative income tax. This

is defined as the combination of a uniform transfer G and taxation of

income from the first dollar. This proposal is often combined to that

of a constant marginal tax rate (e.g., see Atkinson 1995); the sug-

gested tax schedule then is

TðYÞ ¼ �Gþ tY

so that families whose gross income Y is smaller than G=t indeed pay

a negative income tax.

For its promoters the negative income tax ensures all families a

minimal standard of living, while avoiding large disincentive effects

on labor supply. No large country has adopted the negative income

tax so far, but as we will see, some limited experiments have been

carried out in the United States.

8.3.3 Low-Wage Subsidies

A third group of measures against poverty aims at making work

more attractive by subsidizing the wage of individuals who hold a

low-paying job. The main existing examples are the British WFTC

and especially the American EITC; France has also recently adopted

a more timid system with the prime pour l’emploi.

The United States adopted in 1975, and considerably extended in

the 1990s, the Earned Income Tax Credit (EITC) program. The EITC

110. This is indeed why the Speenhamland system was abolished in England.
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benefits about 20 percent of all American families; it costs about 30

billion dollars a year, which makes it a very large tax expenditure.

Its name is confusing, since it is not only a tax credit for families who

pay the income tax but is also paid to families who do not pay tax.

Its mechanism is summarized on figure 8.1, where the benefit paid

is the amount between the solid line and the dashed line. The EITC is

given by government on top of wages so long as these are below a

ceiling. For a couple with one child, for instance, the subsidy is 34

cents per dollar of wages (it is the phase in) until wages of 6,700

dollars per year;111 then it stabilizes at 2,300 dollars per year, and

finally it decreases with wages (it is the phase out) with a marginal

tax rate of 16 percent until the benefit becomes zero at wages of

about 27,000 dollars per year. The EITC is slightly more generous for

families with more children; on the other hand, it pays very small

amounts to childless families.

The corresponding program in the United Kingdom is that of

Family Credit created in 1971, which became Working Families Tax

Credit (WFTC) in 1999. In the long run, it should benefit 1:5 million

people and cost 0:6 percent of GDP. WFTC is paid at a full rate to

families whose gross income is smaller than 90 pounds per week,112

Figure 8.1

Earned income tax credit

111. The minimum wage is about 10,000 dollars per year in the United States, and the
poverty line is 14,000 dollars per year for a couple with one child.
112. The minimum wage adopted in April 1999 in the United Kingdom is 140 pounds
per week.
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provided one member of the family works at least 16 hours per

week. Its value then is 60 pounds per week, plus 20 pounds per

child. This value then is reduced as a function of gross income, with

a fairly high tax rate of 55 percent. Thus the income of a childless

family with one minimum wage earner who works full time (resp.

half time) increases from 70 to 130 pounds per week (resp. from 140

to 170 pounds per week) thanks to the WFTC.

By definition, low-wage subsidies are designed to encourage work.

By definition too, they cannot help the nonemployed poor, at least if

they do not take a job. Thus they must be complemented by a safety

net aimed at the nonemployed.

8.3.4 The Minimum Wage

Many countries in the world have (more or less recently) adopted

a minimum wage that covers all or part of the wage-earning popu-

lation. The minimum wage does not belong to the tax system stricto

sensu. Yet it finds its place in this chapter for two reasons. First,

because it was often conceived as a way to fight poverty. Second,

because it can reduce employment of the low-skilled, who also con-

stitute most of the beneficiaries of social minima and other means-

tested benefits. Thus it is important to study how it interacts with

these transfers.

The laws that govern the minimum wage differ widely across

countries; sometimes they exempt some subpopulations such as the

young. The level of the minimum wage is also very variable. One

should distinguish here the gross minimum wage and the net

minimum wage. Consider as examples two low-minimum wage

countries, the United States and the United Kingdom, and a high-

minimum wage country, France. The net minimum wage is about

the same in these three countries: in 1999, it was 820 euros per month

in France, 140 pounds per week in the United Kingdom, and 5:15

dollars per hour in the United States. On the other hand, take the

ratio of the employer’s cost of the minimum wage to the employer’s

cost of the median wage. This measures how much the minimum

wage weighs on the wage distribution, from the employer’s view-

point; it also eliminates the effect of exchange rate fluctuations. This

turns out to be one-third higher in France than in the United States

or the United Kingdom, since social contributions are much higher in

France.
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8.4 The Lessons from Theory

Apart from the minimum wage, the various systems of low-income

support described above can be analyzed as nonlinear income taxes.

Thus we can apply to them the theory of optimal taxation, as devel-

oped in the second part of this book. We will now see in what mea-

sure this theory, and more generally economic theory, can throw

light on the form of these benefits.

8.4.1 The Negative Income Tax

The case of the negative income tax seems to be the simplest one. We

saw in chapter 4 that the optimal nonlinear direct tax schedule TðYÞ
has a marginal rate between zero and one. Moreover one can prove

that if the government does not need to collect too much net tax

revenue, then Tð0Þ < 0, and simulations show that such is the case

for all reasonable values of the parameters. Thus theory seems to

justify a negative income tax, at least under its most general form.

But what about the basic income/flat tax advocated, inter alia, by

Atkinson (1995)? In this system (which I denote BI/FT) the tax is

characterized by a basic income G paid to each individual and a pro-

portional tax on each dollar earned at a rate t (the flat tax), so that the

resulting tax schedule is

TðYÞ ¼ �Gþ tY

We will divide the population in two groups; it is not necessary right

now, but it will be useful later. Thus assume that a fraction g of the

population (group A) has a zero earning ability, for a variety of

possible reasons.113 Let uðC; LÞ denote the utility function of each in-

dividual. Then members of group A do not work, receive the basic

income G, and get an indirect utility

Vð0;GÞ ¼ uðG; 0Þ

Group B, with a proportion ð1� gÞ of the population, has productiv-

ities distributed according to a probability distribution function f on

½0;þy½. An individual in this group who has productivity w chooses

his labor supply Lb 0 so as to maximize

uðwLð1� tÞ þ G; LÞ

113. They may be retirees, disabled persons, or simply people who are not productive
enough to earn the minimum wage.
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Let Lðwð1� tÞ;GÞ denote the solution of this program and

Vðwð1� tÞ;GÞ its value (which is simply the indirect utility). Note

that Lðwð1� tÞ;GÞ may be zero, so that the nonemployed population

contains both group A and perhaps the least productive members of

group B.

If the government has redistributive objectives represented by a

Bergson-Samuelson functional C and it wishes to collect tax revenue

R, then it will choose the pair ðG; tÞ so as to maximize

gCðVð0;GÞÞ þ ð1� gÞ
ðy
0

CðVðwð1� tÞ;GÞÞ f ðwÞ dw

under the budget constraint

ð1� gÞ
ðy
0

twLðwð1� tÞ;GÞ f ðwÞ dwbRþ G

Let l b 0 denote the multiplier associated to the budget constraint.

First consider the first-order condition in G. It can be written

gC 0V 0G þ ð1� gÞ
ð

C 0V 0G f ¼ l 1� ð1� gÞ
ð
twL 0G f

� �

With our usual notation, V 0G is the marginal utility of income a and

C 0V 0G is the social marginal utility of income b. The left-hand side

thus is just the expectation of b on the population. Since w ¼ 0 for

group A, we may write, by rearranging terms,

E
b

l
þ twL 0G

� �
¼ 1

But the integrand is simply what we called in chapter 3 the net social

marginal utility of income b. We finally obtain the equality

Eb ¼ 1

It is not surprising that this should hold here, since we already

derived it in a similar context in chapter 5.

Let us now focus on the first-order condition in t. It is

ð
C 0V 0t f þ l

ð
ðwLþ twL 0tÞ f ¼ 0

By the Roy identity,
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V 0t ¼ �awL

Moreover Slutsky’s identity gives us (as in chapter 2)

L 0t ¼ �wS� wLL 0G

where

S ¼ qL

qw

� �
U

b 0

is the usual term of the Slutsky matrix. We obtain by rearranging

terms and reusing the net social marginal utility of income b,

ð
ð1� bÞwLf ¼

ð
w2tSf

Let us now introduce the compensated elasticity of labor supply

eC ¼ wð1� tÞS
L

b 0

Then the right-hand side becomes

t

1� t

ð
wLeC f

and since Eb ¼ 1, the left-hand side is minus the covariance of b and

wL. We finally have

t

1� t
¼ � covðb;wLÞ

EðwLecÞ

This classical formula gives the rate of the optimal linear direct tax.

The denominator of this fraction is positive; its numerator is usually

negative since the gross income wL increases in w while the net social

marginal utility of income b decreases in w. Thus the rate of the

optimal tax is between zero and one. It is larger when labor supply

is less elastic (eC is small) and when the government is more averse

to inequality (so that b decreases rapidly with w). To illustrate this

formula, consider quasi-linear individual preferences

uðC; LÞ ¼ C� AL1þ1=e

so that eC is constant and equals e. Also assume that government

is ‘‘charitable conservative’’: it only wishes to redistribute between
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group A and group B. Thus it attributes a net social marginal utility

of income b0 to each individual in group B and ab0 to each individual

in group A, where a is larger than one. Then

EðwLeCÞ ¼ eEðwLÞ

and

�covðb;wLÞ ¼ Eð1� bÞwL ¼ ð1� b0ÞEðwLÞ

Moreover Eb ¼ 1 implies that

gab0 þ ð1� gÞb0 ¼ 1

whence

b0 ¼
1

gaþ 1� g

We finally obtain

t

1� t
¼ 1

e

ða� 1Þg
gaþ 1� g

Thus the tax rate decreases in e and increases in g. When a ¼ 1, the

government is utilitarian and t ¼ 0: as expected, with such individ-

ual preferences the optimal linear tax is a uniform lump-sum trans-

fer. On the other hand, when a ¼ þy, the government is Rawlsian,

and we get the classical formula

t

1� t
¼ 1

e

This is also easily obtained by maximizing the value of the basic in-

come G under the government’s budget constraint, provided that

L 0G ¼ 0. Any value of t that is larger than 1=ð1þ eÞ lies beyond the top

of the Laffer curve that plots tax revenue as a function of t. In such

a situation the government could both reduce t and increase G to

achieve a Pareto-improving tax reform.

The main objection to this system is that simulations suggest that

the only way to pay a decent basic income G is to raise tax at a high

rate t. If such a reform were adopted, part of the middle classes

would face an increased marginal tax rate, which would discourage

its labor supply—not to mention the political difficulties this would

entail. Assume, for instance, that the government wishes to collect a
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proportion r of gross income and also to pay a basic income G that

is a proportion s of the average gross income. Then the tax sched-

ule is

TðYÞ ¼ �sEYþ tY

and the government’s budget constraint is

rEY ¼ ETðYÞ

which leads to t ¼ rþ s. If, for instance, s ¼ 0:4 and r ¼ 0:1, we get

t ¼ 0:5, which seems high. To alleviate this difficulty, Akerlof (1978)

suggesting resorting to tagging, that is varying the transfer G with

the observable characteristics of individuals. Thus assume that the

members of group A are readily identified, for instance, because they

are old or disabled. Then one may reserve the basic income G for

these people; the tax schedule becomes

TðYÞ ¼ tY

for members of group B and the government’s budget constraint this

time leads to t ¼ rþ sg, which may be much lower. More generally, it

is easy to see that if the government can identify the members of

group A, then it is generally optimal to give them a larger basic in-

come than to the members of group B: GA > GB. To see this, assume

for simplicity that preferences are quasi-linear, which implies that

labor supply does not depend on income. Then the triplet ðGA;GB; tÞ
should be chosen so as to maximize

gCðVð0;GAÞÞ þ ð1� gÞ
ðy
0

CðVðwð1� tÞ;GBÞÞf ðwÞ dw

under the budget constraint

ð1� gÞ
ðy
0

twLðwð1� tÞÞ f ðwÞ dwbRþ gGA þ ð1� gÞGB

The first-order condition in GA is

C 0ðVð0;GAÞÞV 0Gð0;GAÞ ¼ l

and the first-order condition in GB is

ðy
0

C 0ðVðwð1� tÞ;GBÞV 0Gðwð1� tÞ;GBÞ f ðwÞ dw ¼ l
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Since C is concave and the marginal utility of income V 0G is one with

quasi-linear preferences, we find that

ðy
0

C 0ðVðwð1� tÞ;GBÞV 0Gðwð1� tÞ;GBÞ f ðwÞ dw < C 0ðVð0;GBÞÞ

The two first-order conditions lead to

C 0ðVð0;GAÞÞ < C 0ðVð0;GBÞÞ

Once again, the concavity of C allows us to conclude that GA > GB.

The intuition for this result is simple. In the optimal taxation

problem, the government wishes to help the nonemployed poor. Its

ability to do so is limited by the risk that more productive agents

quit their job to receive means-tested benefits. But, if the poor can be

identified, then the incentive constraint is relaxed and it is easier to

give the poor a large benefit.

In practice, tagging obviously cannot be perfect: group member-

ship is not perfectly observable, and if GA > GB, the members of

group B are tempted to pretend that they belong to group A. Gruber

(2000) thus shows that when the benefit for disabled persons in-

creased in Canada, the number of people who claimed disability

benefits went up significantly. Salanié (2002) nevertheless proves

that even with (exogenous) classification errors of both types, it re-

mains optimal to pay a larger basic income to the tagged population.

8.4.2 Low-Wage Subsidies

By definition, a low-wage subsidy contributes a negative marginal

rate to the tax schedule (about �30 percent for the EITC). It may in

fact be that for some income classes the resulting tax schedule has a

negative marginal rate. Such is the case in the United States for a

family that only receives the EITC (in its phase-in stage) on top of its

wages and pays no income tax.

This phenomenon seems contrary to theory, since we saw in

chapter 4 that the optimal marginal tax rate is always positive. Some

variants of the model may, however, overturn this theoretical re-

sult. We already mentioned in chapter 7 the result by Kanbur-Keen-

Tuomala (1994) that a government that seeks to minimize a measure

of poverty should apply a negative marginal tax rate to the least

productive indivduals if they work at the optimum. We indeed

know that the optimal tax rate obtained by Mirrlees has a zero mar-

ginal tax rate for the least productive individual if that individual
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works. If we now replace the objective of maximizing a social wel-

fare function by the aim of minimizing poverty, then labor disutility

does not enter the government’s objectives anymore. It thus seems

natural that such a government should wish to create negative mar-

ginal rates so as to encourage people to work and thus to break out

of poverty.

Mirrlees’s model considers labor supply behavior on its intensive

margin, that is, through infinitesimal changes in continuous varia-

bles such as hours or effort. Saez (2000) studies the extensive margin,

that is, participation decisions. He shows that it may then be optimal

to subsidize the labor supply of the least productive individuals. To

see this, assume that the population is split into groups of produc-

tivities w1 < � � � < wn. An individual of type i may take a job with

fixed hours that pays wi, pay a tax Ti, and consume Ci ¼ wi � Ti,

or he may refuse to work and consume C0 ¼ �T0. Each individual

compares these two possibilities and chooses to work or not, given

his disutility of labor. We assume that the proportion of individuals

of type i who decide to work is a function Hi that is increasing and

differentiable in ðCi � C0Þ.
Consider an infinitesimal increase dTi in the tax paid by the

working individuals in group i. If they number Ni, the tax paid will

increase mechanically (without any labor supply adjustment) by

NiHi dTi. Let us denote bi as the social net marginal utility of income

of the working members of group i. Then the social value of this

mechanical increase in taxes is

Mi ¼ ð1� biÞNiHi dTi

Given this increase in Ti, agents in group i will react by reducing

their participation Hi. Let hi denote the elasticity of the function Hi;

then since ðCi � C0Þ varies by �dTi, we have

dHi

Hi
¼ �hi

dTi

Ci � C0

which induces a variation in tax revenue of ðTi � T0ÞNi dHi. Since

the individuals concerned are by definition at the margin between

working and not working, their utility is unchanged at the first

order, and the social value of this increase in tax revenue is simply

Bi ¼ �NiHi hi dTi
Ti � T0

Ci � C0
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At the optimum the mechanical effect Mi and the behavioral effect Bi

must cancel out so that

Ti � T0

Ci � C0
¼ 1� bi

hi

But we know that the average of the bi’s is one; since bi usually

decreases in wi and hi is positive, it follows that Ti must be lower

than T0 for the least productive workers.114 Thus the government

should subsidize the wages of the poorest workers. There is no risk

that this would induce more productive workers to take low-paying

jobs, since without variations in hours, workers reveal their produc-

tivity. The main problem here is to make participation large enough,

which justifies low-wage subsidies.

Saez’s model does not explain how the Hi and the bi are deter-

mined, even though they are endogenous. Thus the argument does

not apply with Rawlsian preferences, since then the bi are zero for

i > 0. Choné-Laroque (2001) adopt a more rigorous approach. They

consider a population of individuals whose productivities w and

labor disutilities v are a priori unknown. If a person takes a job,

then his productivity is observed and he receives a net wage

ðw� TðwÞÞ. Otherwise, he receives an income ð�Tð0ÞÞ. The number

of people with productivity w who choose to work thus is propor-

tional to

Prðvaw� TðwÞ þ Tð0Þ jwÞ

Choné and Laroque show that if the preferences of the government

are Rawlsian, then for fixed Tð0Þ, TðwÞ is the value t that maximizes

ðt� Tð0ÞÞPrðvaw� tþ Tð0Þ jwÞ

Assume for simplicity that w and v are independently distributed; let

G denote the cumulative distribution function of v in the population,

and g ¼ lnG. Then by taking the logarithm and differentiating, we

obtain

1

TðwÞ � Tð0Þ ¼ g 0ðw� TðwÞ þ Tð0ÞÞ

or by differentiating in w:

114. No individual of type i would work if Ci < C0.
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� T 0ðwÞ
ðTðwÞ � Tð0ÞÞ2

¼ g 00ðw� TðwÞ þ Tð0ÞÞð1� T 0ðwÞÞ

It is easy to show that as usual, T 0ðwÞa 1. Thus T 0 can be negative if

g is convex, which happens if, for instance, many individuals have a

disutility of labor close to some value v0.

8.4.3 The Guaranteed Minimum Income

The guaranteed minimum income raises a polar problem: it induces

a marginal tax rate of 100 percent, which is difficult to reconcile with

theory with a positive marginal disutility of labor. Besley-Coate

(1995) nevertheless show that a guaranteed minimum income may

be a component in an optimal antipoverty program if it is com-

plemented by workfare, that is, by the obligation for beneficiaries to

work in public interest jobs. This result breaks down when the gov-

ernment has Bergson-Samuelson objectives, however.

8.4.4 The Minimum Wage

The minimum wage can be modeled within the optimal taxation

problem as a constraint that the government imposes on private

agents. Several papers have tried to find conditions under which it is

optimal to impose such a constraint (e.g., see Boadway-Cuff 2001).

Since all employees, by construction, must have a productivity larger

than the minimum wage, its existence improves the information of

the government and thus may increase social welfare. This argu-

ment, however, sounds rather technical, and the most usual justifi-

cation for the minimum wage relies on the monopsony power of

employers.

If the employer has market power on the labor market, he will

pick a wage rate and employment level that are both lower than

their competitive levels. Creating a minimum wage between the

monopsony wage and the competitive wage then increases both

employment and wages, thus bringing the economy closer to the

social optimum. Figure 8.2 illustrates this argument. In a competitive

labor market, equilibrium would be at point C. The monopsony re-

duces its demand for labor so as to avoid an increase in wages;

equilibrium then is at point M. At this point wages and employment

are lower than at the competitive equilibrium; as the marginal pro-

ductivity of labor is larger than its marginal disutility, the level of
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employment is not socially optimal at the monopsony equilibrium,

which leads to a social welfare loss measured by the triangle CMD.

Now assume that the government introduces a minimum wage be-

tween the monopsony wage and the competitive wage. Then the

equilibrium wage coincides with the minimum wage. The monop-

sony thus faces a fixed wage, as in the competitive equilibrium, but

since its ability to hire is limited by the supply of labor, the new

equilibrium is in m. At this point both wages and employment are

larger than in the monopsony equilibrium, and the social welfare

loss is smaller. Obviously the optimal policy is to set the minimum

wage exactly at the competitive level. Note that this argument in no

way justifies a minimum wage larger than the competitive wage.

Moreover the quantitative force of this justification for the minimum

wage depends on the elasticity of labor supply, which we know is

fairly small for men for instance.

Models of wage bargaining offer another version of this argu-

ment. Consider an employer who bargains with an employee whose

productivity is r and who has a reservation wage r. Without a mini-

mum wage, the wage w may be determined by generalized Nash

bargaining

max
w
ðr� wÞ1�aðw� rÞa

which implies that the worker is hired if r > r and then gets wage

Figure 8.2

Monopsony and the minimum wage
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w� ¼ arþ ð1� aÞr

If the government creates a minimum wage m, then maximization

takes place under the constraint wbm. Simple computations show

that if r > r, there are three cases:

1. if r < m, the worker will not be hired

2. if w� < m < r, he will be hired at the minimum wage m

3. if w� > m, he will be hired at the wage w�.

In case 3 the minimum wage has no effect. In case 1 it classically

reduces employment. On the other hand, case 2 is where the monop-

sony power comes into play: the minimum wage increases the wage

of an intermediate category of workers. Depending on the form of

the redistributive objectives of government, the creation of a mini-

mum wage may increase the welfare of workers as a whole.115

8.5 Empirical Evaluations

A good system of low-income support should increase the incomes

of the poor at an acceptable cost for the community. One way to do

so is to design the system so that it discourages labor supply as little

as possible or even encourages it; such a system would minimize the

transfers of public money to the poor. Therefore empirical evalua-

tions of the various policies have looked very closely at their effects

on labor supply.

We already mentioned that no country has ever implemented the

negative income tax in its BI/FT form as an actual national tax sys-

tem. Some experiments have, however, taken place in the United

States in the last thirty years. In each of these experiments, a few

thousands of low- and middle-income families were selected and

taxed under BI/FT over several years, instead of the current US tax

system. The analysis of these experiments (see Robins 1985) shows

that the negative income tax has disincentive effects on labor supply,

especially for women. This conclusion seems rather robust; it can be

explained both by the unfavorable income effect of the basic income

and by the need to raise the rate of the flat tax high enough that it

can finance the system.116

115. Such is never the case with Rawlsian objectives, since the minimum wage can
never increase the utility of the least favored workers.
116. See the theoretical analysis in section 2.1.2.
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Several studies have focused on the effect of the EITC in the

United States. Eissa-Liebman (1996) thus compare the changes in

participation rates of single mothers and of childless single women.

The former are the main beneficiaries of the EITC, while the latter

receive much smaller EITC benefits. Eissa and Liebman show that

during the expansion in the EITC, the participation rate of single

mothers increased much more than that of childless single women.

This suggests that the EITC had a positive effect on participation

of single mothers. On the other hand, it seems to have reduced the

participation of married women: many of them are in the phase-out

stage of the EITC where the EITC increases the marginal tax rate.

On the whole, the EITC has probably had positive effects on labor

supply.

The minimum wage was often studied through its employment

effects. There are three main approaches. The first one regresses the

employment rate of a category of workers (often teenagers) on the

level of the minimum wage, perhaps weighted by the percentage of

this category who is paid the minimum wage. Such regressions use

time series at national, regional, or industry level. They often obtain

negative effects of the minimum wage on the employment rate of

the categories most at risk (e.g., teenagers). The estimated results,

however, do not seem to be very robust. Macroeconomic data in

fact are probably not adequate for measuring the effects of the mini-

mum wage on employment. Changes in the minimum wage indeed

are fairly small and only induce changes in employment that are

dwarfed by the changes induced by other macroeconomic shocks.

Thus it is very difficult to identify the employment effects of the

minimum wage at the macroeconomic level.

The second approach uses the natural experiments method. It was

illustrated by Card-Krueger (1994), who used the fact that the value

of the minimum wage differs across states in the United States. In

particular, New Jersey increased its minimum wage in 1992, while the

minimum wage was unchanged in the neighboring state of Pennsyl-

vania. Card and Krueger measured the change of employment in

fast-food joints117 in these two states in the months following the

New Jersey increase. They found that employment in fact increased

more in New Jersey than in Pennsylvania; they concluded that in this

case at least, an increase in the minimum wage appeared to increase

117. Fast-food joints hire unskilled people who are often paid the minimum wage.
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employment. This sudy is very controversial (e.g., see the discussion

by Neumark-Wascher 2000 and the reply of Card-Krueger 2000). The

natural experiments method is always sensitive to the criticism that

the control group (here fast-food joints in Pennsylvania) could have

faced shocks different from those of the treatment group (fast-food

joints in New Jersey). The method used by Card and Krueger (1994),

by construction, imputes the whole differential change in employ-

ment between New Jersey and Pennsylvania in 1992 to the increase

in the minimum wage, but data reproduced by Card and Krueger

(2000) show that the relative employment in fast-food joints in

Pennsylvania and in New Jersey fluctuates a lot, even in periods

when the minimum wage is unchanged in both states.

A third approach uses individual household data. This is illus-

trated on French and US data by Abowd et al. (2001). These authors

compare the probabilities of two groups keeping a job when the cost

of the minimum wage increases from s0 to s1: the employees who

were paid a wage between s0 and s1 before the minimum wage

increase, and a control group who were paid a wage larger than

s1. Their results show that the probability of keeping a job is sig-

nificantly higher for the second group.

The paper by Laroque-Salanié (2002) adopts a more structural

approach to model the interaction between the minimum wage and

the tax-benefit system in France. Laroque and Salanié start from a

labor supply model for women that takes into account most of the

tax-benefit system. In this model a woman works only if, by doing

so, she gets a sufficient increase in net income, given the taxes she

has to pay and the benefits she receives. Laroque and Salanié more-

over specify that a woman who wants to work can only do so if her

market wage is larger than the minimum wage. Their model allows

them to simulate the employment effects of various policies. They

find that an increase in the minimum wage has strong negative

effects on women’s employment. The contrast between these results

and those obtained in the United States by Card and Krueger is

probably due to the fact that the cost of the minimum wage for the

employer is much larger in France than in the United States.

The effects of a guaranteed minimum income on employment have

been mostly studied in the United States, where the AFDC had this

form between 1982 and 1996. Moffitt (1992) presents this literature.

The negative effect on labor supply of the 100 percent marginal tax

rate induced by the AFDC seems to have been significant. However,

Chapter 8 Low-Income Support 183



the labor supply of the concerned individuals would probably have

been low even without the AFDC, since many of them were single

mothers. This is a peculiarity of US welfare recipients that makes it

hard to transpose these results to other countries.

8.6 Recent Reforms

Several countries have made large changes in their low-income sup-

port systems in the 1990s. The movement started in the United

States, where the explosion in the AFDC caseloads in the 1970s

had made this program very unpopular. American administrations

reacted against the perceived disincentive effects of the AFDC by

turning to programs that aimed at stimulating workforce participa-

tion of their beneficiaries. This translated into a strong expansion of

the EITC in the 1990s and into the welfare reform of 1996. The latter

abolished the AFDC and replaced it with a Temporary Aid to Needy

Families (TANF) that has some new characteristics. First, the precise

design of this program is left to each state, which can use to that

effect a block grant by the federal government. Second, the aid is

temporary: no beneficiary should receive it for more than five years.

Finally, the states receive financial incentives to make sure that as

many beneficiaries as possible take a job. The 1996 reform has lead to

a spectacular fall in the number of welfare recipients.

The success of the EITC118 has encouraged the United Kingdom

to adopt a similar system, with the WFTC. The main differences are

that the WFTC is more generous for childless families and that it

is only paid to families where one member at least works at least

16 hours a week. This last condition tries to avoid subsidizing very

part-time work. As in the United States, the WFTC is expected to

especially stimulate the labor supply of single mothers.

Canada recently created an experiment called the Self-sufficiency

Project (SSP). It is a subsidy limited in time (to three years) that pays

each beneficiary half of the difference between a ceiling and his gross

income. Thus the SSP generates a marginal tax rate of 50 percent. It

is reserved to single parents who work at least 30 hours a week and

who have had some kind of welfare payment for a year at least. Card

(2000) estimates that the effect of this program on labor supply was

118. The EITC is estimated to have pulled four million people out of poverty. Meyer
and Rosenbaum (2001) find that it was the main factor behind the recent increase in
the labor supply of single mothers in the United States.
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spectacular, and that the condition on hours worked played a big

role.

The two other systems studied in this chapter have not played a

central role in these reforms. The minimum wage is still fairly low in

the United States, and the level chosen when it was created in the

United Kingdom in 1999 was also low. The fear that large increases

may have negative employment effects probably explains it, as does

the realization that the minimum wage does not target the poor

very well. Many minimum wage earners live with their parents or

other family members who may have larger wages, and benefits

introduce a wedge between wages and income. Moreover in coun-

tries where unemployment is high, the poor are often unemployed

or inactive.

As a conclusion, it is very important to note that the main objec-

tive of low-income support systems is not job creation but the re-

duction of poverty. Job creation is only an intermediate goal that

allows to limit the social cost of transfers to the poor. Simple com-

putations show that even policies such as the EITC have a cost per

job created that is much larger than the value of a job for the econ-

omy. These policies should be evaluated by comparing the induced

reduction in poverty and their cost, but this is clearly a very difficult

task.
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9 The Consumption Tax

As we saw in chapter 6, the standard models of capital accumula-

tion suggest that the optimal tax rate on capital is zero. This is

clearly subject to some reservations: as the conclusion to that chapter

showed, there are alternative models that point toward a nonzero

optimal tax rate. Still, we have little idea of what the tax rate on

capital should be in these alternative models. From Mill to Fisher,

Kaldor and Meade, many economists have therefore neglected these

reservations and pleaded for substituting a consumption tax for the

income tax as we know it. They argued that the economy suffers

from too little capital and that such a reform, by increasing savings,

would bring the economy closer to the golden rule. This would in-

crease consumption per capita and ultimately social welfare.119 They

also point out that by equalizing (to zero) the tax rate on all forms of

capital, a consumption tax would restore the neutrality of the tax

system toward investment decisions. Finally, they also suggest that

this neutrality would make the tax simpler to administer and reduce

its compliance costs.

This debate has not kept to economists alone. It has started influ-

encing policy debates, particularly in the United States, but also in

the United Kingdom with the 1978 Meade Report. Let us start by

recalling a few equivalences.

9.1 Equivalences between Taxes

We focus here on ideal taxes that are both proportional and com-

prehensive (with no special provisions). Then a first equivalence

119. We know from chapter 2 that the uncompensated elasticity of savings to the in-
terest rate seems to be small, but remember that the welfare loss from the capital tax
depends on the compensated elasticity.



links a uniform tax on incomes of all factors and a uniform VAT on

all goods. As we saw in chapter 1, a uniform VAT indeed has exactly

the same economic effects as a uniform factor tax of the same rate.

This result must be slightly modified in the many countries whose

VAT allows firms to deduct investment from value added (just as

they do with intermediate consumptions). Then VAT bears on non-

invested value added, and it is equivalent to a tax on that part of

income that is not invested, or again to a consumption tax.

In a world where financial markets are perfect, we can write the

intertemporal budget constraint of a consumer-worker who lives T

periods, receives a bequest H1, and leaves a bequest ST as

XT
t¼1

Ct

ð1þ rÞ t�1
þ ST

ð1þ rÞT
¼
XT
t¼1

wtLt

ð1þ rÞ t�1
þH1

This equality shows that if there are no bequests, then a consump-

tion tax is exactly equivalent to a wage tax—which is not an income

tax since it does not tax income from savings. More generally, a tax

on both consumption and bequests left is equivalent to a tax on both

wages and bequests received.

Recall that these equivalences only hold for uniform, compre-

hensive, and proportional taxes, whereas actual taxes are neither of

these three. Still, they throw some light on the debate on the con-

sumption tax.

9.2 The Comprehensive Income Tax

The income tax as we know it is a rather hybrid construction: it

taxes income from various forrms of savings in a very unequal way

and relies on a concept of income that satisfies few economists.

Since the work of Haig and Simons in the 1930s, economists indeed

have leaned toward a definition of comprehensive income as the total

amount that can be allocated to consumption or savings in a given

period. To understand this, consider the equation that sums up the

changes in an agent’s wealth. During a period t, the agent receives

wage income, consumes, and gets a rate of return rt on its beginning-

of-period wealth At. His end-of-period wealth Atþ1 then is

Atþ1 ¼ Atð1þ rtÞ þ wtLt � Ct

This equality allows us to define comprehensive income Yt as
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Yt ¼ Ct þ ðAtþ1 � AtÞ ¼ wtLt þ rtAt

Thus comprehensive income is the sum of the agent’s consumption

and the increase in his wealth. Said differently, it is the amount the

agent may consume without reducing his wealth (for Atþ1 ¼ At, we

get Ct ¼ Yt). The equality above shows that comprehensive income

can also be defined as the sum of wage income and return on wealth

rtAt. If the return on wealth is entirely accounted for by interest and

dividends, then it is included in the usual definition of income and

thus comprehensive income coincides with national accounts in-

come. On the other hand, national accounts income only accounts

for capital gains (the appreciation of stocks, housing, etc.) when

they are realized, that is, just before the underlying asset is sold.

Comprehensive income accounts for these capital gains even when

they are latent, that is, before the agent even considers selling the

asset. Take a bullish period on the stockmarket; then consumers who

own shares will probably boost their consumption since they per-

ceive a higher wealth. Comprehensive income explains this, while

national accounts income does not even register the latent capital

gains.

Several economists start from this more satisfactory definition of

income to argue that the income tax should be a comprehensive in-

come tax. This amounts to saying that the income tax should also tax

latent capital gains. This is not a trivial change, as many families

own stocks and even more own their house. Beyond the argument

above, the proponents of a comprehensive income tax note that the

current income tax creates a lock-in effect: since it only taxes capital

gains when they are realized (and not at all when the owner of the

asset dies), it provides incentives for owners to keep the asset for

longer than they would in a world without taxes. These economists

also insist on the importance of accounting for inflation properly.

Recall that comprehensive income is the sum of consumption and

the real increase in wealth, so that a comprehensive income tax

would only tax real income from savings. On the other hand, the

current income tax taxes the nominal income from savings. In infla-

tionary periods it also taxes pseudo-income that contributes nothing

to consumption or increases in wealth. Thus a 50 percent tax rate on

income from savings in fact confiscates the whole real return from

savings when inflation is 2 percent and the nominal interest rate is 4

percent.
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The creation of a comprehensive income tax would imply a nota-

ble extension of the taxable basis, since this would include latent

capital gains and all the income from various sources of savings that

are currently tax-favored.120 Advocates of a consumption tax go

to the polar opposite, since they would exempt all income from

savings, whether it consists of interests, dividends, or capital gains

(latent or realized).

9.3 The Consumption Tax in Practice

One often hears that a consumption tax would be unjust, since the

rich consume less (as a proportion of income) than the poor. We will

see that by using judiciously the equivalences recalled above, one

may conceive a consumption tax that is as progressive as one likes.

The frequent assimilation of the consumption tax to a renunciation

to progressivity is a confusion that partly result from the fact that in

the United States many proponents of the consumption tax indeed

favor a proportional income tax: the flat tax.

A proportional (income or consumption) tax would have obvious

administrative advantages. First, it would simplify (marginally) the

tax returns.121 It would also eliminate one of the anomalies of pro-

gressive taxes: with such schedules a taxpayer pays more tax when

his income varies over time than when it is constant. Finally, it

would make pay-as-you-earn withholding systems much simpler

when the taxpayer has several sources of income.

Despite these advantages most voters estimate that taxes should

be progressive. Thus the tax acts proposed in the United States usu-

ally comprise a personal exemption that takes the poorer families

off the tax rolls; this clearly detracts from the advantage of strict

proportionality.122

There are many ways to make a consumption tax progressive. In

general, a consumption tax is the combination of a corporate tax and

120. The most spectacular exemption in many—but not all—current income tax sys-
tems concerns fictitious rents, that is, the rental value of an owner-occupied house.
These rents are implicitly received by the owner and in fact constitute income from the
savings materialized in the house.
121. Several presidential candidates in the United States have taken to waving a
postcard as the promise of a much simpler tax return.
122. As we saw in chapter 4, this type of tax schedule was already the favorite of
classical authors, from Smith to Mill.
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a personal tax.123 The corporate tax often is a proportional tax on

noninvested value added. Since investment is deducted from the

taxable basis, this amounts to allowing for immediate depreciation

of all capital investment, which is a simple if radical way of equating

fiscal depreciation and economic depreciation. It also restores the

neutrality toward all forms of investments, which is a radical change

on current income taxes. In the best-known blueprint, due to

Hall-Rabuschka (1995), wages paid by firms are deducted from non-

invested value added before computing the corporate tax; the

personal tax then is a tax on all wage income received by families.

Changing the schedule of this personal wage tax allows the govern-

ment to achieve any degree of progressivity. Opponents of the con-

sumption tax justly remark that such a wage tax would exempt

people who have had the good fortune of a large bequest and live off

it without working. Most people find this immoral, so the wage tax

should be complemented with a progressive tax on bequests.

Another possibility (the Unlimited Savings Allowance or USA Tax;

see Seidman 1997) consists in taxing families in a progressive man-

ner on the difference between the money flows they receive (whether

it is labor income or capital income) and their savings, since this dif-

ference by definition equals their savings. The USA Tax was inspired

by the writings of Irving Fisher; it supposes that families keep

proper accounts of their money flows (in and out) that are not linked

to consumption. To make it equivalent to a tax on wages and be-

quests received, the USA Tax should also tax the bequests left by

taxpayers.

Proponents of the consumption tax predict a large positive effect

on savings and, since the economy is assumed to have too little cap-

ital, on welfare. There have been many quantitative studies on this

topic. They usually do obtain a positive effect on welfare, but with

very variable figures. One of the most serious problems of such a

reform arises when moving from an income tax to a consumption

tax. The unfortunate taxpayers who have saved while paying the

income tax, hoping to live off the income from their savings without

paying any more tax, now have to pay the consumption tax. This

123. Some proponents of the consumption tax seek to abolish all personal taxes by
relying on a tax on (noninvested) value added, which is the same as a consumption tax
as we know. The disadvantage of this method is that it makes it hard to make the tax
progressive.
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could represent a large welfare loss for them. The proposed reforms

thus all contain more or less satisfactory clauses to account for this

so-called old wealth problem.
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10 Environmental Taxation

There are at least three reasons to discuss environmental taxation in

this book. First, there has been a lot of discussion of economic

aspects of environmental policy in recent years, both at national level

and in international conferences such as the 1997 Kyoto conference

on global warming. Second, the share of tax revenue generated by

environmental taxation has increased over time, and it now brings

about 6 percent of tax revenues in the OECD.124 Finally, and most

important for our purposes, environmental taxation has some spe-

cific features. It is aimed at preserving or improving the quality of

the environment, but the quality of the environment is a public

good (it is nonrival in that my enjoying the environment does not

reduce the utility you may derive from it). As a public good it

is influenced by the uncoordinated economic decisions of a large

number of agents. Since there is no market that coordinates these

decisions, they induce externalities. Pollution indeed is one of the

classical examples of negative externalities.

Thus the study of environmental taxation largely boils down, in

theoretical terms, to the study of taxation in an economy with exter-

nalities. The main difference in the approach of this book is that in

the absence of taxes, an economy with an externality is not effi-

cient, since the externality itself creates a distortion. On the other

hand, this distortion can be corrected by using a tax that brings the

economy back to the first-best: this is the idea behind Pigovian

124. Scandinavian countries have been particularly keen to use ‘‘green taxes’’ on sul-
phur and CO2 inter alia; they bring about 9 percent of tax revenue in Denmark, for
instance. On the other hand, the United States has been much more reluctant and only
collects about 3 percent of tax revenue through environmental taxes.



taxation.125 In partial equilibrium the argument is very simple. Con-

sider a ‘‘dirty’’ good, one whose consumption reduces the quality of

the environment (an illustration for this chapter is how car travel

pollutes the air). Then consumption of the good creates both a pri-

vate marginal benefit (PMB) whose valuation is given by the inverse

demand function and a marginal loss due to pollution. The algebraic

sum represents the social marginal benefit (SMB), which lies below

PMB in the supply and demand figure 10.1. The social optimum lies

at the intersection of SMB and the marginal cost (MC) curve; it

determines a production qO of the dirty good. On the other hand,

market equilibrium is given by the intersection of MC and the pri-

vate marginal benefit (PMB) curve, and it generates too much pro-

duction (and pollution) since qE > qO. Now let government raise a

specific tax on the consumption of the dirty good and fix the value of

this tax as

Figure 10.1

Pigovian tax

125. Pigou (1960 [1920]; ch. IX, §13) wrote:

It is plain that divergences between private and social marginal product of the kinds
we have so far been considering cannot. . . . be mitigated by a modification of the con-
tractual relation between any two contracting parties, because the divergence arises
out of a service or disservice rendered to persons other than the contracting parties.
It is, however, possible for the State, if it so chooses, to remove the divergence in
any field by ‘‘extraordinary encouragements’’ or ‘‘extraordinary restraints’’ upon in-
vestments in that field. The most obvious forms which these encouragements and
restraints may assume are, of course, those of bounties and taxes.
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tP ¼ SMBðqOÞ � PMBðqOÞ

Then market equilibrium corresponds to a production q such that

PMBðqÞ � tP ¼MCðqÞ

which clearly holds for q ¼ qO: the Pigovian tax tP brings the econ-

omy back to the first-best optimum. It is obvious from the formula

that tP is just the marginal loss due to pollution; we say that the tax

internalizes the externality.

This simple story raises several difficulties which we will discuss

in the rest of this chapter. We would like to know what happens in

general equilibrium when other taxes exist and induce their own

distortions. It might be, for instance, that substitutes of dirty goods

should be subsidized in order to reduce pollution. On the other

hand, dirty goods may be bad targets for taxation if, for instance,

they are heavily consumed by the poor. In general equilibrium the

social value of a green tax depends on how the revenue it collects is

used. A notion popularized by Pearce (1991), for instance, states that

this green tax revenue can be used to cut other, distortionary taxes

such as the tax on labor income. This would reduce distortions and

thus have an indirect positive effect of welfare. Thus green taxation

would yield a ‘‘double dividend’’: the first dividend would be the

improvement in the quality of the environment, while the reduc-

tion in the distortions induced by other taxes would generate a sec-

ond dividend. We will discuss whether general equilibrium analysis

supports this rosy view of environmental taxation.

Environmental taxation clearly raises many other interesting

issues. These have to do with tax incidence, for instance, or the esti-

mation of marginal benefits from taxing pollution, or international

aspects of regulating pollution. More generally, there is an old and

fascinating debate on the choice of instruments to regulate pollution:

in addition to taxes, one may use standards, tradable quotas, sub-

sidies for abatement, or rely on negotiation as suggested by Coase

(1960). The reader should look at good recent treatments of the topic

such as Sandmo (2000) or Bovenberg-Goulder (2002).

All of this chapter uses the general equilibrium model introduced

in chapter 3 when we discussed indirect taxation. Remember that

in this model, I consumer-workers of utility functions UiðXi; LiÞ who

all have identical productivities face linear taxes at rates tk on the n

goods and at rate t on labor. Firms j produces one unit of good j
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from one unit of labor. Thus, if we normalize the wage to one, the

producer price of good j is one and its consumer price is ð1þ t jÞ.
Agent i faces a budget constraint

Xn
k¼1
ð1þ tkÞXi

k ¼ ð1� tÞLi þ Ti

if he receives a lump-sum transfer Ti from the government. Govern-

ment needs to raise taxes in order to finance its lump-sum transfers

and pay G units of labor.

We now assume that good 1 is a dirty good whose total con-

sumption deteriorates the quality of the environment e. We denote

Xk ¼
XI
i¼1

Xi
k

then we define e ¼ f ðX1Þ where f is a smooth decreasing function. Of

course, the quality of the environment only matters in so far that

agents care, so we rewrite the utility functions as UiðXi; Li; eÞ, where

each Ui increases in e. Once again, think of X1 as car travel, which

brings private utility but also pollutes the air. We assume that I is

large, so that each agent neglects his own impact on e. Note that we

assume for simplicity that production sets are not affected by the

quality of the environment. We call all goods with k > 1 ‘‘clean

goods.’’

10.1 Optimal Green Taxes

10.1.1 The First-Best Case

We start with the marginal conditions for the first-best optimum.

These are obtained by choosing a set of Pareto weights ðniÞ and

maximizing

XI
i¼1

niUiðXi; Li; eÞ

given e ¼ f ðX1Þ and the production constraint, which is justPn
k¼1 Xk þ Ga

P I
i¼1 L

i. Let m denote the multiplier on the pro-

duction constraint. Then the first-order condition on Xi
1 is

ni
qUi

qXi
1

þ
XI
j¼1

nj
qUj

qe
f 0ðX1Þ ¼ m
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For other goods (k > 1) the first-order condition is

ni
qUi

qXi
k

¼ m

Finally, the first-order condition on Li is

ni
qUi

qLi
þ m ¼ 0

Substituting this last condition in the first two, we obtain for the

clean goods

� qUi=qXi
k

qUi=qLi
¼ 1

which is the standard condition that the marginal rate of substitution

between goods and leisure should equal the technical marginal rate

of substitution. On the other hand, we obtain for the dirty good

� qUi=qXi
1

qUi=qLi
�
 XI

j¼1

qUj=qe

qUj=qL j

!
f 0ðX1Þ ¼ 1

This condition differs from the usual one since the marginal rate of

substitution between the dirty good and leisure is corrected for the

marginal disutility induced by the deterioration of the environment

when the consumption of the dirty good increases. The left-hand

side of this equation is called the social marginal rate of substitution;

more generally, the marginal conditions for a Pareto optimum in the

presence of externalities state the equality of social marginal rates of

substitution and social technical marginal rates of substitution.

Assume that the government is able to redistribute arbitrarily by

using differentiated lump-sum transfers. Then the Pareto optimum

characterized above can be decentralized by using an appropriate

tax system. Consider indeed the marginal conditions for an equilib-

rium with consumer prices q and net wage ð1� tÞ. These state that

for all i and k,

� qUi=qXi
k

qUi=qLi
¼ qk

1� t

As in chapter 3, focus on the case where t ¼ 0 and qk ¼ 1þ t 0k, where

t 0k is the tax rate on good k. Then we can choose t 0k ¼ 0 for k > 1 and
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t 01 ¼
 XI

j¼1

qUj=qe

qUj=qL j

!
f 0ðX1Þ

computed at the Pareto optimum under study. It is easily seen by

substitution that such a tax system decentralizes the Pareto opti-

mum. Note that since U j decreases in L j and f is decreasing, t 01 is

positive. It is the value of the Pigovian tax in general equilibrium

when the government can use arbitrary lump-sum transfers.126 Note

also that its value differs across Pareto optima, as the marginal ben-

efit of reducing pollution presumably is larger when pollution is

high. The Pigovian tax embodies the same idea as in partial equi-

librium: it internalizes the externality by making polluters bear the

social cost of pollution.

10.1.2 The Second-Best Case

As argued repeatedly in this book, it is not realistic to assume that

the government can redistribute arbitrarily by using lump-sum

transfers. Informational problems make it difficult for the govern-

ment to go beyond uniform lump-sum transfers. Then the govern-

ment cannot implement the first-best optimum any more. The

best it can do is to choose a vector of tax rates on goods t 0 (where we

again normalize the tax rate on wages at zero) and a uniform lump-

sum transfer T so as to maximize a Bergson-Samuelson functional of

indirect utilities

WðV1; . . . ;VIÞ

under the government’s budget constraint

IT þ Ga
Xn
k¼1

t 0kXk

Here each indirect utility Viðq; e;TÞ is defined by maximizing

UiðXi; Li; eÞ given the budget constraint

q � Xi
a Li þ T

This is a very similar problem to the one we studied in chapter 3. For

126. If the quality of the environment depends on the consumption of the dirty good
by each consumer rather than on the total consumption, then the government must use
personalized Pigovian taxes, where f 0ðX1Þ is replaced in the formula by f 0i ðX1

1 ; . . . ;XI
1Þ

for consumer i.
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simplicity, we will study the case of separable externalities, where

the utility functions can be written as

UiðXi; Li; eÞ ¼ ~UUiðhiðXi; LiÞ; eÞ

for some scalar function hi. Then the demand functions for the vari-

ous goods are independent of the quality of the environment e.

The first-order condition in qk reads

XI
i¼1

qW

qVi

qVi

qqk
þ qVi

qe
f 0ðX1Þ

qX1

qqk

� �
¼ �l

�
Xk þ

Xn
l¼1

t 0l
qXl

qqk

�

As usual, denote by ai the marginal utility of income of consumer i

and by bi his social marginal utility of income:

bi ¼ ai
qW

qVi

The result is

XI
i¼1

biX
i
k ¼ l

�
Xk þ

Xn
l¼1

t 0l
qXl

qqk

�
þ
 XI

i¼1

qW

qVi

qVi

qe

!
f 0ðX1Þ

qX1

qqk

Now denote

G ¼ 1

l

XI
i¼1

qW

qVi

qVi

qe

and define a new tax system on goods by t 00k ¼ t 0k for k > 1 and

t 001 ¼ t 01 þ Gf 0ðX1Þ

Then the first-order condition above becomes

XI

i¼1
biX

i
k ¼ l

 
Xk þ

Xn
l¼1

t 00l
qXl

qqk

!

which is exactly the equation we obtained in chapter 3, with the dif-

ference that t 0 is replaced with t 00. If we denote

tP1 ¼ �Gf 0ðX1Þ

which is again positive, it follows that the optimal tax rates t 0 only

differ from the Ramsey optimal tax rates tR by the addition of the

Pigovian tax tP1 to the tax rate on the dirty good:

t 01 ¼ tR1 þ tP1 and t 0k ¼ tRk for k > 1
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This ‘‘additivity property’’ was first derived by Sandmo (1975). Re-

markably it implies that the government should not attempt to deter

pollution by taxing more heavily goods that are complements of the

dirty good, even in the second-best optimum. Still, raising a Pigo-

vian tax on the dirty good does discourage the consumption of its

complements and encourage the consumption of its substitutes. In-

deed, the formula for the optimal discouragement indexes obtained

in chapter 3 holds for t 00:

�
Pn

j¼1 t
00
j

P I
i¼1 S

i
kj

Xk
¼ 1� b� byk

This can also be written

�
Pn

j¼1 t
0
j

P I
i¼1 S

i
kj

Xk
¼ 1� b� byk � tP1

P I
i¼1 S

i
k1

X1

Since tP1 is positive and Si
k1 is positive for substitutes of good 1 and

negative for its complements, it follows that the government should

discourage more the consumption of goods that are more comple-

mentary to the dirty good.

Given the Atkinson-Stiglitz theorem of chapter 5, one may wonder

whether these results also hold when the government can choose

a nonlinear income tax optimally. Cremer-Gahvari-Ladoux (1998)

show that the additivity property still holds in that setting, even

though the optimal indirect taxation in the absence of externality

may be uniform (if the utility is weakly separable in goods and lei-

sure). On the other hand, the optimal income tax schedule is affected

by the externality in nontrivial ways.

10.2 Is There a Double Dividend?

Given that the green tax presumably brings revenue to the govern-

ment, a natural idea is to recycle this revenue by cutting other taxes

in the economy. We will now examine one such tax reform that

increases the green tax and cuts the tax on labor so as to maintain

government revenue constant. We start from the equilibrium corre-

sponding to arbitrary tax rates on goods t and on labor t, and we

increase t1 and reduce t. Note that we do not assume that the tax

system is optimal to begin with. Since consumer heterogeneity com-

plicates the computations without changing anything important, we
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simplify by assuming that there is only one consumer and no lump-

sum transfer. Let UðX; L; eÞ denote his utility function, so that the

consumer maximizes UðX; L; eÞ under the budget constraint

Xn
k¼1
ð1þ tkÞXk ¼ ð1� tÞL

Since de ¼ f 0ðX1Þ dX1, the tax reform changes utility by

dU ¼ U 0X � dX þU 0L dLþU 0e f
0ðX1Þ dX1

Now, if a is the marginal utility of income, the first-order conditions

of the consumer’s program give

U 0X ¼ að1þ tÞ and U 0L ¼ �að1� tÞ

So we have, by dividing by a,

dU

a
¼ ð1þ tÞ � dX � ð1� tÞ dL� tP1 dX1

where tP1 is the Pigovian tax

tP1 ¼ �
U 0e f

0ðX1Þ
a

Now the production constraint is
Pn

k¼1 Xk þ G ¼ L. It follows that

Xn
k¼1

dXk ¼ dL

so that the normalized change in utility is

dU

a
¼ t � dX þ t dL� tP1 dX1

In this formula, �tP1 dX1 represents the improvement in the quality of

the environment; it is called the first dividend of the tax reform. The

other part of the formula,

t � dX þ t dL ¼
Xn
k¼1

tk dXk þ t dL

is called the second dividend. The question we will now study is

whether this second dividend is positive, as in the double-dividend

story mentioned in the introduction to this chapter. To do this, we

will evaluate the second dividend in a simple case. However, it is
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easy to get the intuition of the results. To see this, first assume that

taxes are optimal. Then by definition, dU ¼ 0. But since the first div-

idend is always positive, this implies that the second dividend is in

fact negative. Now assume that we start from Ramsey-optimal tax

rates (i.e., they would be optimal if there were no externality). Then

by definition the second dividend is zero. It follows that the sec-

ond dividend can only be positive when the original tax system

favors the polluting good even more than in the Ramsey-optimal tax

system.

To make this more precise, let us return to the second dividend,

D ¼
Xn
k¼1

tk dXk þ t dL

The government’s budget constraint is G ¼
Pn

k¼1 tkXk þ tL. Since

only t1 and t are modified and revenue must not change, we have

dt1X1 þ
Xn
k¼1

tk dXk þ t dLþ L dt ¼ 0

so that

D ¼ �X1 dt1 � L dt

We cannot conclude at this point, since dt1 > 0 and dt < 0. The alge-

bra in fact gets rather messy at this stage. To simplify things, let

us assume that externalities are separable (the utility function is

separable in ðX; LÞ and e) and that the utility function over ðX; LÞ
takes the Cobb-Douglas form, so that

UðX; L; eÞ ¼ ~UU

 Yn
k¼1

X
gk
k ð1� LÞ1�g; e

!

where g ¼
Pn

k¼1 gk. Then easy computations show that

L ¼ g

and thus does not depend on tax rates (such is the beauty of Cobb-

Douglas functions) and for each k,

Xk ¼ gk
1� t

1þ tk

Differentiating, we get
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dXk ¼ �Xk
dtk

1þ tk
� gk

dt

1þ tk

Substituting in the differentiated government budget constraint, it

follows that

dt1X1 � t1X1
dt1

1þ t1
�
Xn
k¼1

gktk
1þ tk

dtþ g dt ¼ 0

or, using g ¼
Pn

k¼1 gk,

X1
dt1

1þ t1
þ
Xn
k¼1

gk
1þ tk

dt ¼ 0

Now substitute

�X1 dt1 ¼ dtð1þ t1Þ
Xn
k¼1

gk
1þ tk

in the expression for D. Using g ¼
Pn

k¼1 gk again, this finally gives

D ¼ dt
Xn
k¼1

gk
t1 � tk
1þ tk

Note that with a Cobb-Douglas utility function, the optimal Ramsey

taxes are uniform: all tk’s are equal. If the government has already

translated its environmental concerns into a green tax, then t1 > tk
for all k > 1. Since dt is negative, it follows that the double dividend

is negative in this simple case. This result can be generalized some-

what to slightly more general utility functions (see Bovenberg-de

Mooij 1994). In any case, the lesson from this exercise is that the

double-dividend story is seriously misleading. The intuition is fairly

clear: Ramsey taxation is by definition the most efficient way to col-

lect revenue by taxing goods. The Pigou tax is good for the environ-

ment (this is the first dividend), but it it is more distortionary than

the labor tax. To put things differently, the indirect utility depends

both on the quality of the environment e and on the real wage, which

is easily seen to be

wR ¼
1� tQn

k¼1ð1þ tkÞgk=g

When the government increases t1 and reduces t to keep tax re-

venue constant, the numerator goes up but the denominator goes
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up by more, so that the real wage decreases: this is another way to

state that the second dividend is negative. Of course, it may still be

welfare-improving to increase the green tax: the first dividend may

be larger than the second one (in absolute values). But calculations

on computable general equilibrium models reported by Bovenberg-

Goulder (1996) show that this is more than a theoretical fine point

and that in the presence of distortionary taxes, the optimal green tax

may fall noticeably short of the Pigovian level.

To conclude this discussion, I should mention two caveats. First,

it may be (e.g., in less developed countries) that the starting point

of the tax reform has t1 < tk for some k > 1, so that the existing tax

system in fact subsidizes the dirty goods relative to some other clean

goods. Then the second dividend may be positive, as shown by the

formula for D. Second, in economies with unemployment an ‘‘em-

ployment dividend’’ may be generated, at least in the short run, by

taxing dirty goods if the sectors that produce them are particularly

capital intensive, but this is quite a different argument.
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A Some Basic
Microeconomics

I will only remind the reader here of the few results that are neces-

sary for reading this book. For more details on consumer theory,

the reader could go to Deaton-Muellbauer (1980), and to MasColell-

Whinston-Green (1995) for microeconomics more generally. I thank

Philippe Choné for writing a first draft of this appendix.

A.1 Consumer Theory

We take as given a quasi-concave utility function U based on N

arguments ðX1; . . . ;XNÞ.

A.1.1 Hicksian and Marshallian Demands

The consumer must allocate his income R between the N goods. We

denote the price vector q ¼ ðq1; . . . ; qNÞ and the basket of goods X ¼
ðX1; . . . ;XNÞ. The consumer’s program is

max
q �XaR

UðXÞ ðA:1Þ

The solution of this program is the Marshallian or uncompensated

demand, which we denote gðq;RÞ. The value of the maximum is the

indirect utility Vðq;RÞ. The functions g and V are 0-homogeneous in

ðq;RÞ: there is no monetary illusion.

The dual program is

min
UðXÞbU

q � X ðA:2Þ

The solution of this program is the Hicksian or compensated

demand, which we denote hðq;UÞ. The value of the minimum is

the expenditure function eðq;UÞ. Note that the expenditure func-



tion is concave in q since it is the minimum of a family of linear

functions.

Since the two programs above are dual, we have the following two

identities:

Vðq; eðq;UÞÞ ¼ U and eðq;Vðq;RÞÞ ¼ R:

Let us introduce the Lagrange multiplier l associated with the

budget constraint in the primal program (A.1); then

Vðq;RÞ ¼ Uðgðq;RÞÞ � lðq � gðq;RÞ � RÞ

Now differentiate this equation and use the envelope theorem; since

at the optimum

q � gðq;RÞ ¼ R

it follows that

qV

qR
¼ l and Ei;

qV

qqi
¼ �lgi ðA:3Þ

Thus the multiplier can be interpreted as the marginal utility of

income. By taking the ratio of the two equalities, we get Roy’s

identity:

Ei; gi ¼ �
qV=qqi
qV=qR

The expenditure function e is 1-homogeneous in q and the Hick-

sian demand functions h are 0-homogeneous in q. By the envelope

theorem,

qe

qqi
¼ hiðq;UÞ

Let sij denote the derivatives of the Hicksian demand functions that

hold utility constant:

sij ¼
qhi
qqj
¼ qXi

qqj

� �
U

Note that

sij ¼
q2e

qqiqqj
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so the matrix formed by the ðsijÞ’s is symmetric and (since e is

concave in q) negative semi-definite. We call it the Slutsky matrix,

denoted S here.

We denote e�ij as the corresponding ‘‘Hicksian’’ or ‘‘compensated’’

elasticities:

e�ij ¼
qj

hi
sij ¼

qj

hi

qhi
qqj

Euler’s equations state the homogeneity of the functions e and h:

e ¼
X
j

qjhj and
X
j

qjsij ¼ 0; for all i

The last equation can also be written Sq ¼ 0 or, in terms of compen-

sated elasticities:X
j

e�ij ¼ 0

A.1.2 The Slustky Equations

The Slutsky equations link the price derivatives of the demand

functions for constant utility (sij) and for constant income. They fol-

low from differentiating the equation

hðq;UÞ ¼ gðq; eðq;UÞÞ

with respect to q. Since the compensated demand functions h are the

derivatives of the expenditure function with respect to prices

qhi
qqj
¼ qgi

qqj
þ hj

qgi
qR

which we rewrite as

qXi

qqj
¼ qXi

qqj

� �
U

� Xj
qXi

qR
:

The Slutsky equations make it possible to write the derivatives if the

Hicksian demand functions include only the behavioral parameters

that can be estimated, as in

sij ¼
qgi
qqj
þ gj

qgi
qR
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The symmetry constraints sij ¼ sji and the Euler equation Sq ¼ 0 also

imply restrictions on the Marshallian elasticities that can be tested.

Denote

ei ¼
R

gi

qgi
qR

and

eij ¼
qj

gi

qgi
qqj

the uncompensated elasticities with respect to income and prices;

then

e�ij ¼ eij þ wjei

where wj ¼ qjgj=R is the budget share of good j. It follows, for in-

stance, that

Ei; j; eij þ wjei ¼ eji þ wiej

A.1.3 Interpretation

Let us use the notation of hat calculus, that is, the logarithmic

derivatives

ẑz ¼ dz

z

Assume that prices change by p̂pi and income by R̂R. Then demands

change by

ĝgi ¼
X
j

eijq̂qj þ eiR̂R ¼
X
j

e�ij q̂qj þ ei

�
R̂R�

X
j

wjq̂qj

�

and utility changes by (see A.3)

dV ¼ �l
X
j

qjgjq̂qj þ lRR̂R ¼ lR

�
R̂R�

X
j

wjq̂qj

�

Thus, if R̂R ¼
P

j wjq̂qj, then dV ¼ 0, and the change in utility is second-

order. The quantity R̂R ¼
P

j wjq̂qj therefore is the change in income

necessary to compensate the consumer for the change in prices, that

is, to hold his utility constant. As an absolute variation (not a relative

one any more), this change in income is dR ¼ RR̂R ¼
P

j gj dqj.
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A.2 Producer Theory

We focus in the two-input case, with labor and capital as our inputs.

Capital K is paid a return r and labor L is paid a wage w. The pro-

duction function we denote as FðK; LÞ.

A.2.1 The Producer’s Problem

The producer chooses his input mix so as to minimize his costs;

given perfect competition on markets for inputs, this amounts to

min
FðK;LÞbY

ðrK þ wLÞ

We denote the demands for inputs Kðr;w;YÞ and Lðr;w;YÞ, and the

cost function Cðr;w;YÞ. The cost function is concave in ðr;wÞ, since
it is the minimum of a family of linear functions. Denote l the

Lagrange multiplier associated to the production constraint FðK; LÞ
bY; we derive

Cðr;w;YÞ ¼ rK þ wL� lðFðK; LÞ � YÞ

By the envelope theorem and using FðK; LÞ ¼ Y at the optimum, it

follows that

C 0Y ¼ l and r ¼ lF 0K; w ¼ lF 0L: ðA:4Þ

If the market for the firm’s product is competitive and the price is

p, then the maximization of profit ðpY� CðY; r;wÞÞ gives

p ¼ C 0Y ¼ l and F 0K ¼
r

p
; F 0L ¼

w

p

The inputs are paid their marginal productivities.

A.2.2 Factor Demands

The cost function is 1-homogeneous in ðr;wÞ and the factor demands

are 0-homogeneous in ðr;wÞ. By the envelope theorem,

K ¼ qC

qr
and L ¼ qC

qw

The Euler equations that state the 1-homogeneity of the cost function

can be written

C ¼ rK þ wL ¼ r
qC

qr
þ w

qC

qw
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Denote sKr; sKw; sLr, and sLw the derivatives of the factor demands

with respect to input prices, for instance sKr ¼ qK=qr. These terms are

the second derivatives of the cost function; therefore we have, for

instance, sKw ¼ sLr and sKr < 0, sLw < 0 (from the concavity of C).

From the 0-homogeneity of factor demands, we obtain

rsKr þ wsKw ¼ 0 and rsLr þ wsLw ¼ 0

Denote the price elasticities of factor demands eKr, eKw, eLr, and eLw.

For instance,

eKr ¼
q lnK

q ln r
¼ rsKr

K

Then we have

eKr þ eKw ¼ 0 and eLr þ eLw ¼ 0

Taking the logarithmic derivative of the demand for capital (holding

production constant) and using the notation of hat calculus, we get,

for instance,

K̂K ¼ eKrðr̂r� ŵwÞ and L̂L ¼ eLwðr̂r� ŵwÞ

It follows that

K̂K � L̂L ¼ �ðeKw þ eLrÞðr̂r� ŵwÞ:

Define the elasticity of substitution between capital and labor as

s� ¼ � q ln L=K

q lnw=r

or, to use hat calculus again,

K̂K � L̂L ¼ �s�ðr̂r� ŵwÞ;

then we obtain

s� ¼ eKw þ eLr ¼ �ðeKr þ eLwÞ > 0:

When the relative price of labor increases by 1 percent, the capital-

labor input mix shifts by s� percent towards capital.

Moreover differentiating Y ¼ FðK; LÞ gives

dY ¼ F 0K dK þ F 0L dL ¼
r

p
dK þ w

p
dL
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or with hat calculus:

ŶY ¼ rK

pY
K̂K þ wL

pY
L̂L:

A.2.3 The Special Case of Constant Returns

Now assume that the production function F is 1-homogeneous in the

pair ðK; LÞ. Then it is easily seen that both the cost function and the

factor demands are 1-homogenous in Y. Using the equations above

and denoting cðr;wÞ the unit cost, we can write

Cðr;w;YÞ ¼ cðr;wÞY; Kðr;w;YÞ ¼ c 0rðr;wÞY and

Lðr;w;YÞ ¼ c 0wðr;wÞY:

Recall that by homegeneity, rc 0r þ wc 0w ¼ c. Thus the unit cost is

the sum of unit factor demands, weighted by their respective input

prices.
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B Optimal Control

This appendix presents Pontryagin’s maximum principle used in

chapters 4 and 5 to solve optimal control problems. Mathematically,

an optimal control problem consists in determining the function that

maximizes a given functional under some constraints on the function

and its derivatives. This type of problem can also be solved by using

the calculus of variations. The originality of optimal control is that

it rests on an analogy with engineering. Consider therefore a sys-

tem that changes in time between t ¼ a and t ¼ b. This system is

characterized by a vector of state variables xðtÞ A Rn that are influ-

enced by control variables uðtÞ A Rp. The state variables evolve ac-

cording to

x 0ðtÞ ¼ gðxðtÞ; uðtÞ; tÞ

The system may also obey some constraints on the endpoint values

of some state variables:

xiðaÞ ¼ xi for i A Ia

and

xiðbÞ ¼ xi for i A Ib

where Ia and Ib are two subsets of f1; . . . ; ng with empty intersection.

Finally, the control variables can be freely chosen in some subset U

of Rp. In the variant we focus on here,127 optimal control consists in

choosing the values of these control variables so as to maximize an

objective

127. Kamien-Schwartz (1991) is a technically simple reference that contains much
more detail than I can give here.



ð b
a

f ðxðtÞ; uðtÞ; tÞ dt

under the constraints listed above, with f a given function.

To solve this problem, we define the Hamiltonian as a dynamic

analogue of the Lagrangian:

Hðx; u; t; lÞ ¼ f ðx; u; tÞ þ l � gðx; u; tÞ

where l A Rn is a vector of multipliers that depend on t. Let ðx�; u�Þ
denote the solution to the problem. Pontryagin’s principle states that

given some technical conditions,128 the solution and the associated

multipliers l� (which are functions of time) satisfy the following:

. for all t, u�ðtÞ maximizes the Hamiltonian129 Hðx�ðtÞ; u; t; l�ðtÞÞ
over u A U

. for all t where u� is continuous, l� is a solution of the differential

equation

l�
0 ðtÞ ¼ � qH

qx
ðx�ðtÞ; u�ðtÞ; t; l�ðtÞÞ

. the transversality conditions hold

if i B Ia; then l�i ðaÞ ¼ 0

and

if i B Ib; then l�i ðbÞ ¼ 0

We in fact need a slightly more general form of the optimal control

problem where the solution must also verify an integral constraint

(called isoperimetric):

ð b
a

hðxðtÞ; uðtÞ; tÞ dt ¼ 0

To stay within the first class of problems, we just have to define a

new state variable yðtÞ by yðaÞ ¼ yðbÞ ¼ 0 and

y 0ðtÞ ¼ hðxðtÞ; uðtÞ; tÞ

128. For instance, x� should be piecewise continuously differentiable and u� should be
piecewise continuous.
129. This is why the principle is called Pontryagin’s maximum principle.

216 Appendix B



Let mðtÞ denote the multiplier associated to this new differential

equation and define the new Hamiltonian

Hðx; y; u; t; l; mÞ ¼ f ðx; u; tÞ þ l � gðx;u; tÞ þ mhðx; u; tÞ

Then we can apply Pontryagin’s principle. In particular, we must

have

u 0ðtÞ ¼ � qH

qy
¼ 0

so that m is constant.

Of course, it does not matter whether the variable t represents time

or any other index. We apply in this book Pontryagin’s principle

to optimal taxation problems, which have a formally equivalent

mathematical structure.
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