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Preface

Practical Management Science provides a
spreadsheet-based, example-driven approach to
management science. Our initial objective in writing
the book was to reverse negative attitudes about the
course by making the subject relevant to students. We
intended to do this by imparting valuable modeling
skills that students can appreciate and take with them
into their careers. We are very gratified by the success
of the first two editions. The book has exceeded our
initial objectives. We are especially pleased to hear
about the success of the book at many other colleges
and universities around the world. The acceptance and
excitement that has been generated has motivated us to
revise the book and make the third edition even better.
By incorporating our own teaching experience and the
many user comments and suggestions, we believe this
third edition is a significant improvement over the first
two. We hope you will agree.

When we wrote the first edition, management
science courses were regarded as irrelevant or
uninteresting to many business students, and the use of
spreadsheets in management science was in its early
stages of development. Much has changed since the
first edition was published in 1996, and we believe
that these changes are for the better. We have learned a
lot about the best practices of spreadsheet modeling
for clarity and communication. We have also developed
better ways of teaching the materials, and we understand
more about where students tend to have difficulty with
the concepts. Finally, we have had the opportunity to
teach this material at several Fortune 500 companies
(including Eli Lilly, Price Waterhouse Coopers,
General Motors, Tomkins, Microsoft, and Intel).
These companies, through their enthusiastic support,
have further enhanced the realism of the models
included in this book.

The success of the book outside of the classroom
justifies our approach in the third edition. Although we
have retained many of the features that have made this
book a bestseller, we have enhanced the coverage to
make it more relevant and more accessible to students
of varying backgrounds. Throughout the book, you will
find many new models that are based upon real
problems, and you will find a much clearer presentation
of the modeling, solution, and interpretation of the
examples. We have found that professionals, like
students, have differing backgrounds in terms of their

command of mathematics and Excel, but they both
desire skills and knowledge they can immediately
apply to the challenges they face in their professions.
Those of you who are sympathetic to this approach
will find the third edition is better suited to meet these
needs.

Our objective in writing the first edition was very
simple—we wanted to make management science
relevant and practical to students and professionals.
This book continues to distinguish itself in the market
in four fundamental ways:

®  Teach by Example. The best way to learn
modeling concepts is by working through
examples and solving an abundance of problems.
This active learning approach is not new, but our
text has more fully developed this approach than
any book in the field. The feedback we have
received from many of you has confirmed the
success of this pedagogical approach for
management science.

B Integrate Modeling with Finance, Marketing,
and Operations Management. We integrate
modeling into all functional areas of business.
This is an important feature because the majority
of business students major in finance and
marketing. Almost all competing textbooks
emphasize operations management-related
examples. Although these examples are
important, and many are included in the book,
the application of modeling to problems in
finance and marketing are too important to
ignore. Throughout the book, we use real
examples from all functional areas of business to
illustrate the power of spreadsheet modeling to
all of these areas. At Indiana University, this has
led to the development of two advanced MBA
electives in finance and marketing that build
upon the content in this book. The inside front
cover of the book illustrates the integrative
applications contained in the book.

B Teach Modeling, Not Just Models. Poor
attitudes among students in past management
science courses can be attributed to the way in
which they were taught: emphasis on algebraic
formulations and memorization of models.
Students gain more insight into the power of

Xi



management science by developing skills in
modeling. Throughout the book, we stress the
logic associated with model development and
formulation, and we discuss solutions in this
context. Because real problems and real models
often include limitations or alternatives, we
include many “Modeling Issues” sections to
discuss these important matters. Finally, we
include “Modeling Problems” in most chapters
to help develop these skills.

B Provide Numerous Problems and Cases.
Whereas all textbooks contain problem sets for
students to practice, we have carefully and
judiciously crafted the problems and cases
contained in this book. The third edition contains
many new problems and cases. Each chapter
contains four types of problems: Skill-Building
Problems, Skill-Extending Problems, Modeling
Problems, and Cases. A new feature to this
edition is that almost all of the problems
following sections of chapters ask students to
extend the examples in the preceding section.
The end-of-chapter problems then ask students to
explore new models. Selected solutions are
available to students who purchase the Student
Solution Files online and are denoted by the
second color numbering of the problem.
Solutions for all of the problems and cases are
provided to adopting instructors. In addition,
shell files (templates) are available for most of
the problems for adopting instructors. The shell
files contain the basic structure of the problem
with the relevant formulas omitted. By adding or
omitting hints in individual solutions, instructors
can tailor these shell files to best meet the
individual/specific needs of their students.

Enhancements to the Third Edition

Our extensive teaching experience has provided more
insights about the instruction of a spreadsheet-based
course in management science, and we have
incorporated many suggestions from users of the first
two editions to improve the book. In addition, there
have been several advances in spreadsheet-based
technology in recent years. The software accompanying
new copies of the third edition includes the most
extensive and valuable suite of tools ever available in a
management science textbook. Important changes to
the third edition include the following:

® Improved Spreadsheet Readability and
Documentation. Many professionals we have
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taught instinctively document their spreadsheet
models for the purpose of sharing them with
colleagues or communicating them in presen-
tations and reports. This is an important element
of good spreadsheet modeling, and the third
edition does even more to emphasize good
practices.

Furthermore, grading homework
assignments and exams can be a very time-
consuming chore if students are permitted to
construct their models in any form. Therefore,
we place early and consistent emphasis on good
spreadsheet habits. This should benefit both
students and instructors. Although we try not to
force any one approach on everyone, we do
suggest some good habits that lead to better
spreadsheet models.

To achieve this goal of better readability and
documentation, we have reworked many
examples in the chapters, and we have incor-
porated our new habits in the many new
examples. This is especially important because
this edition’s most important feature continues
to be the set of examples that illustrates the con-
cepts in each chapter. For users of the first two
editions, the changes will sometimes appear
subtle, but they make a significant difference
pedagogically.

Pedagogical Enhancements. We have borrowed
the pedagogical enhancements from our
Spreadsheet Modeling and Applications text.
These include (1) “Objectives” sections
following most examples that briefly describe the
objectives of the example; (2) “Where Do the
Numbers Come From” sections following most
examples that discuss how the model inputs
might be obtained in real business situations;

(3) tables of key variables and constraints
following most examples in the optimization
chapters that form a bridge from the statement of
the problem to the spreadsheet implementation;
(4) “Fundamental Insight” sections that highlight
important concepts; and (5) summaries of key
terms at the ends of chapters. All of these
enhancements make it easier for students to
study the material and prepare for exams.

Interpretation of Results and Sensitivity
Analysis. Some users mentioned that we often
show solutions to models and then move too
quickly to other models. In this edition, we spend
more time discussing the solutions to models for
the insights they contain. We often try to



understand why a solution comes out as it does,
and we spend plenty of time doing sensitivity
analyses on the solutions. As we have heard from
practitioners, this is often where the real benefits
of management science are found. In this sense,
a developed model is not an end; it is a
beginning for understanding the business
problem.

Range Names. In the second edition, we perhaps
overemphasized the use of range names. We still
believe strongly that range names are an important
way to document spreadsheet formulas, so we
continue to use them but to a somewhat lesser
extent. We also emphasize how easy it is to
create range names, in many cases, by using
adjacent labels.

New Problems. We have added more than
100 new problems, many of which follow
sections of the chapters. These problems ask
students to extend the examples covered in the
preceding sections in a variety of directions.
These “model extension” problems are arguably
as important as any other enhancement to this
edition. We have always emphasized model
development, and we continue to do so. But it
is also extremely important to understand how
completed models can be extended to answer
various business questions. Students now
have plenty of opportunity to extend existing
models.

New Chapter on Project Scheduling. The
material on project scheduling included in the
optimization and simulation chapters of previous
editions has now been assembled into its own
chapter, Chapter 15. This allows many instructors
who feel strongly about this topic to cover it in a
more integrated manner.

New Examples in Queueing. Given the support
for the Erlang loss model from the queueing
chapter, we have reinstated it in the third edition.
We have also added a very insightful queueing
spreadsheet model that approximates transient
behavior of queues. This model is not very
difficult to implement in Excel, and we’re
surprised that it hasn’t been taught more often in
management science courses. This model
illustrates interesting short-run behavior of
queues that does not appear in the traditional
steady-state analysis.

Combination of Regression and Forecasting
Chapters. These two topics are of obvious

importance to management scientists, but we
decided to combine them into a single chapter,
focusing on the most essential concepts and
methods. Our rationale is twofold. First, we
doubt that many instructors have enough time to
cover regression and forecasting in as much
depth as we included in the second edition.
Second, we suspect that many students have
already been exposed to this material in a
statistics class, so a quick refresher chapter
should suffice.

B New Chapter Opening Vignettes and Other
Real Applications. It is important for students to
realize the important role management science
plays in today’s business world. The Interfaces
journal chronicles the many successful
applications that have saved companies millions
or even billions of dollars. The third edition
contains descriptions of many new Interfaces
applications, both in the chapter opening
vignettes and throughout the chapters.

Reason for this Revised Edition

In 2007, Microsoft released its newest version of Office,
Office 2007 (also called Office 12). This was not just
another version with a few changes at the edges. It was
a completely revamped package. Suddenly, many of the
screenshots and instructions in our books were no
longer correct because of the extensive user interface
changes in Excel 2007. To add to the confusion, third-
party developers of add-ins for Excel, particularly
Palisade for our books, had to scramble to update their
software for Excel 2007. We also had to scramble as the
Fall semester of 2007 approached. By the time we
obtained the updated software, even in beta version, it
was too late to produce updates to our books by Fall
2007. Therefore, we put “changes” files on our Web site
(http://www.kelley.iu.edu/albrightbooks) to help many
of you to make the transition.

Of course, a more permanent solution was
needed—hence, this revised edition. It is entirely
geared to Excel 2007 and the updated add-ins for
Excel 2007. If you have moved to Excel 2007, you
should use this revised edition. If you are still using an
earlier version of Excel, you should continue to use the
original third edition. Almost all of the content in the
two versions are identical. We changed as little as
possible, mostly just the screenshots and accompa-
nying explanations.

Two other comments are in order. First, Palisade
was in the midst of an extensive rewrite of its
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DecisionTools™ suite when Office 2007 came out. To
get through the 2007-2008 academic year, Palisade
developed a slightly revised version of its old
DecisionTools suite (for example, version 4.5.7 of
@RISK) that was compatible with Excel 2007, and we
made that version available to users for the 2007-2008
year. Fortunately, their new version of the
DecisionTools suite, version 5.0, is now out.
Therefore, the educational version of it accompanies
this book, and the screenshots and explanations are
geared to it. We believe you will like its much friendlier
user interface.

Second, the example files on the CD-ROM inside
the revised edition have been updated slightly. They
still have the same content, but they are now in Excel
2007 format (.xIsx or .xlsm). Also, although we still
provide templates and finished versions of all these
example files (in different folders), we have appended
“Finished” to the names of all the finished files. This
should avoid the confusion of having the same name
for two different files that some of you have mentioned.
Finally, we have included “Annotated” versions of
these finished example files, plus a few “Extra”
application files, to instructors. The annotated versions
include our insights and suggestions for the examples.
‘We hope these help you to teach the material even more
effectively.

Accompanying Student Resources

We continue to be very excited about offering the most
comprehensive suite of software ever available with a
management science textbook. The commercial value
of the enclosed software exceeds $1000 if purchased
directly. This software is packaged free with NEW
copies of the third edition. It is for students only and,
in contrast to the previous edition, it requires no online
registration. The following software is included on the
accompanying Palisade CD-ROM:

®  Palisade’s DecisionTools™ Suite, including
the award-winning @RISK, PrecisionTree,
TopRank, and RISKOptimizer, and Palisade’s
StatTools add-in for statistics are included in the
box that is packaged with new copies of the
book. This software is not available with any
competing textbook and comes in an educational
version that is only slightly scaled down from the
expensive commercial version. (StatTools
replaces Albright’s StatPro add-in that came with
the second edition. If you are interested, StatPro
is still freely available from
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http://www kelley.iu.edu/albrightbooks, although
it will not be updated for Excel 2007.) For more
information about the Palisade Corporation, the
DecisionTools Suite, and StatTools, visit
Palisade’s Web site at http://www.palisade.com.

B Also available with new copies of the revised
third edition is a Student CD-ROM. This
resource provides the Excel files for all of the
examples in the book, as well as the data files
required for a number of problems and cases. As
in the second edition, there are two versions of
the example files: a completed version and a
template to get students started. To make
sensitivity analysis useful and intuitive, we
continue to provide Albright’s SolverTable
add-in (which is also freely available from
http://www kelley.iu.edu/albrightbooks).
SolverTable provides data table-like output that
is easy to interpret. Finally, the newest version of
Frontline Systems’ Premium Solver™ for
Education is included for use in Chapter 8. Its
Evolutionary Solver uses genetic algorithms
to solve nonlinear optimization problems. For
more information on Premium Solver or
Frontline Systems, visit Frontline’s Web site at
http://www.frontsys.com. (Note that the versions
of SolverTable and Premium Solver included are
updates compatible with Excel 2007.)

B Additionally, a 60-day trial version of Microsoft
Project 2007 is packaged with new copies of the
revised third edition.

Companion VBA Book

Soon after the first edition appeared, we began using
Visual Basic for Applications (VBA), the program-
ming language for Excel, in some of our management
science courses. VBA allows us to develop decision
support systems around the spreadsheet models. (An
example appears at the end of Chapter 3.) This use of
VBA has been popular with our students, and many
instructors have expressed interest in learning how to
do it. For additional support on this topic, a companion
book, VBA for Modelers, 2e (ISBN 0-495-10683-6) is
available. It assumes no prior experience in computer
programming, but it progresses rather quickly to the
development of interesting and nontrivial applications.
The revised third edition of Practical Management
Science depends in no way on this companion VBA
book, but we expect that many instructors will want to
incorporate some VBA into their management science
courses.


http://www.kelley.iu.edu/albrightbooks
http://www.palisade.com
http://www.kelley.iu.edu/albrightbooks
http://www.frontsys.com

Ancillary Materials

Besides the Student CD-ROM that accompanies new
copies of the third edition, the following materials are
available:

B An Instructor’s Resource CD (ISBN-10: 0-324-
59557-3; ISBN-13: 978-0-324-59557-4) that
includes PowerPoint slides, Instructor’s
Solutions Files, and Test Bank files is available
to adopters. This useful tool reduces class
preparation time, aids in assessment, and
contributes to students’ comprehension and
retention.

®  Student Solution Files (ISBN-10: 0-495-01643-8;
ISBN-13: 978-0-495-01643-4) are available for
purchase through the Student Resources
Web page at the book support Web site. Visit
academic.cengage.com/decisionsciences/
winston for more information on purchasing
this valuable student resource.

If you are interested in requesting any of these
supplements or VBA for Modelers, contact your local
South-Western Sales Rep or the Academic Resource
Center at 800-423-0563.
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CHAPTER

Introduction to Modeling

© Getty Images/PhotoDisc

COMPLEX ALGORITHMS AND THE “SOFT OR”
APPROACH SOLVE REAL-WORLD PROBLEMS

As you embark on your study of management science, you might question
the usefulness of quantitative methods to the “real world.” A front-page
article in the December 31, 1997 edition of USA Today entitled “Higher Math
Delivers Formula for Success” provides some convincing evidence of the ap-
plicability of the methods you will be learning. The subheading of the article,
“Businesses turn to algorithms to solve complex problems,” says it all. Today’s
business problems tend to be very complex. In the past, many managers and
executives used a “seat of the pants” approach to solve problems—that is,
they used their business experience, their intuition, and some thoughtful
guesswork to solve problems. But common sense and intuition go only so far
in the solution of the complex problems businesses now face. This is where
management science models—and the algorithms mentioned in the title of
the article—are so useful. When the methods in this book are implemented
in user-friendly computer software packages that are applied to complex
problems, the results can be amazing. Robert Cross, whose company, DFI
Aeronomics, sells algorithm-based systems to airlines, states it succinctly: “It’s
like taking raw information and spinning money out of it.”

The methods in this book are powerful because they apply to so many
problems and environments. The article mentions the following “success sto-
ries” in which management science has been applied; others will be discussed
throughout this book.



m  United Airlines installed one of DFI’s systems, which cost between $10
million and $20 million. United expected the system to add $50 million
to $100 million annuadlly to its revenues.

m The Gap clothing chain uses management science to determine exactly
how many employees should staff each store during the Christmas rush.

m  Management science has helped medical researchers test potentially dan-
gerous drugs on fewer people with better results.

m |BM obtained a $93 million contract to build a computer system for the
U.S. Department of Energy that would do a once-impossible task: make
exact real-time models of atomic blasts. It won the contract—and con-
vinced the DOE that its system was cost-effective—only by developing
management science models that would cut the processing time by half.

m Hotels,airlines, and television broadcasters all use management science
to implement a method called yield management. In this method, different
prices are charged to different customers, depending on their willingness
to pay. The effect is that more customers are attracted and revenues
increase.

Although most of this book describes how quantitative methods can be used
to solve business problems, solutions do not always need to be quantitatively
based. In a recent article, Kimbrough and Murphy (2005), two academics
located in Philadelphia, describe how they were commissioned by the city to
study the knowledge economy of the region and make recommendations on
ways to improve its rate of growth. Unlike most of the success stories
chronicled in the Interfaces journal (which is described on page 16), the
authors state right away that they used no quantitative methods or mathe-
matical models to develop recommendations for the city. Instead, they used a
soft OR approach.' By this, they imply that they used a systematic approach
to formulate and solve their client’s problem, even though the approach does
not employ quantitative methods.

Specifically, Kimbrough and Murphy used two interrelated approaches in
their study. First, using ideas in the management science and economics litera-
ture, they developed a comprehensive framework for thinking about regional
economic development. This allowed them to identify the many factors that
influence a region’s economic vitality or lack thereof. Second, they inter-
viewed a wide range of people from the region, including researchers in sci-
ence and technology, business people, government officials, and academics.
Instead of asking these people what ought to be done, they asked them to
propose ideas or policy initiatives that might improve the region’s economy.
As they state, “The results were gratifying. The framework we developed
focuses people’s thinking on problems, bottlenecks, and leverage points in the
knowledge economy. Asking for specific ideas produced a rich and construc-
tive list of more than 50 promising, realistic, and detailed policy initiatives.”

However, the study went beyond brainstorming. After conducting the
interviews and analyzing the responses, the authors made specific recom-
mendations to their client on initiatives that might be implemented to im-
prove the knowledge economy. Based on these recommendations, the board

' OR is an abbreviation for operations research, another term for management science. Over the
years, the two terms have become practically synonymous, although some people in the field still
prefer to be called management scientists, whereas others prefer to be called operations
researchers.

2 Chapter | Introduction to Modeling



of directors of Greater Philadelphia First adopted Six for Success, a strategy
that commits leaders to (1) attract more research dollars and expertise;

(2) implement strategies to accelerate science and technology; (3) promote
an entrepreneurial climate; (4) launch a business marketing plan; (5) leverage
quality-of-life infrastructure and amenities; and (6) streamline and rationalize
business-oriented nonprofits. Granted, these ideas are not necessarily
ground breaking, but they made sense to leaders in Philadelphia. The impor-
tant point is that they were developed through a systematic approach to
solving a problem—even if it wasn’t the quantitative approach discussed
through most of this book. B

1.1 INTRODUCTION

The purpose of this book is to expose you to a variety of problems that have been solved
successfully with management science methods and to give you experience in modeling
these problems in the Excel spreadsheet package. The subject of management science has
evolved for more than 50 years and is now a mature field within the broad category of ap-
plied mathematics. This book will emphasize both the applied and mathematical aspects of
management science. Beginning in this chapter and continuing throughout the rest of the
book, we discuss many successful management science applications, where teams of
highly trained people have implemented solutions to the problems faced by major compa-
nies and have saved these companies millions of dollars. Many airlines and oil companies,
for example, could hardly operate as they do today without the support of management sci-
ence. In this book, we will lead you through the solution procedure of many interesting
and realistic problems, and you will experience firsthand what is required to solve these
problems successfully. Because we recognize that most of you are not highly trained in
mathematics, we use Excel spreadsheets to solve problems, which makes the quantitative
analysis much more understandable and intuitive.

The key to virtually every management science application is a mathematical model.
In simple terms, a mathematical model is a quantitative representation, or idealization, of
areal problem. This representation might be phrased in terms of mathematical expressions
(equations and inequalities) or as a series of interrelated cells in a spreadsheet. We prefer
the latter, especially for teaching purposes, and we concentrate primarily on spreadsheet
models in this book. However, in either case, the purpose of a mathematical model is to
represent the essence of a problem in a concise form. This has several advantages. First, it
enables a manager to understand the problem better. In particular, the model helps to define
the scope of the problem, the possible solutions, and the data requirements. Second, it al-
lows analysts to employ a variety of the mathematical solution procedures that have been
developed over the past half-century. These solution procedures are often computer inten-
sive, but with today’s cheap and abundant computing power, they are usually feasible.
Finally, the modeling process itself, if done correctly, often helps to “sell” the solution to
the people who must work with the system that is eventually implemented.

This chapter begins with a relatively simple example of a mathematical model. You’ll
then examine the difference between modeling and a collection of models and learn about
a seven-step model-building process that you should follow—in essence if not in strict
conformance—in all management science applications. Next, you’ll learn about a success-
ful application of management science and how the seven-step model-building process was
followed. Finally, you’ll see why the study of management science is valuable, not only to
large corporations, but also to students like you who are about to enter the business world.
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1.2 A WAITING-LINE EXAMPLE

4 Chapter |

As indicated earlier, a mathematical model is a set of mathematical relationships that rep-
resent, or approximate, a real situation. Models that simply describe a situation are called
descriptive models. Other models that suggest a desirable course of action are called
optimization models. To get started, consider the following simple example of a mathe-
matical model. It begins as a descriptive model, but then expands to an optimization model.

Consider a convenience store with a single cash register. The manager of the store sus-
pects that customers are waiting too long in line at the checkout register and that these ex-
cessive waiting times are hurting business. Customers who have to wait a long time might
not come back, and potential customers who see a long line might not enter the store at all.
Therefore, the manager builds a mathematical model to help understand the problem. The
manager wants the model to reflect the current situation at the store, but it should also sug-
gest improvements to the current situation.

A Descriptive Model

This example is a typical waiting line, or queueing, problem. (Such problems are studied
in detail in Chapter 14.) The manager first wants to build a model that reflects the current
situation at the store. Later, he will alter the model to predict what might make the situation
better. To describe the current situation, the manager realizes that there are two important
inputs to the problem: (1) the arrival rate of potential customers to the store and (2) the rate
at which customers can be served by the single cashier. Clearly, as the arrival rate increases
and/or the service rate decreases, the waiting line will tend to increase and each customer
will tend to wait longer in line. In addition, more potential customers likely will decide not
to enter at all. These latter quantities (length of waiting line, time in line per customer, frac-
tion of customers who don’t enter) are commonly referred to as outputs. The manager be-
lieves he has some understanding of the relationship between the inputs and the outputs,
but he is not at all sure of the exact relationship between them.

This is where a mathematical model is useful. By making several simplifying as-
sumptions about the nature of the arrival and service process at the store (as discussed in
Chapter 14), you can relate the inputs to the outputs. In some cases, when the model is
sufficiently simple, you can write an equation for an output in terms of the inputs. For ex-
ample, in one of the simplest queueing models, if A is the arrival rate of customers per
minute, S is the service rate of customers per minute, and W is the average time a typical
customer waits in line (assuming that all potential customers enter the store), then the
following relationship can be derived mathematically:

A
W= SS—A) (1.1

This relationship is intuitive in one sense. It correctly predicts that as the service rate
S increases, the average waiting time W decreases; as the arrival rate A increases, the aver-
age waiting time W increases. Also, if the arrival rate is just barely less than the service
rate—that is, the difference S — A is positive but very small—the average waiting time be-
comes quite large. [This model requires that the arrival rate be less than the service rate;
otherwise, equation (1.1) makes no sense.]

In many other models, there is no such closed-form relationship between inputs
and outputs (or if there is, it is too complex for the level of this book). Nevertheless, there
may still be a mathematical procedure for calculating outputs from inputs, and it may
be possible to implement this procedure in Excel. This is the case for the convenience store
problem. Again, by making certain simplifying assumptions, including the assumption
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Figure 1.1
Descriptive
Queueing Model for
Convenience Store

A B
1 |Descriptive queueing model for convenience store
2
3 |Inputs
4 |Arrival rate (customers per minute) 0.5
5 [Service rate (customers per minute) 0.4
6 |Maximum customers (before others go elsewhere) 5
7
8 [Outputs
9 |Average number in line 2.22
10 |Average time (minutes) spent in line 6.09
11 |Percentage of potential arrivals who don't enter 27.1%

that potential customers will not enter if the waiting line is sufficiently long, you can de-
velop a spreadsheet model of the situation at the store.

Before developing the spreadsheet model, however, we must determine how the man-
ager can obtain the inputs he needs. There are actually three inputs: (1) the arrival rate A,
(2) the service rate S, and (3) the number in the store, labeled N, that will induce future cus-
tomers not to enter. The first two of these can be measured with a stopwatch. For example,
the manager can instruct an employee to measure the times between customer arrivals.
Let’s say the employee does this for several hours, and the average time between arrivals
is observed to be 2 minutes. Then the arrival rate can be estimated as A = 1/2 = 0.5
(1 customer every 2 minutes). Similarly, the employee can record the times it takes the
cashier to serve successive customers. If the average of these times (taken over many
customers) is, say, 2.5 minutes, then the service rate can be estimated as § = 1/2.5 = 0.4
(1 customer every 2.5 minutes). Finally, if the manager notices that potential customers
tend to take their business elsewhere when 5 customers are in line, he can let N = 5.

These input estimates can now be entered in the spreadsheet model shown in Figure 1.1.
Don’t worry about the details of this spreadsheet—they are discussed in Chapter 14. The
formulas built into this spreadsheet reflect an adequate approximation of the convenience
store’s situation. For now, the important thing is that this model allows the manager to enter
any values for the inputs in cells B4 through B6 and observe the resulting outputs in cells B9
through B11. The input values in Figure 1.1 represent the store’s current input values. These
values indicate that slightly more than 2 customers are waiting in line on average, an aver-
age customer waits slightly more than 6 minutes in line, and about 27% of all potential cus-
tomers do not enter the store at all (due to the perception that waiting times will be long).

The information in Figure 1.1 is probably not all that useful to the manager. After all,
he probably already has a sense of how long waiting times are and how many customers
are being lost. The power of the model is that it allows the manager to ask many what-if
questions. For example, what if he could somehow speed up the cashier, say, from 2.5 min-
utes per customer to 1.8 minutes per customer? He might guess that because the average
service time has decreased by 28%), all the outputs should also decrease by 28%. Is this the
case? Evidently not, as shown in Figure 1.2. The average line length decreases to 1.41, a
36% decrease; the average waiting time decreases to 3.22, a 47% decrease; and the per-
centage of customers who do not enter decreases to 12.6%, a 54% decrease. To illustrate an

Figure 1.2
Queueing Model
with a Faster Service
Rate

A B
1 |Descriptive queueing model for convenience store
2
3 |Inputs
4 |Arrival rate (customers per minute) 0.5
5 [Service rate (customers per minute) 0.556
6 |Maximum customers (before others go elsewhere) 5
7
8 |Outputs
9 |Average number in line 1.41
10 |Average time (minutes) spent in line 3.22
11 |Percentage of potential arrivals who don't enter 12.6%
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Figure 1.3
Queueing Model
with an Even Faster
Service Rate

A B
1 |Descriptive queueing model for convenience store
2
3 [Inputs
4 |Arrival rate (customers per minute) 0.5
5 |Service rate (customers per minute) 0.8
6 |Maximum customers (before others go elsewhere) 5
7
8 |Outputs
9 |Average number in line 0.69
10 [Average time (minutes) spent in line 1.42
11 [Percentage of potential arrivals who don't enter 3.8%

even more extreme change, suppose the manager could cut the service time in half, from
2.5 minutes to 1.25 minutes. The spreadsheet in Figure 1.3 shows that the average number
in line decreases to 0.69, a 69% decrease from the original value; the average waiting time
decreases to 1.42, a 77% decrease; and the percentage of customers who do not enter
decreases to 3.8%, a whopping 86% decrease. The important lesson to be learned from the
spreadsheet model is that as the manager increases the service rate, the output measures
improve more than he might have expected.

In reality, the manager would attempt to validate the spreadsheet model before trusting
its answers to these what-if questions. At the very least, the manager should examine the rea-
sonableness of the assumptions. For example, one assumption is that the arrival rate remains
constant for the time period under discussion. If the manager intends to use this model—
with the same input parameters—during periods of time when the arrival rate varies a lot
(such as peak lunchtime traffic followed by slack times in the early afternoon), then he is al-
most certainly asking for trouble. Besides determining whether the assumptions are reason-
able, the manager can also check the outputs predicted by the model when the current inputs
are used. For example, Figure 1.1 predicts that the average time a customer waits in line is
approximately 6 minutes. At this point, the manager could ask his employee to use a stop-
watch again to time customers’ waiting times. If they average close to 6 minutes, then the
manager can have more confidence in the model. However, if they average much more or
much less than 6 minutes, the manager probably needs to search for a new model.

An Optimization Model

So far, the model fails to reflect any economic information, such as the cost of speeding up
service, the cost of making customers wait in line, or the cost of losing customers. Given the
spreadsheet model developed previously, however, incorporating economic information
and then making rational choices is relatively straightforward. To make this example sim-
ple, assume that the manager can do one of three things: (1) leave the system as it is, (2) hire
a second person to help the first cashier process customers more quickly, or (3) lease a new
model of cash register that will speed up the service process significantly. The effect of
(2) is to decrease the average service time from 2.5 to 1.8 minutes. The effect of (3) is to
decrease the service time from 2.5 to 1.25 minutes. What should the manager do?

He needs to examine three types of costs. The first is the cost of hiring the extra per-
son or leasing the new cash register. We assume that these costs are known. For example,
the hourly wage for the extra person is $8, and the cost to lease a new cash register (con-
verted to a per-hour rate) is $11 per hour. The second type of cost is the “cost” of making a
person wait in line. Although this is not an out-of-pocket cost to the store, it does represent
the cost of potential future business—a customer who has to wait a long time might not re-
turn. This cost is difficult to estimate on a per-minute or per-hour basis, but we assume it’s
approximately $13 per customer per hour in line.? Finally, there is the opportunity cost for

2 Here we are charging only for time in the queue. An alternative model is to charge for time in the queue and for
time in service.

6  Chapter | Introduction to Modeling



customers who decide not to enter the store. The store loses not only their current revenue
but also potential future revenue if they decide never to return. Again, this is a difficult cost
to measure, but we assume it’s approximately $25 per lost customer.

The next step in the modeling process is to combine these costs for each possible de-
cision. Let’s find the total cost per hour for decision (3), where the new cash register is
leased. The lease cost is $11 per hour. From Figure 1.3, you see there is, on average, 0.69
customer in line at any time. Therefore, the average waiting cost per hour is 0.69($13) =
$8.91. (This is because 0.69 customer-hour is spent in line each hour on average.) Finally,
from Figure 1.3 you see that the average number of potential arrivals per hour is 60(1/2) =
30, and 3.8% of them do not enter. Therefore, the average cost per hour from lost customers
15 0.038(30)($25) = $28.52. The combined cost for decision (3) is $11 + $8.91 + $28.52 =
$48.43 per hour.

The spreadsheet model in Figure 1.4 incorporates these calculations and similar cal-
culations for the other two decisions. As you see from row 24, the option to lease the new
cash register is the clear winner from a cost standpoint. However, if the manager wants to
see how sensitive these cost figures are to the rather uncertain input costs assessed for wait-
ing time and lost customers, it’s simple to enter new values in rows 10 and 11 and see how
the “bottom lines” in row 24 change. This flexibility represents the power of spreadsheet
models. They not only allow you to build realistic and complex models, but they also allow
you to answer many what-if questions simply by changing input values.

. A B C D
Flgure 1.4 1 |Decision queueing model for convenience store
Queueing Model 2 _ _ _

. . 3 |Inputs Decision 1 Decision 2 Decision 3
Wlth Alternatlve 4 |Arrival rate (customers per minute) 0.5 0.5 0.5
Decisions 5 |Service rate (customers per minute) 04 0.556 0.8

6 |Maximum customers (before others go elsewhere) 5 5 5

7

8 |Cost of extra person per hour S0 s8 30

9 |Cost of leasing new cash register per hour S0 S0 S11

10 [Cost per customer per hour waiting in line $13 $13 $13

11 [Cost per customer who doesn't enter the store $25 $25 $25

12

13 [Outputs

14 |Average number in line 2.22 1.41 0.69

15 |Average time (minutes) spent in line 6.09 3.22 1.42

16 |Percentage of potential arrivals who don't enter 27.1% 12.6% 3.8%

17

18 [Cost information

19 [Cost of extra person per hour S0 S8 S0

20 |Cost of leasing new cash register per hour S0 $S0 $11

21 |Cost per hour of waiting time $28.87 $18.31 $8.91

22 |Cost per hour of lost customers $203.29 $94.52 $28.52

23

24 |Total cost per hour $232.16 $120.82 $48.43
L]

1.3 MODELING VERSUS MODELS

Management science, at least as it has been taught in many traditional courses, has evolved
as a collection of mathematical models. These include various linear programming models
(the transportation model, the diet model, the shortest route model, and others), inventory
models, queueing models, and so on. Much time has been devoted to teaching the intricacies
of these particular models. Management science practitioners, on the other hand, have justi-
fiably criticized this emphasis on specific models. They argue that the majority of real-world
management science problems cannot be neatly categorized as one of the handful of models
typically included in a management science textbook. That is, often no “off-the-shelf”” model
can be used without modification to solve a company’s real problem. Unfortunately,
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management science students have gotten the impression that all problems must be “shoe-
horned” into one of the textbook models.

The good news is that this emphasis on specific models has been changing in the past
decade, and our goal in this book is to continue that change. Specifically, this book stresses
modeling, not models. The distinction between modeling and models will become clear as
you proceed through the book. Learning specific models is essentially a memorization
process—memorizing the details of a particular model, such as the transportation model,
and possibly learning how to “trick” other problems into looking like a transportation
model. Modeling, on the other hand, is a process, where you abstract the essence of a real
problem into a model, spreadsheet or otherwise. Although the problems fall naturally into
several categories, in modeling, you don’t try to shoe-horn each problem into one of a
small number of well-studied models. Instead, you treat each problem on its own merits
and model it appropriately, using whatever logical, analytical, or spreadsheet skills you
have at your disposal—and, of course, drawing analogies from previous models you have
developed whenever relevant. This way, if you come across a problem that does not look
exactly like anything you studied in your management science course, you still have the
skills and flexibility to model it successfully.

This doesn’t mean you won’t learn some “classical” models from management science
in this book; in fact, we’ll discuss the transportation model in linear programming, the
M/M/1 model in queueing, the EOQ model in inventory, and others. These are important
models that should not be ignored; however, we certainly do not emphasize memorizing
these specific models. They are simply a few of the many models you will learn how to de-
velop. The real emphasis throughout is on the modeling process—how a real-world prob-
lem is abstracted into a spreadsheet model of that problem. We discuss this modeling
process in more detail in the following section.

1.4 THE SEVEN-STEP MODELING PROCESS
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The discussion of the queueing model in Section 1.2 presented some of the basic principles
of management science modeling. This section further expands on these ideas by charac-
terizing the modeling process as the following seven-step procedure.

Step 1: Problem Definition

The analyst first defines the organization’s problem. Defining the problem includes specify-
ing the organization’s objectives and the parts of the organization that must be studied before
the problem can be solved. In the simple queueing model, the organization’s problem is how
to minimize the expected net cost associated with the operation of the store’s cash register.

Step 2: Data Collection

After defining the problem, the analyst collects data to estimate the value of parameters that
affect the organization’s problem. These estimates are used to develop a mathematical
model (step 3) of the organization’s problem and predict solutions (step 4). In the conve-
nience store queueing example, the manager needs to observe the arrivals and the checkout
process to estimate the arrival rate A and the service rate S.

Step 3: Model Development

In the third step, the analyst develops a model of the problem. In this book, we describe
many methods that can be used to model systems.® Models such as the equation for W,

3 All these models can generically be called mathematical models. However, because we implement them in
spreadsheets, we generally refer to them as spreadsheet models.
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where you use an equation to relate inputs such as A and S to outputs such as W, are called
analytical models. Most realistic applications are so complex, however, that an analytical
model does not exist or is too complex to work with. For example, if the convenience store
had more than one register and customers were allowed to join any line or jump from one
line to another, there would be no tractable analytical model—no equation or system of
equations—that could be used to determine W from knowledge of A, S, and the number of
lines. When no tractable analytical model exists, you can often rely instead on a simulation
model, which enables you to approximate the behavior of the actual system. Simulation
models are covered in Chapters 11 and 12.

Step 4: Model Verification

The analyst now tries to determine whether the model developed in the previous step is an
accurate representation of reality. A first step in determining how well the model fits real-
ity is to check whether the model is valid for the current situation. As discussed previously,
to validate the equation for the waiting time W, the manager might observe actual customer
waiting times for several hours. As you’ve already seen, the equation for W predicts that
when A = 0.5 and S = 0.4, the average customer spends 6.09 minutes in line. Now suppose
the manager observes that 120 customers spend a total of 750 minutes in line. This indi-
cates an average of 750/120 = 6.25 minutes in line per customer. Because 6.25 is reason-
ably close to 6.09, the manager’s observations lend credibility to the model. In contrast, if
the 120 customers had spent 1,200 minutes total in line, for an average of 10 minutes per
customer, this would not agree very well with the model’s prediction of 6.09 minutes, and
it would cast doubt on the validity of the model.

Step 5: Optimization and Decision Making

Given a model and a set of possible decisions, the analyst must now choose the decision or
strategy that best meets the organization’s objectives. (We briefly discussed an optimiza-
tion model for the convenience store example, and we discuss many others throughout the
book.)

Step 6: Model Communication to Management

The analyst presents the model and the recommendations from the previous step to the or-
ganization. In some situations, the analyst might present several alternatives and let the or-
ganization choose the best one.

Step 7: Model Implementation

If the organization has accepted the validity and usefulness of the study, the analyst then
helps to implement its recommendations. The implemented system must be monitored con-
stantly (and updated dynamically as the environment changes) to ensure that the model en-
ables the organization to meet its objectives.

Flowchart of Procedure and Discussion of Steps

Figure 1.5 illustrates this seven-step process. As the arrows pointing down and to the left
indicate, there is certainly room for feedback in the process. For example, at various steps,
the analyst might realize that the current model is not capturing some key aspects of the
real problem. In this case, the analyst should revise the problem definition or develop a
new model.
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Figure 1.5 Flowchart for the Seven-Step Process
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problem is not always
easy.
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step often takes the
most time.

Possible feedback loops

Now that you’ve seen the basic outline of the seven steps and the flowchart, let’s delve into
the modeling proces in more detail.

Step 1: Problem Definition

Typically, a management science model is initiated when an organization believes it has a
problem. Perhaps the company is losing money, perhaps its market share is declining, per-
haps its customers are waiting too long for service—any number of problems might be evi-
dent. The organization (which we refer to as the client) calls in a management scientist (the
analyst) to help solve this problem.* In such cases, the problem has probably already been
defined by the client, and the client hires the analyst to solve this particular problem.

As Miser (1993) and Volkema (1995) point out, however, the analyst should do some
investigating before accepting the client’s claim that the problem has been properly de-
fined. Failure to do so could mean solving the wrong problem and wasting valuable time
and energy.

For example, Miser cites the experience of an analyst who was hired by the military to
investigate overly long turnaround times between fighter planes landing and taking off
again to rejoin the battle. The military (the client) was convinced that the problem was
caused by inefficient ground crews—if they worked faster, turnaround times would pre-
sumably decrease. The analyst nearly accepted this statement of the problem and was about
to do classical time-and-motion studies on the ground crew to pinpoint the sources of their
inefficiency. However, by snooping around, he found that the problem lay elsewhere. It
seems that the trucks that refueled the planes were frequently late, which in turn was due to
the inefficient way they were refilled from storage tanks at another location. After this lat-
ter problem was solved—and its solution was embarrassingly simple—the turnaround
times decreased to an acceptable level without any changes on the part of the ground crews.
If the analyst had accepted the client’s statement of the problem, the real problem would
never have been located or solved.

The moral of this story is clear: If an analyst defines a problem incorrectly or too
narrowly, the best solution to the real problem might never emerge. In his article,
Volkema (1995) advocates spending as much time thinking about the problem and defin-
ing it properly as modeling and solving it. This is undoubtedly good advice, especially in
real-world applications where problem boundaries are often difficult to define.

Step 2: Data Collection

This crucial step in the modeling process is often the most tedious. All organizations keep
track of various data on their operations, but the data is often not in the form the analyst
requires. In addition, data is often stored in different places throughout the organization and
in all kinds of formats. Therefore, one of the analyst’s first jobs is to gather exactly the right
data and put the data into an appropriate and consistent format for use in the model. This

4 Most organizations hire outside consultants, sometimes academics, to help solve problems. However, a number
of large organizations employ a staff of management scientists who function as inside consultants.
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Steps 3 and 5, develop-
ing and optimizing
models, are the steps
emphasized most
heavily in this book.

typically requires asking questions of key people (such as the accountants) throughout the
organization, studying existing organizational databases, and performing time-consuming
observational studies of the organization’s processes. In short, it typically entails a lot of
legwork.

In this book, as in most management science textbooks, we shield you from this
data-collection process by supplying the appropriate data to develop and solve a model.
Although this makes the overall modeling process seem easier than it really is, in most
class settings, having you go to companies and gather data is just not practical. (In many
cases, it would not even be allowed for proprietary reasons.) Nevertheless, we provide
some insights with “Where Do the Numbers Come From?” sections. If nothing else,
these sections remind you that in real applications, someone has to gather the necessary
mputs.

Step 3: Model Development

This step, along with step 5, is where the analyst brings his or her special skills into play.
After defining the client’s problem and gathering the necessary data, the analyst must de-
velop a model of the problem. Several properties are desirable for a good model. First, it
should represent the client’s real problem accurately. If it uses a linear (straight-line) func-
tion for costs when the real cost function is highly nonlinear (curved), the recommenda-
tions of the model could be very misleading. Similarly, if the model ignores an important
constraint, such as an upper bound on capacity, its recommendations might not be possible
to implement.

On the other hand, the model should be as simple as possible. Most good models
(where “good” really means useful) capture the essence of the problem without getting
bogged down in less important details. They should be approximations of the real world,
not mirror images in every last detail. Overly complex models are often of little practical
use. First, overly complex models are sometimes too difficult to solve with the solution
algorithms available. Second, complex models tend to be incomprehensible to clients. If a
client cannot understand a model, the chances are that the model’s recommendations will
never be implemented. Therefore, a good model should achieve the right balance between
being too simple and too complex.

Step 4: Model Verification

This step is particularly important in real management science applications. A client is
much more likely to accept an analyst’s model if the analyst can provide some type of veri-
fication. This verification can take several forms. For example, the analyst can use the
model with the company’s current values of the input parameters. If the model’s outputs are
then in line with the outputs currently observed by the client, the analyst has at least shown
that the model can duplicate the current situation.

A second way to verify a model is to enter a number of sets of input parameters (even
if they are not the company’s current inputs) and see whether the outputs from the model
are reasonable. One common approach is to use extreme values of the inputs to determine
whether the outputs behave as they should. For example, for the convenience store queue-
ing model, you could enter an extremely large service rate or a service rate just barely
above the arrival rate in the equation for W. In the first case, you would expect the average
waiting time to approach 0, whereas in the latter case, you would expect it to become very
large. You can use equation (1.1) for Wto verify that this is exactly what happens. This pro-
vides another piece of evidence that the model is reasonable.

If you enter certain inputs in the model, and the model’s outputs are not as expected,
there are two possible causes. First, the model could simply be a poor approximation of the
actual situation. In this case, the analyst must refine the model until it lines up more accu-
rately with reality. Second, the model might be fine, but the analyst’s intuition is not very
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A heuristic is a
relatively simple solu-
tion method that often
provides “good” but not
necessarily optimal
solutions.

good. That is, when asked what he or she thinks would happen if certain input values were
used, the analyst might provide totally wrong predictions. In this case, the fault lies with
the analyst, not the model. Sometimes, good models prove that people’s ability to predict
outcomes in complex environments is lacking. In such cases, the verification step becomes
harder because of “political” reasons (office politics).

Step 5: Optimization and Decision Making

After the problem has been defined, the data has been collected, and the model has been de-
veloped and verified, it’s time to use the model to recommend decisions or strategies. In the
majority of management science models, this requires the optimization of an objective,
such as maximizing profit or minimizing cost.

The optimization phase is typically the most difficult phase from a mathematical
standpoint. Indeed, much of the management science literature (mostly from academics)
has focused on complex solution algorithms for various classes of models. Fortunately, this
research has led to a number of solution algorithms—and computer packages that imple-
ment these algorithms—that can be used to solve real problems. The most famous of these
is the simplex algorithm. This algorithm, which has been implemented by many commer-
cial software packages (including Excel’s Solver), is used on a daily basis to solve linear
optimization models for many companies. (We take advantage of the simplex method in
Chapters 3 through 5.)

Not all solution procedures find the optimal solution to a problem. Many models are
either too large or too complex to be solved exactly. Therefore, many complex problems
use heuristic methods to locate “good” solutions. A heuristic is a solution method that is
guided by common sense, intuition, and trial and error to achieve a good, but probably not
optimal, solution. Some heuristics are “quick and dirty,” whereas others are sophisticated.
As models become larger and more complex, good heuristics are sometimes the best that
can be achieved—and frequently they are perfectly adequate.

Step 6: Model Communication to Management

Sooner or later, an analyst must communicate a model and its recommendations to the
client. To appreciate this step, you must understand the large gap that typically exists be-
tween the analyst and the managers of organizations. Managers know their business, but
they often don’t understand much about mathematics and mathematical models—even
spreadsheet implementations of these models. The burden is therefore on the analyst to pre-
sent the model in terms that nonmathematical people can understand; otherwise, a perfectly
good model might never see the light of day.

The best strategy for successful presentation is to involve key people in the organiza-
tion, including top executives, in the project from the beginning. If these people have been
working with the analyst, helping to supply appropriate data and helping the analyst to un-
derstand the way the organization really works, they are much more likely to accept the
eventual model. Step 6, therefore, should really occur throughout the modeling process, not
just toward the end.

The analyst should also try to make the model as intuitive and user-friendly as possi-
ble. Clients appreciate menu-driven systems with plenty of graphics. They also appreciate
the ability to ask what-if questions and get answers quickly in a form that is easy to under-
stand. This is one reason for developing spreadsheet models. Although not all models can
be developed in spreadsheets due to size and/or complexity, the spreadsheet approach in
this book is an excellent choice whenever possible because most business people are com-
fortable with spreadsheets. Spreadsheet packages support the use of graphics, customized
menus and toolbars, data tables and other tools for what-if analyses, and even macros (that
can be made transparent to users) for running complex programs.
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Step 7: Model Implementation

A real management science application is not complete until it has been implemented. A
successful implementation can occur only when step 6 has been accomplished. That is, the
analyst must demonstrate the model to the client, and the client must be convinced that
the model adds real value and can be used by the people who need to use it. For this rea-
son, the analyst’s job is not really complete until the system is up and running on a daily
basis. To achieve a successful implementation, it isn’t enough for management to accept
the model; the people who will run it every day must also be thoroughly trained to use it.
At the very least, they should understand how to enter appropriate inputs, run what-if
analyses, and interpret the model’s outputs correctly. If they conclude that the model is
more trouble than it’s worth, they might simply refuse to use it, and the whole exercise has
been a waste of time. An interesting trend (as evidenced in many of the Interfaces articles
discussed shortly) is for analysts to build a user-friendly Excel “front end” for their clients,
even if the actual number crunching is performed behind the scenes in some non-Excel
package. Because many employees understand at least the basics of Excel, such a user-
friendly front end makes the system much more attractive for daily use.

Many successful management science applications take on a life of their own after the
initial implementation. After an organization sees the benefits of a useful model—and of
management science in general—it is likely to expand the model or create new models for
uses beyond those originally intended. Knowing that this is often the case, the best analysts
design models that can be expanded. They try to anticipate problems the organization
might face besides the current problem. They also stay in contact with the organization
after the initial implementation, just in case the organization needs guidance in expanding
the scope of the model or in developing new models.

This discussion of the seven-step modeling process has taken an optimistic point of
view by assuming that a successful study employs these seven steps, in approximately this
chronological order, and that everything goes smoothly. It does not always work out this
way. Numerous potential applications are never implemented even though the fechnical as-
pects of the models are perfectly correct. The most frequent cause is a failure to communi-
cate. The analyst builds a complex mathematical model, but the people in the organization
don’t understand how it works and hence are reluctant to use it. Also, company politics can
be a model’s downfall, especially if the model recommends a course of action that top man-
agement simply does not want to follow—for whatever reasons.

Even for applications that are eventually implemented, the analyst doesn’t always pro-
ceed through the seven steps exactly as described in this section. He or she might backtrack
considerably throughout the process. For example, based on a tentative definition of the
problem, a model is built and demonstrated to management. Management says that the
model is impressive, but it doesn’t really solve the company’s problem. Therefore, the an-
alyst goes back to step 1, redefines the problem, and builds a new model (or modifies the
original model). In this way, the analyst generates several iterations of some or all the seven
steps before the project is considered complete.

The Model as a Beginning, Not an End

This book heavily emphasizes developing spreadsheet models, which is step 3 of the
seven-step modeling process. We lead you, step-by-step, through the model development
process for many examples, and we ask you to do this on your own in numerous problems.
Given this emphasis, it’s easy to think of the completed model as the end of the process—
you complete the model and then go on to the next model. However, a completed model is
really a starting point. After you have a working model of the problem, you can—and
should—use it as a tool for gaining insights. For most models, many what-if questions can
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be asked. If the model has been developed correctly, it should be capable of answering such
what-if questions fairly easily. In other words, it should be relatively easy to perform sen-
sitivity analysis on the model. This is, in fact, how management science models are used in
the business world. They are typically developed to solve a particular problem, but they are
then used as a tool to analyze a number of variations of the basic problem.

For most of the examples in the book, we not only develop a model to obtain an
“answer,” but we often include a section called “Discussion of the Solution” (or a similar
title) and a section called “Sensitivity Analysis.” The first of these gets you to step back and
look at the solution. Does it make sense? Does it provide any insights, especially surpris-
ing ones? The second section expands the model in one or more natural ways. What hap-
pens if there is more or less of some scarce resource? What happens if a new constraint is
added? The point is that before moving to the next model, you should spend some time tak-
ing a close look at the model you just developed. This is not just for pedagogical purposes;
it is exactly the way real management science projects proceed.

1.5 A SUCCESSFUL MANAGEMENT SCIENCE APPLICATION
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This section discusses a successful management science application. Besides a detailed
(but nonquantitative) description of the application, you’ll see how it ties into the seven-
step model-building process discussed in the previous section.

GE Capital

GE Capital, a subsidiary of the General Electric Company’s financial services business,

provides credit card service to 50 million accounts. The average total outstanding balance

exceeds $12 billion. GE Capital, led by Makuch et al. (1992), developed the PAYMENT
system to reduce delinquent accounts and the cost of collecting from delinquent accounts.

The following describes how the seven-step model-building process played out for GE

Capital:

1. Atany time, GE Capital has more than $1 billion in delinquent accounts. The com-
pany spends $100 million annually processing these accounts. Each day employees
contact more than 200,000 delinquent credit card holders with letters, taped phone
messages, or live phone calls. However, there was no real scientific basis for the
methods used to collect on various types of accounts. For example, GE Capital had
no idea whether a two-month due account should receive a taped phone message, a
live phone call, some combination of these, or no contact at all. The company’s goal
was to reduce delinquent accounts and the cost of processing these accounts, but it
was not sure how to accomplish this goal. Therefore, GE Capital’s retail financial
services component, together with management scientists and statisticians from GE’s
corporate research and development group, analyzed the problem and eventually
developed a model called PAYMENT. The purpose of this model was to assign the
most cost-effective collection methods to delinquent accounts.

2. The key data requirements for modeling delinquent accounts are delinquency
movement matrices (DMMs). A DMM shows how the probability of the payment
on a delinquent account depends on the collection action taken (no action, live phone
call, taped message, or letter), the size of the unpaid balance, and the account’s per-
formance score. (The higher the performance score associated with a delinquent ac-
count, the more likely the account is to be collected.) For example, if a $250 account
is two months delinquent, has a high performance score, and is contacted with a
phone message, then certain events might occur with certain probabilities. The
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events and the probabilities listed in Table 1.1 illustrate one possibility. The key is to
estimate these probabilities for each possible collection action and each account type.

Table I.1 Sample DMM Entries

Event Probability
Account completely paid off 0.30
One month is paid off 0.40
Nothing is paid off 0.30

Fortunately, because GE Capital had millions of delinquent accounts, plenty of

data was available to estimate the DMMs accurately. To illustrate, suppose there are
1000 two-month delinquent accounts, each with balances under $300 and a high
performance score. Also, suppose that each of these is contacted with a phone
message. If 300 of these accounts are completely paid off by the next month, then an
estimate of the probability of an account being completely paid off by next month is
0.30 (= 300/1000). By collecting the necessary data to estimate similar probabilities
for all account types and collection actions, GE Capital finally had the basis for de-
termining which collection strategies were most cost-effective.

After collecting the required data and expressing it in the form of DMMs, the com-
pany had to discover which collections worked best in which situations. Specifically,
they wanted to maximize the expected delinquent accounts collected during the
following six months. However, GE Capital realized that this is a dynamic decision
problem. For example, one strategy is called creaming. In this strategy, most collec-
tion resources are concentrated on live phone calls to the delinquent accounts classi-
fied as most likely to pay up—the best customers. This creaming strategy is attractive
because it’s likely to generate short-term cash flows from these customers. However,
it has two negative aspects. First, it’s likely to cause a loss of goodwill among the
best customers. Second, it gains nothing in the long run from the customers who are
most likely to default on their payments. Therefore, the analysts developed the PAY-
MENT model to find the best decision strategy, a contingency plan for each type of
customer that specifies which collection strategy to use at each stage of the account’s
delinquency. The constraints in the PAYMENT model ensure that available resources
are not overused.

A key aspect of GE Capital’s problem is uncertainty. When the PAYMENT model
specifies the collection method to use for a certain type of account, it implies that the
probability of collecting on this account with this collection method is relatively
high. However, there is still a chance that the collection method will fail. With this
high degree of uncertainty, it’s difficult to convince skeptics that the model will work
as advertised until it has been demonstrated in an actual environment. This is exactly
what GE Capital did. It piloted the PAYMENT model on a $62 million portfolio for a
single department store chain. To see the real effect of PAYMENT’s recommended
strategies, the pilot study used manager-recommended strategies for some accounts
and PAYMENT-recommended strategies for others. (They referred to this as the
“champion” versus the “challenger.””) The challenger (PAYMENT) strategies were
the clear winners, with an average monthly improvement of $185,000 over the cham-
pion strategies during a five-month period. In addition, because the PAYMENT
strategies included more “no contact” actions (don’t bother the customer this month),
they led to lower collection costs and greater customer goodwill. This demonstration
was very convincing. In no time, other account managers wanted to take advantage
of PAYMENT.
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5. As described in step 3, the output from the PAYMENT model is a contingency plan.
The model uses a very complex optimization scheme, along with the DMMs from
step 2, to decide what collection strategy to use for each type of delinquent account
at each stage (month) of its delinquency. At the end of each month, after the appro-
priate collection methods have been used and the results (actual payments) have been
observed, the model then uses the status of each account to recommend the collec-
tion method for the next month. In this way, the model is used dynamically through
time.

6. In general, the analyst demonstrates the model to the client in step 6. In this applica-
tion, however, the management science team members were GE’s own people—they
came from GE Capital and the GE corporate research and development group.
Throughout the model-building process, the team of analysts strived to understand
the requirements of the collection managers and staff—the end users—and tried to
involve them in shaping the final system. This early and continual involvement, plus
the impressive performance of PAYMENT in the pilot study, made it easy to “sell”
the model to the people who had to use it.

7. After the pilot study, PAYMENT was applied to the $4.6 billion Montgomery Ward
department store portfolio with 18 million accounts. Compared to the collection results
from a year earlier, PAYMENT increased collections by $1.6 million per month, or
more than $19 million per year. (This is actually a conservative estimate of the benefit
obtained from PAYMENT, because PAYMENT was first applied to the Montgomery
Ward portfolio during the depths of a recession, when it’s much more difficult to col-
lect delinquent accounts.) Since then, PAYMENT has been applied to virtually all of
GE Capital’s accounts, with similar success. Overall, GE Capital estimates that
PAYMENT has increased collections by $37 million per year and uses less resources
than previous strategies. The model has since been expanded in several directions. For
example, the original model assumed that collection resources (such as the amount
available for live phone calls) were fixed. The expanded model treats these resource
levels as decision variables in a more encompassing optimization model.

A Great Source for Management Science Applications: Interfaces

The GE Capital application is reported in the Interfaces journal, which is a highly respected
bimonthly journal that chronicles real applications of management science that have gen-
erated proven benefits, often in the millions or even hundreds of millions of dollars. The
applications are in a wide range of industries, are global, and employ a variety of manage-
ment science techniques.

Of special interest are the January-February and (since 1999) the September-October
issues. Each January-February issue contains the winner and finalists for that year’s Franz
Edelman Award for Achievement in Operations Research and the Management Sciences.
This is the profession’s most honored prize for the practice of management science. The
prize is awarded for “implemented work that has had significant, verifiable, and preferably
quantifiable impact.” Similarly, each September-October issue contains the winner and
runners-up for that year’s Daniel H. Wagner Prize for Excellence in Operations Research
Practice. Each prize is named after a pioneer in the field of operations research and man-
agement science, and the winning papers honor them by documenting the practice of man-
agement science at its best. Many of the chapter openers and citations in this book are
based on these winning articles, as well as on other Interfaces articles.

The journal is probably available from your school’s library. Alternatively, you can
browse the abstracts of the articles online at http://pubsonline.informs.org. You must pay a
membership fee to read the entire articles, but you can log in as a guest to read the abstracts.
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1.6 WHY STUDY MANAGEMENT SCIENCE?

After reading the previous section, you should be convinced that management science is an
important area and that highly trained analysts are needed to solve the large and complex
problems faced by the business world. However, unless you are one of the relatively few
students who intends to become a professional management scientist, you are probably
wondering why you need to study management science. This is a legitimate concern. For
many years, those in the field of management science education received criticism from
students and educators that management science courses were irrelevant for the majority
of students who were required to take them. Looking back, it’s difficult to argue with
these critics. Typical management courses were centered primarily around a collection of
very specific models and, worse, a collection of mind-numbing mathematical solution
techniques—techniques that students were often required to implement by hand! (Some
courses are probably still taught this way, but we hope the number is decreasing rapidly.)

Two forces have helped to change this tendency toward irrelevance. First, the many
vocal critics motivated many of us to examine our course materials and teaching methods.
Certain topics have been eliminated and replaced by material that is more relevant and in-
teresting to students. The second force is the emergence of powerful computers and the
accompanying easy-to-use software, especially spreadsheet software. With the availability
of computers to do the number crunching, there is no need—except in advanced courses—
to delve into the mathematical details of the solution techniques. We can delegate this task
to machines that are far better at it than we are. We can now use the time formerly spent on
such details to develop modeling skills that are valuable to a wide audience.

The intent in this book is not just to cover specific models and specific approaches to
these models, but to teach a more general approach to the model-building process. The
spreadsheet approach is the best way to do this because it appeals to the largest audience.
We have been teaching our own courses with this spreadsheet-modeling approach for more
than a decade—to a wide range of business students—and have received very few com-
plaints about irrelevance. In fact, many students have stated that this is the most valuable
business course they have taken. The following are some of the reasons for this new-found
relevance:

m The modeling approach emphasized throughout this book is an important way to
think about problems in general, not just the specific problems we discuss. This ap-
proach forces you to think logically. You must discover how given data can be used
(or which data are necessary), you must determine the elements of the problem that
you can control (the decision variables), and you must determine how the elements
of the problem are logically related. Students realize that these logical thinking skills
are valuable for their careers, regardless of the specific fields they enter.

m  Management science is admittedly built around quantitative skills—it deals primarily
with numbers and relationships between numbers. Some critics object that not
everything in the real world can be reduced to numbers, but as one of our reviewers
correctly points out, “a great deal that is of importance can.” As you work through
the many models in this book, your quantitative skills will be sharpened immensely.
In a business world driven increasingly by numbers, quantitative skills are an
obvious asset.

m  No matter what your spreadsheet abilities are when you enter this course, by the time
you’re finished, you’ll be a proficient spreadsheet user. We deliberately chose the
spreadsheet package Excel, which is arguably the most widely used package (other
than word-processing packages) in the business world today. Many of our students
state that the facility they gained in Excel was worth the price of the course. That
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doesn’t mean this is a course in spreadsheet fundamentals and neat tricks, although
you will undoubtedly pick up a few useful tricks along the way. A great spreadsheet
package—and we strongly believe that Excel is the greatest spreadsheet package
written to date—gives you complete control over your model. You can apply spread-
sheets to an endless variety of problems. Spreadsheets give you the flexibility to
work in a way that suits your style best, and spreadsheets present results (and often
catch errors) almost immediately. As you succeed with relatively easy problems,
your confidence will build, and before long, you’ll be able to tackle more difficult
problems successfully. In short, spreadsheets enable everyone, not just technical
people, to develop and use their quantitative skills.

m  Management science modeling helps you develop your intuition, and it also indicates
where intuition alone sometimes fails. When you confront a problem, you often make
an educated (or maybe not so educated) guess at the solution. If the problem is suffi-
ciently complex, as many of the problems in this book are, this guess will be frequently
wide of the mark. In this sense, the study of management science can be a humbling
experience—you find that your unaided intuition is often not very good. But by study-
ing many models and examining their solutions, you can sharpen your intuition consid-
erably. This is sometimes called the “Aha!” effect. All of a sudden, you see why a cer-
tain solution is best. The chances are that when you originally thought about the
problem, you forgot to consider an important constraint or a key relationship, and this
caused your poor initial guess. Presumably, the more problems you analyze, the better
you become at recognizing the critical elements of new problems. Experienced man-
agement scientists tend to have excellent intuition, the ability to see through to the
essence of a problem almost immediately. However, they are not born with this talent; it
comes through the kind of analysis you’ll be performing as you work through this book.

1.7 SOFTWARE INCLUDED IN THIS BOOK

18  Chapter |

Very few business problems are small enough to be solved with pencil and paper. They re-
quire powerful software. The software included in this book, together with Microsoft®
Excel, provides you with a powerful software combination that you will use for this course
and beyond. This software is being used—and will continue to be used—by leading com-
panies all over the world to solve large, complex problems. The experience you obtain with
this software, through working the examples and problems in this book, will give you a key
competitive advantage in the marketplace.

It all begins with Excel. All the quantitative methods that we discuss are implemented
in Excel. Specifically, in this edition, we use Excel 2007. Although it’s impossible to fore-
cast the state of computer software into the long-term or even medium-term future, as we
are writing this book, Excel is the most heavily used spreadsheet package on the market,
and there is every reason to believe that this state will persist for quite awhile. Most com-
panies use Excel, most employees and most students have been trained in Excel, and Excel
is a very powerful, flexible, and easy-to-use package.

Although Excel has a huge set of tools for performing numerical analysis, we have in-
cluded several add-ins with this book (available on the CD-ROM inside this book and the
package bundled with the book) that make Excel even more powerful. We discuss these
briefly here and in much more depth in the specific chapters where they apply. Throughout
the text, you will see icons that denote where each of these add-ins is used.

Together with Excel and the add-ins included in this book, you have a wealth of
software at your disposal. The examples and step-by-step instructions throughout the book
will help you to become a power user of this software. This takes plenty of practice and a
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willingness to experiment, but it’s certainly within your grasp. When you are finished,
don’t be surprised if you rate improved software skills as one of the most valuable things
you have learned from the book.

PREMIUM SOLVER

Excel contains a built-in add-in called Solver that is developed by Frontline Systems. This
add-in is used extensively throughout the book to find optimal solutions to spreadsheet
models. The version of Solver that ships with Excel is powerful and suffices for the major-
ity of the optimization models we discuss. However, Frontline Systems has developed sev-
eral other versions of Solver for the commercial market, and one of these, called Premium
Solver for Education (for Excel 2007), is included in the book. The primary advantage of
Premium Solver is that it enables you to solve some problems with a kind of algorithm
(called a genetic algorithm) that is different from the algorithms used by the built-in Solver.
Only a small percentage of all optimization models require a genetic algorithm, but in
Chapter 8 (and in a few examples in later chapters), we illustrate several very interesting
models that take advantage of genetic algorithms and hence Premium Solver. These mod-
els could either not be solved with the built-in Solver, or they would require nonobvious
modeling tricks to make them amenable to the built-in Solver.

Palisade Software

The Palisade Corporation has developed several powerful add-ins for Excel that we have
included in this book. These are educational versions of commercial software packages
used widely in the business world.

Decision Tools® Suite

Decision Tools is a collection of add-ins that Palisade sells separately or as a suite. All of
the items in this suite are Excel add-ins—so the learning curve is not very steep. The four
separate add-ins in this suite are @RISK, PrecisionTree, TopRank, and RISKOptimizer.5
The first two are the most important for our purposes, but all are useful for certain tasks.

@RISK The @RISK add-in is extremely useful for the development and analysis of
spreadsheet simulation models. First, it provides a number of probability functions that en-
able you to build uncertainty explicitly into Excel models. Then when you run a simulation,
@RISK automatically keeps track of any outputs you select, displays the results in a num-
ber of tabular and graphical forms, and enables you to perform sensitivity analyses, so that
you can see which inputs have the most effect on the outputs.

PrecisionTree® The PrecisionTree add-in is used in Chapter 10 to analyze decision prob-
lems with uncertainty. The primary tool for performing this type of analysis is a decision
tree. Decision trees are inherently graphical, and they have always been difficult to imple-
ment in spreadsheets, which are based on rows and columns. However, PrecisionTree does
this in a very clever and intuitive way. Equally important, after the basic decision tree has
been built, PrecisionTree makes it easy to perform sensitivity analysis on the model inputs.

TopRank® Although we do not use the other Palisade add-ins as extensively as @RISK
and PrecisionTree, they are all worth investigating. TopRank is a “what-if”” add-in used for
sensitivity analysis. It starts with any spreadsheet model, where several inputs are used,

5 The Palisade suite has traditionally included two stand-alone programs, BestFit and RISKview. The functionality
of both of these is now included in @RISK, so they are no longer included in the suite. As this book is going to
press, we have been told by Palisade that two new add-ins, NeuralTools and Evolver, will be added to the suite,
but we haven’t seen them yet, and they won’t be discussed in the book.

|.7 Software Included in This Book |19



STAT,

Toots

together with spreadsheet formulas, to produce one or more outputs. TopRank then per-
forms sensitivity analysis to see which inputs have the largest effects on the outputs. For
example, it might tell you which affects after-tax profit the most: the tax rate, the riskfree
rate for investing, the inflation rate, or the price charged by a competitor. Unlike @RISK,
TopRank is used when uncertainty is not explicitly built into a spreadsheet model. How-
ever, TopRank considers uncertainty implicitly by performing sensitivity analysis on the
important model inputs.

RISKOptimizer RISKOptimizer combines optimization with simulation. Often, you
want to use simulation to model some business problem, but you also want to optimize a
summary measure, such as the mean, of an output distribution. This optimization can be
performed in a trial-and-error fashion, where you try a few values of the decision vari-
able(s) and see which provides the best solution. However, RISKOptimizer provides a
more automatic (and time-intensive) optimization procedure.

StatTools™

Palisade has also developed a statistics add-in called StatTools, which enhances the statis-
tical capabilities of Excel. Excel’s built-in statistical tools are rather limited. It has several
functions, such as AVERAGE and STDEV for summarizing data, and it includes the
Analysis ToolPak, an add-in that was developed by a third party. However, these tools
are not sufficiently powerful or flexible for the heavy-duty statistical analysis that is some-
times required. StatTools provides a collection of tools that help fill this gap. Admittedly,
this is not a statistics book, but StatTools will come in particularly handy in Chapter 16
when you study regression analysis and forecasting.

1.8 CONCLUSION
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In this chapter, we have introduced the field of management science and the process of
mathematical modeling. To provide a more concrete understanding of these concepts, we
reviewed a simple queueing model and a successful management science application. We
also explored a seven-step model-building process that begins with problem definition and
proceeds through final implementation. Finally, we discussed why the study of manage-
ment science is a valuable experience, even if you do not intend to pursue a professional
career in this field.

Don’t worry if you don’t understand some of the terms, such as linear programming,
that were used in this chapter. Although the seven-step process is not too difficult to com-
prehend, especially when discussed in the context of real applications, it typically entails
some rather complex logical relationships and mathematical concepts. These ideas are pre-
sented in much greater detail in the rest of this book. Specifically, you’ll learn how to
build spreadsheet models in Excel, how to use them to answer what-if questions, and how
to find optimal solutions with the help of a spreadsheet Solver. For practical reasons, most
of your work will take place in the classroom or in front of your own PC as you work
through the examples and problems. The primary emphasis of this book, therefore, is on
steps 3 through 6, that is, developing the model, testing the model with different inputs, op-
timizing the model, and presenting (and interpreting) the results to a client—probably your
instructor.

Keep in mind, however, that with real problems you must take crucial steps before and
after the procedures you’ll be practicing in this book. Because real problems don’t come
as nicely packaged as those we discuss and because the necessary data are seldom given
to you on a platter, you’ll have to wrestle with the problem’s scope and precise data
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requirements when you solve problems in a real setting. (We have included “modeling
problems” at the ends of most chapters. These problems are not as well structured as the
“skill” problems, so the burden is on you to determine an appropriate structure and decide
the necessary data.) Also, because a mathematically accurate model doesn’t necessarily
result in a successful implementation, your work is not finished just because the numbers
check out. To gain acceptance for a model, an analyst must have the right combination of
technical skills and people skills. Try to keep this in mind as you write up your solutions to
the problems in this book. Don’t just hand in a mass of numbers with little or no explana-
tion. Sell your solution!
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CHAPTER

Introduction to Spreadsheet Modeling

ANALYSIS OF HIV/AIDS

any of management science’s most successful applications are traditional

functional areas of business, including operations management, logistics,
finance, and marketing. Indeed, many such applications are analyzed in this
book. However, another area where management science has had a strong in-
fluence over the past decade has been the analysis of the worldwide HIV/AIDS
epidemic. Not only have theoretical models been developed, but even more
important, they have also been applied to help understand the epidemic and
reduce its spread. To highlight the importance of management science model-
ing in this area, an entire special issue (May—June 1998) of Interfaces, the journal
that reports successful management science applications, was devoted to
HIV/AIDS models. Some of the highlights are discussed here to give you an
idea of what management science has to offer in this important area.

Kahn et al. (1998) provides an overview of the problem. They discuss how
governments, public-health agencies, and health-care providers must deter-
mine how best to allocate scarce resources for HIV treatment and prevention
among different programs and populations. They discuss in some depth how
management science models have influenced, and will continue to influence,
AIDS policy decisions. Other articles in the issue discuss more specific prob-
lems. Caulkins et al. (1998) analyze whether the distribution of difficult-to-
reuse syringes would reduce the spread of HIV among injection drug users.
Based on their model, they conclude that the extra expense of these types of
syringes would not be worth the marginal benefit they might provide.
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Paltiel and Freedberg (1998) investigate the costs and benefits of devel-
oping and administering treatments for cytomegalovirus (CMV), an infection
to which HIV carriers are increasingly exposed. (Retinitis, CMV’s most com-
mon manifestation, is associated with blindness and sometimes death.) Their
model suggests that the costs compare unfavorably with alternative uses of
scarce resources. Owens et al. (1998) analyze the effect of women’s relapse
to high-risk sexual and needle-sharing behavior on the costs and benefits of
a voluntary program to screen women of childbearing age for HIV. They find,
for example, that the effect of relapse to high-risk behaviors on screening
program costs and benefits can be substantial, suggesting that behavioral
interventions that produce sustained reductions in risk behavior, even if
expensive, could be cost-saving.

The important point is that these articles (and others not mentioned
here) base their results on rigorous management science models of the
HIV/AIDS phenomenon. In addition, they are backed up with real data. They
are not simply opinions of the authors. B

.1 INTRODUCTION

This book is all about spreadsheet modeling. By the time you are finished, you’ll have seen
some reasonably complex—and realistic—models. Many of you will also be transformed
into Excel “power” users. However, we don’t want to start too quickly or assume too much
background on your part. For practice in getting up to speed with basic Excel features, we
have included an Excel tutorial in the CD-ROM that accompanies this book. (See the Excel
Tutorial.docx file.) You can work through this tutorial at your own speed and cover the top-
ics you need help with. Even if you have used Excel extensively, give this tutorial a look.
You might be surprised how some of the tips can improve your productivity.

Second, this chapter provides an introduction to Excel modeling and illustrates some
interesting and relatively simple models. The chapter also covers the modeling process and
includes some of the less well known, but particularly helpful, Excel tools that are avail-
able. These tools include data tables, Goal Seek, lookup tables, and auditing commands.
Keep in mind, however, that our objective is not the same as that of the many “how-to”
Excel books on the market. Specifically, we are not teaching Excel just for its many inter-
esting features. Rather, we plan to use these features to provide insights into real business
problems. In short, Excel is a problem-solving tool, not an end in itself, in this book.

2.2 BASIC SPREADSHEET MODELING:
CONCEPTS AND BEST PRACTICES

24  Chapter 2

Most mathematical models, including spreadsheet models, involve inputs, decision vari-
ables, and outputs. The inputs have given fixed values, at least for the purposes of the
model. The decision variables are those a decision maker controls. The outputs are the ul-
timate values of interest; they are determined by the inputs and the decision variables. For
example, suppose a manager must place an order for a certain seasonal product. This prod-
uct will go out of date fairly soon, so this is the only order that will be made for the product.
The inputs are the fixed cost of the order; the unit variable cost of each item ordered; the
price charged for each item sold; the “salvage” value for each item, if any, left in inventory
after the product has gone out of date; and the demand for the product. The decision vari-
able is the number of items to order. Finally, the key output is the profit (or loss) from the
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Some inputs, such as product. You can also break this output into the outputs that contribute to it: the total or-
demand in thiS_ dering cost, the revenue from sales, and the salvage value from leftover items. You cer-
iggg’; e’fé;fe”zf;’gr:e tainly have to calculate these outputs to obtain profit.
of uncertainty. In Spreadsheet modeling .is the process of §ntering the inputs and decision vari.ables into
some cases, as in a spreadsheet and then relating them appropriately, by means of formulas, to obtain the out-
Example 2.4 later in puts. After you’ve done this, you can then proceed in several directions. You might want
this chapter, we model  to perform a sensitivity analysis to see how one or more outputs change as selected inputs
Z)‘(’S If”,’ier tainty or decision variables change. You might want to find the values of the decision variable(s)
plicitly. that minimize or maximize a particular output, possibly subject to certain constraints. You
might also want to create charts that show graphically how certain parameters of the model
are related.

These operations are illustrated with several examples in this chapter. Getting all the
spreadsheet logic correct and producing useful results is a big part of the battle; however,
we go further by stressing good spreadsheet modeling practices. You probaby won’t be de-
veloping spreadsheet models for your sole use; instead, you’ll be sharing them with col-
leagues or even a boss (or an instructor). The point is that other people will probably be
reading and trying to make sense out of your spreadsheet models. Therefore, you must con-
struct your spreadsheet models with readability in mind. Several features that can improve
readability include the following:

A clear, logical layout to the overall model
Separation of different parts of a model, possibly across multiple worksheets

Clear headings for different sections of the model and for all inputs, decision vari-
ables, and outputs

Liberal use of range names

Liberal use of boldface, italics, larger font size, coloring, indentation, and other for-
matting features

Liberal use of cell comments

Liberal use of text boxes for assumptions and explanations

Obviously, the formulas and logic in any spreadsheet model must be correct; however,
correctness will not take you very far if no one can understand what you’ve done. Much of
the power of spreadsheets derives from their flexibility. A blank spreadsheet is like a big
blank canvas waiting for you to insert useful data and formulas. Practically anything is
allowed. However, you can abuse this power if you don’t have an overall plan for what
should go where. Plan ahead before diving in, and if your plan doesn’t look good after you
start filling in the spreadsheet, revise your plan.

The following example illustrates the process of building a spreadsheet model accord-
ing to these guidelines. We build this model in stages. In the first stage, we build a model that
is correct, but not very readable. At each subsequent stage, we modify the model to make it
more readable. You do not need to go through each of these stages explicitly when you build
your own models. You should strive for the final stage right away, at least after you get ac-
customed to the modeling process. The various stages are shown here simply for contrast.

2.1 ORDERING NCAA T-SHIRTS

t is March, and the annual NCAA Basketball Tournament is down to the final 4 teams.
Randy Kitchell is a t-shirt vendor who plans to order t-shirts with the names of the final
4 teams from a manufacturer and then sell them to the fans. The fixed cost of any order is
$750, the variable cost per t-shirt to Randy is $6, and Randy’s selling price is $10. How-
ever, this price will be charged only until a week after the tournament. After that time,
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Randy figures that interest in the t-shirts will be low, so he plans to sell all remaining
t-shirts, if any, at $4 each. His best guess is that demand for the t-shirts during the full-price
period will be 1500. He is thinking about ordering 1400 t-shirts, but he wants to build a
spreadsheet model that will let him experiment with the uncertain demand and his order
quantity. How should he proceed?

Objective  To build a spreadsheet model in a series of stages, all stages being correct but
each stage being more readable and flexible than the previous stages.

Solution

The logic behind the model is simple. If demand is greater than the order quantity, Randy
will sell all the t-shirts ordered for $10 each. However, if demand is less than the order
quantity, Randy will sell as many t-shirts as are demanded at the $10 price and all leftovers
at the $4 price. You can implement this logic in Excel with an IF function.

A first attempt at a spreadsheet model appears in Figure 2.1. (See the file TShirt Sales
Finished.xlIsx, where we have built each stage on a separate worksheet.) You enter a pos-
sible demand in cell B3, a possible order quantity in cell B4, and then calculate the profit
with the formula

=-750-6*B4+1F(B3>B4,10%*B4,10*B3+4*(B4-B3))

This formula subtracts the fixed and variable costs and then adds the revenue accord-
ing to the logic just described.

Figure 2.1
Base Model

Never hard code
numbers into Excel
formulas. Use cell
references instead.

A | B
1 |NCAA t-shirt sales
2
3 |Demand 1500
4 |Order 1400
5 |Profit 4850

Excel Function: IF

Excel’s IF function is probably already familiar to you, but it’s too important not to discuss.
It has the syntax =IF(condition,resultlfTrue,resultlfFalse). The condition is any expression
that is either true or false. The two expressions resultlfTrue and resultlfFalse can be any
expressions you would enter in a cell: numbers, text, or other Excel functions (including
other IF functions). Note that if either expression is text, it must be enclosed in double
quotes, such as

=IF(Score>=90,“A",*“B”)

Finally, Condition can be complex combinations of conditions, using the keywords AND or
OR. Then the syntax is, for example,

=IF(AND(Scorel<60,Score2<60),*Fail”’,*Pass”)

This model is entirely correct, but it isn’t very readable or flexible because it breaks a
rule that you should strive never to break: It hard codes input values into the profit formula.
A spreadsheet model should never include input numbers in formulas. Instead, the spread-
sheet model should store input values in separate cells and then include cell references to
these inputs in its formulas. A remedy appears in Figure 2.2. Here, the inputs have been en-
tered in the range B3:B6, and the profit formula in cell B10 has been changed to

=-B3-B4*B9+IF(B8>B9,B5*B9,10*B8+B6*(B9-BS))
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Figure 2.2

Model with Input
Cells

A B

1 |NCAA t-shirt sales

2

3 |Fixed order cost $750
4 |Variable cost $6
5 |Selling price $10
6 |Discount price sS4
7

8 |Demand 1500
9 [Order 1400
10 | Profit $4,850

This is exactly the same formula as before, but it’s now more flexible. If an input changes,
the profit recalculates automatically. Most important, the inputs are no longer “buried” in
the formula.'

Still, the profit formula is not very readable as it stands. You can make it more readable
by using range names. The mechanics of range names are covered in detail later in this
chapter. For now, the results of using range names for cells B3 through B6, BS, and B9 are
shown in Figure 2.3. This model looks exactly like the previous model, but the formula in
cell B10 is now

=-Fixed_order_cost-Variable_cost*Order+IF(Demand>Order,
Selling_price*Order,Selling_price*Demand+Salvage_value*(Order-Demand))

This formula is admittedly more long-winded, but it’s certainly easier to read.

Figure 2.3
Model with Range
Names in Profit
Formula

A B C D E F
1 |NCAA t-shirt sales
2
3 |Fixed order cost $750 Range names used
4 |Variable cost $6 Demand ='Model 3'1$B$8
5 |Selling price $10 Discount_price ='Model 3'!1SB$6
6 |Discount price $4 Fixed_order_cost ='Model 3'I$B$3
7 Order ='Model 3'1$B$9
8 |Demand 1500 Selling_price ='Model 3'1SBS5
9 |Order 1400 Variable_cost ='Model 3'ISB$4
10 |Profit $4,850

Randy might like to have profit broken down into various costs and revenues (Fig-
ure 2.4), rather than one single profit cell. The formulas in cells B12, B13, B15, and B16
are straightforward, so they are not repeated here. You then accumulate these to get profit
in cell B17 with the formula

=-(B12+B13)+(B15+B16)
. A B C D E F
Flgure 2.4 1 |NCAA t-shirt sales
Model with 2
. 3 |Fixed order cost $750 Range names used
Intermediate 4 |Variable cost $6 Demand ='Model 4'1$B$8
Outputs 5 |Selling price $10 Discount_price ='Model 4'!$BS6
6 |Discount price sS4 Fixed_order_cost |='Model 4'ISB$3
7 Order ='Model 4'1$B$9
8 |Demand 1500 Selling_price ='Model 4'1$BS5
9 |Order 1400 Variable_cost ='Model 4'1$B$4
10
11 [Costs
12 | Fixed cost $750
13| Variable costs $8,400
14 [Revenues
15| Full-price shirts $14,000
16 | Discount-price shirts S0
17 |Profit $4,850

! Some people refer to such numbers buried in formulas as magic numbers because they just seem to appear out
of nowhere. Avoid magic numbers!
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Flgure 25 1 |NCAA t-shirt sales

Model with 2
3 |Input variables Range names used

CategorY Labels and 4 |Fixed order cost $750 Demand ='Model 5'1$B$10

COlOl‘ Codlng 5 |Variable cost $6 Discount_price ='Model 5'I$SBS7
6 |Selling price $10 Fixed_order_cost  |='Model 5'1SB$4
7 |Discount price $4 Order ='Model 5'I$B$13
8 Selling_price ='Model 5'ISB$6
9 |Uncertain variable Variable_cost ='Model 5'!SBS5

A B C D E F

=
o

Demand 1500

i
[

[
N

Decision variable
Order 1400

[
w

i
'S

i
wn

Output variables
Costs

=
@

17 | Fixed cost $750
18 | Variable costs $8,400
19 [Revenues

20| Full-price shirts $14,000
21| Discount-price shirts 30
22 |Profit $4,850

Of course, range names could be used for these intermediate output cells, but it’s probably
more work than it’s worth. You must always use some judgment when deciding how many
range names to use.

If Randy’s assistant is presented with this model, how does she know at a glance which
cells contain inputs or decision variables or outputs? Labels and/or color coding can help to
distinguish these types. A blue/red/gray color-coding style has been applied in Figure 2.5,
along with descriptive labels in boldface. The blue cells at the top are input cells, the red cell
in the middle is a decision variable, and the gray cell at the bottom is the key output.” There

FUNDAMENTAL INSIGHT

Spreadsheet Layout and Documentation

If you want your spreadsheets to be used (and you
want your stock in your company to rise), give a lot of
thought to your spreadsheet layout and then docu-
ment your work carefully. For layout, think about
whether certain data are best oriented in rows or
columns, whether your work is better placed in a
single sheet or in multiple sheets, and so on. For doc-
umentation, you can use descriptive labels and head-
ings, color coding and borders, cell comments, and
text boxes to make your spreadsheets more read-
able. It takes time and careful planning to design and
then document your spreadsheet models, but the
time is well spent. And if you come back in a few days
to a spreadsheet model you developed and you can’t
make heads or tails of it, don’t be afraid to redesign
your work completely—from the ground up.

is nothing sacred about this particular convention.
Feel free to adopt your own convention and style,
but be sure to use it consistently.

The model in Figure 2.5 is still not the last
word on this problem. As shown in later examples,
you could create data tables to see how sensitive
profit is to the inputs, the demand, and the order
quantity. You could also create charts to show any
numerical results graphically. But this is enough for
now. You can now see that the model in Figure 2.5
is much more readable and flexible than the original
model in Figure 2.1. =

Because good spreadsheet style is so important, an
appendix to this chapter is included that discusses a
few tools for editing and documenting your spread-
sheet models. Use these tools right away and as you
progress through the book.

In the rest of this chapter, we discuss a number
of interesting examples and introduce important
modeling concepts (such as sensitivity analysis),
important Excel features (such as data tables), and
even some important business concepts (such as

28 Chapter 2

% For users of the previous edition, we find it easier in Excel 2007 to color the cells rather than place colored borders
around them, so we adopt this convention throughout the book. This color convention shows up clearly in the Excel
files that accompany the book. However, in this two-color book (shades of gray and blue), it is difficult to “‘see” the
color-coding scheme. We recommend that you look not only at the figures in the book, but at the actual Excel files.
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net present value). To get the most from these examples, follow along at your own PC,
starting with a blank spreadsheet. It’s one thing to read about spreadsheet modeling; it’s
quite another to actually do it!

2.3 COST PROJECTIONS

2.2

In this next example, a company wants to project its costs of producing products, given that
material and labor costs are likely to increase through time. We build a simple model and
then use Excel’s charting capabilities to obtain a graphical image of projected costs.

PROJECTING THE CosTS OF BOOKSHELVES AT WOODWORKS

he Woodworks Company produces a variety of custom-designed wood furniture for its

customers. One favorite item is a bookshelf, made from either cherry or oak. The com-
pany knows that wood prices and labor costs are likely to increase in the future. Table 2.1
shows the number of board-feet and labor hours required for a bookshelf, the current costs
per board-foot and labor hour, and the anticipated annual increases in these costs. (The top
row indicates that either type of bookshelf requires 30 board-feet of wood and 16 hours of
labor.) Build a spreadsheet model that enables the company to experiment with the growth
rates in wood and labor costs so that a manager can see, both numerically and graphically,
how the costs of the bookshelves vary in the next few years.

Table 2.1 Input Data for Manufacturing a Bookshelf

Resource Cherry Oak Labor
Required per bookshelf 30 30 16
Current unit cost $7.30 $4.30 $18.50
Anticipated annual cost increase 2.4% 1.7% 1.5%

Business Objectives3 To build a model that allows Woodworks to see, numerically and
graphically, how its costs of manufacturing bookshelves increase in the future and to allow
the company to answer what-if questions with this model.

Excel Objectives To learn good spreadsheet practices, to enable copying formulas with
the careful use of relative and absolute addresses, and to create line charts from multiple
series of data.

Solution

Listing the key variables in a table before developing the actual spreadsheet model is use-
ful, so we’ll continue to do this in many later examples (see Table 2.2.) This practice forces
you to examine the roles of the variables—which are inputs, which are decision variables,
and which are outputs. Although the variables and their roles are fairly clear for this exam-
ple, later examples will require more thought.

3 In later chapters, we simply list the “Objective” of each example as we did in Example 2.1 in this chapter. How-
ever, because this chapter has been written to enhance basic spreadsheet skills, we separate the business objectives
from the Excel objectives.
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Table 2.2 Key Variables for the Bookshelf Manufacturing Example

Input variables =~ Wood and labor requirements per bookshelf, current unit costs of wood and
labor, anticipated annual increases in unit costs
Output variables Projected unit costs of wood and labor, projected total bookshelf costs

The reasoning behind the model is straightforward. You first project the unit costs for
wood and labor into the future. Then for any year, you multiply the unit costs by the re-
quired numbers of board-feet and labor hours per bookshelf. Finally, you add the wood and
labor costs to obtain the total cost of a bookshelf.

DEVELOPING THE SPREADSHEET MODEL

The completed spreadsheet model appears in Figure 2.6 and in the file Bookshelf
Costs.xlsx.* We develop it with the following steps.

Figure 2.6

Bookshelf Cost
Model

Always enter input
values in input cells
and then refer to them
in Excel formulas. Do
not bury input values
in formulas!
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Projecting bookshelf costs at Woodworks { { { { { { {

Inputs Projected Bookshelf Costs

Requirements per bookshelf Cherry Oak $600.00

$500.00

1

2

3

4

5 |Board-feet required 30 30

6_|Labor hours required 16 16 $550.00 ,_—O/M
? \ |

8

Costs of wood ‘ Cherry‘ Oak $450.00 .___.___.___.———I"*—_.
9 |Current cost per board-foot $7.30 $4.30 —o—Cherry

400.00
10 [Projected annual increase 2.4% 1.7% $

11 | | $350.00 —-0ak
12 |Cost of labor ‘ ‘ $300.00

13 |Current cost per labor hour $18.50 0 1 2 3 4 5 6
14 |Projected annual increase 1.5%

15 ‘ Years from Now

16 |Projected costs ‘ T

17 Cost per board-foot | Cost per hour | Cost per bookshelf

18 Years from now Cherry Oak Labor Cherry Oak

19 0 $7.30 $4.30 $18.50 $515.00 | $425.00

20 1 $7.48 $4.37 $18.78 $524.70 | $431.63

21 2 $7.65 $4.45 $19.06 $534.58 | $438.37

22 3 $7.84 $4.52 $19.35 $544.67 | $445.21

23 4 $8.03 $4.60 $19.64 $554.96 | $452.16

24 5 $8.22 $4.68 $19.93 $565.45 | $459.22

25 6 $8.42 $4.76 $20.23 $576.15 | $466.39

o Inputs. You should usually enter the inputs for a model in the upper-left corner of a
worksheet as you can see in the shaded ranges in Figure 2.6, using the data from Table 2.1.
We have used our standard convention of coloring inputs—the numbers from the statement
of the problem—blue. You can develop your own convention, but the input cells should be
distinguished in some way. Note that the inputs are grouped logically and are explained
with appropriate labels. You should always document your spreadsheet model with infor-
mational labels. Also, note that by entering inputs explicitly in input cells, you can refer to
them later with Excel formulas.

e Design output table. Think ahead of time how you want to structure your outputs.
We created a table where there is a row for every year in the future (year O corresponds to
the current year), there are three columns for projected unit costs (columns B-D), and there
are two columns for projected total bookshelf costs (columns E-F). The headings reflect
this design. Of course, this isn’t the only possible design, but it works well. The important
point is that you should have some logical design in mind before diving in.

4 The CD-ROM accompanying this book includes templates and completed files for all examples in the book,
where all of the latter have “Finished” appended to their file names. However, especially in this chapter, we sug-
gest that you start with a blank spreadsheet and follow the step-by-step instructions on your own.
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Always try to organize
your spreadsheet
model so that you can
take advantage of
copying formulas
across multiple cells.

Typing dollar signs in
formulas for absolute
references is
inefficient, so press
the F4 key instead.

e Projected unit costs of wood. The dollar values in the range B19:F25 are all calcu-
lated from Excel formulas. Although the logic in this example is straightforward, it is still
important to have a strategy in mind before you enter formulas. In particular, you should
design your spreadsheet so that you can enter a single formula and then copy it whenever
possible. This saves work and avoids errors. For the costs per board-foot in columns B and
C, enter the formula

=B9
in cell B19 and copy it to cell C19. Then enter the general formula
=B19*(1+B$10)

in cell B20 and copy it to the range B20:C25. We assume you know the rules for absolute
and relative addresses (dollar sign for absolute, no dollar sign for relative), but it takes
some planning to use these so that copying is possible. Make sure you understand why we
made row 10 absolute but column B relative.

Excel Tip: Relative and Absolute Addresses in Formulas

Relative and absolute addresses are used in Excel formulas to facilitate copying. A dollar
sign next to a column or row address indicates that the address is absolute and will not
change when copying. The lack of a dollar sign indicates that the address is relative and
will change when copying. After you select a cell in a formula, you can press the F4 key
repeatedly to cycle through the relative/absolute possibilities, for example, =B4 (both col-
umn and row relative), =$B$4 (both column and row absolute), =B$4 (column relative,
row absolute), and =$B4 (column absolute, row relative).

0 Projected unit labor costs. To calculate projected hourly labor costs, enter the
formula

=B13
in cell D19. Then enter the formula
=D19*(1+B$14)

in cell D20 and copy it down column D.

e Projected bookshelf costs. Each bookshelf cost is the sum of its wood and labor
costs. By a careful use of absolute and relative addresses, you can enter a single formula for
these costs—for all years and for both types of wood. To do this, enter the formula

=B$5*B19+B$6*$D19

in cell E19 and copy it to the range E19:F25. The idea here is that the units of wood and
labor per bookshelf are always in rows 5 and 6, and the projected unit labor cost is always
in column D, but all other references must be relative to allow copying.

0 Chart. A chart is an invaluable addition to any table of data, especially in the busi-
ness world, so charting in Excel is a skill worth mastering. Although not everyone agrees,
the many changes Microsoft made regarding charts in Excel 2007 help you create charts
more efficiently and effectively. We illustrate some of the possibilities here, but we urge
you to experiment with other possibilities on your own. Start by selecting the range
E18:F25—yes, including the labels in row 18. Next, click on the Line dropdown on the
Insert ribbon and select the Line with Markers type. (The various options in the Charts
group replace the Chart Wizard in previous versions of Excel.) You instantly get the basic
line chart you want, with one series for Cherry and another for Oak. Also, when the chart
is selected (has a border around it), you see three new Chart Tools ribbons: Design, Lay-
out, and Format. The most important button on any of these ribbons is the Select Data
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Figure 2.7

Select Data
Dialog Box

Figure 2.8

Dialog Box for
Changing
Horizontal
Axis Labels

The many chart
options are easily
accessible from the
three new Chart Tools

ribbons in Excel 2007.

Don’t be afraid to
experiment with
them to produce
professional-looking
charts.

Select Data Source

Chart data range: |
|'| e ’ ] Switch Row/Column ] S— 'I )
Legend Entries (Series) Haorizontal (Category) Axis Labels
[ 5 add ” X Edit ” * Remove ] o+ E] [ 5 Edit ]
Cherry ¥ it
Oak 2
3
A 8
5 v
Hidden and Empty Cells Ok ] [ Cancel

Axis Labels

Axis label range:
| =Modell$A$19: 54425

button on the Design ribbon. It lets you choose the ranges of the data for charting in case
Excel’s default choices (which are based on the selected range when you create the chart)
are wrong. Click on Select Data now to obtain the dialog box in Figure 2.7. On the left,
you control the one or more series being charted; on the right, you control the data used
for the horizontal axis. By selecting E18:F25, you have the series on the left correct,
including the names of these series (Cherry and Oak), but if you didn’t, you could select
one of the series and click on Edit to change it. The data on the horizontal axis is currently
the default 1, 2, and so on. We want it to be the data in column A. So click on the Edit but-
ton on the right and select the range A19:A25. (See Figure 2.8.) Your chart is now cor-
rectly labeled and charts the correct data. Beyond this, you can experiment with various
formatting options to make the chart even better. For example, we rescaled the vertical
axis to start at $300 rather than $0 (right-click on the numbers on the vertical axis and
select Format Axis, or look at the many options under the Axes dropdown on the Layout
ribbon), and we added a chart title at the top and a title for the horizontal axis at the bot-
tom (see buttons on the Labels group on the Layout ribbon). You can spend a lot of time
fine-tuning charts—maybe even foo much time—but professional-looking charts are defi-
nitely appreciated.
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FUNDAMENTAL INSIGHT

The Power of Charts

A chart is typically much more informative to a business
manager than the table of numbers it is based on. Don’t
underestimate the power of Excel charts for getting
your points across, and include them in your spreadsheet
models whenever possible. However, be prepared to do
some investigating on your own. Excel offers an abun-
dance of chart types and chart options to choose from,
and they are not all equally suited to telling your story.

Using the Model for What-If Questions

The model in Figure 2.6 can now be used to answer
any what-if questions. In fact, many models are
built for the purpose of permitting experimentation
with various scenarios. The important point is that
the model has been built in such a way that a man-
ager can enter any desired values in the input cells,
and all the outputs, including the chart, update auto-
matically. As a simple example, if the annual per-
centage increases for wood costs are twice as high
as Woodworks anticipated, you can enter these
higher values in row 10 and immediately see the ef-
fect, as shown in Figure 2.9. By comparing book-
shelf costs in this scenario to those in the original

scenario, the projected cost in year 6 for cherry bookshelves, for example, increases by
about 6.5%, from $576.15 to $613.80.

Figure 2.9  Effect of Higher Increases in Wood Costs

A [ 8 C D [ e T °F c [ H [ 1 T 1 T «x

1 |Projecting bookshelf costs at i ks ‘ ‘ ‘ ‘ ‘ ‘

2

3 [Inputs Projected Bookshelf Costs B

4 |Requirements pfer bookshelf Cherry Oak $650.00 ||

5 |Board-feet requlr.ed 30 30 $600.00 e ||

6 |Labor hours required 16 16 $550.00 / B

7 | ] s B

8 |Costs of wood | cherry| Oak $500.00 ||

9 [Current cost per board-foot $7.30 $4.30 $450.00 7‘.& —o—Cherry

10 [Projected annual increase 4.8% 3.4% $400.00 —m—0ak L

11 | $350.00 H

12 | Cost of labor ‘ ‘ $300.00 T T T L

13 [Current cost per labor hour $18.50 0 1 3 4 5 6 ||

14 |Projected annual increase 1.5%

5 ‘ Years from Now —

16 |Projected costs I o

17 Cost per board-foot | Cost per hour | Cost per bookshelf

18 Years from now Cherry Oak Labor Cherry Oak

19 0 $7.30 $4.30 $18.50 $515.00 | $425.00

20 1 $7.65 | $4.45 $18.78 $529.95 | $433.83

21 2 $8.02 | $4.60 $19.06 $545.48 | $442.87

22 3 $8.40 | $4.75 $19.35 $561.59 | $452.13

23 4 $8.81 $4.92 $19.64 $578.34 | $461.62

24 5 $9.23 | $5.08 $19.93 $595.73 | $471.35

25 6 $9.67 | $5.26 $20.23 $613.80 | $481.32
A carefully constructed You should appreciate by now why burying input numbers inside Excel formulas is
model—with no input such a bad practice. For example, if you had buried the annual increases of wood costs
numbers buried in from row 10 in the formulas in columns B and C, imagine how difficult it would be to an-
formulas—allows a the what-if question in the previ h. You would first have to find and th
manager to answer Swer the whnat-1I ques IOFI 1n the previous paragrap . YOuU wou ISt nave to 'Il’ ap en
many what-if questions | change all the numbers in the formulas, which is a lot of work. Even worse, it’s likely to
with a few keystrokes. lead to errors. =

2.4 BREAKEVEN ANALYSIS

Many business problems require you to find the appropriate level of some activity. This
might be the level that maximizes profit (or minimizes cost), or it might be the level that al-
lows a company to break even—no profit, no loss. We discuss a typical breakeven analysis

in the following example.
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EXAMPLE 2.3 BREAKEVEN ANALYSIS AT GREAT THREADS

Adopt some layout
and formatting
conventions, even if
they differ from ours,
to make your spread-
sheets readable and
easy to follow.

he Great Threads Company sells hand-knitted sweaters. The company is planning to

print a catalog of its products and undertake a direct mail campaign. The cost of printing
the catalog is $20,000 plus $0.10 per catalog. The cost of mailing each catalog (including
postage, order forms, and buying names from a mail-order database) is $0.15. In addition, the
company plans to include direct reply envelopes in its mailings and incurs $0.20 in extra costs
for each direct mail envelope used by a respondent. The average size of a customer order is
$40, and the company’s variable cost per order (due primarily to labor and material costs) av-
erages about 80% of the order’s value—that is, $32. The company plans to mail 100,000 cata-
logs. It wants to develop a spreadsheet model to answer the following questions:

1. How does a change in the response rate affect profit?

2. For what response rate does the company break even?

3. If the company estimates a response rate of 3%, should it proceed with the mailing?
4. How does the presence of uncertainty affect the usefulness of the model?

Business Objectives To create a model to determine the company’s profit and to see how
sensitive the profit is to the response rate from the mailing.

Excel Objectives To learn how to work with range names, to learn how to answer what-
if questions with one-way data tables, to introduce Excel’s Goal Seek tool, and to learn how
to document and audit Excel models with cell comments and the auditing toolbar.

Solution

The key variables appear in Table 2.3. Note that we have designated all variables as input
variables, decision variables, or output variables. Furthermore, there is typically a key out-
put variable, in this case, profit, that is of most concern. (In the next few chapters, we refer
to it as the “target” variable.) Therefore, we distinguish this key output variable from the
other output variables that we calculate along the way.

Table 2.3 Key Variables in Great Threads Problem

Input variables Various unit costs, average order size, response rate
Decision variable Number mailed
Key output variable Profit

Other output variables =~ Number of responses, revenue, and cost totals

The logic for converting inputs and decision variable into outputs is straightforward.
After you do this, you can investigate how the response rate affects the profit with a sensi-
tivity analysis.

The completed spreadsheet model appears in Figure 2.10. (See the file Breakeven
Analysis.xlsx.) First, note the clear layout of the model. The input cells are colored blue,
they are separated from the outputs, headings are boldfaced, several headings are indented,
numbers are formatted appropriately, and a list to the right spells out all range names we
have used. (See the upcoming Excel Tip on how to create this list.) Also, following the con-
vention we use throughout the book, the decision variable (number mailed) is colored red,
and the bottom-line output (profit) is colored gray.
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Figure 2.10 Great Threads Model

A B 3 D E Fo G [ v [ 1

1 |Great Threads direct mail model Range names used

2 Average_order =Model!$BS11
| 3 |Cataloginputs | | Model of responses  Fixed cost of printing =Model!$B54

4 |Fixed cost of printing $20,000 Response rate 8% Number_mailed =Model!$BS$8

5 |Variable cost of printing mailing $0.25 Number of responses 8000 Number_of_responses =Model!SES5
| 6] 1 Profit '=ModelISES13
| 7 |Decision variable } Model of revenue, costs, and profit | Response_rate =Model!SES4

8 |Number mailed 100000 Total Revenue $320,000 Total_cost =Model!SES12
| 9 | 1 Fixed cost of printing $20,000 Total_Revenue =ModellSESS
| 10 |Order inputs | Total variable cost of printing mailing $25,000‘ Variable_cost_of_printing_mailing =Model!$BS5

11 |Average order $40 Total variable cost of orders $257,600 Variable_cost_per_order =Model!$BS$12

12 |Variable cost per order $32.20 Total cost $302,600

13 | Profit $17,400

We refer to this as the
Create from Selection
shortcut. If you like it,
you can get the dialog
box in Figure 2.11
even quicker: Press
Ctrl-Shift-F3.

Figure 2.11

Range Name Create
Dialog Box

If you like this tip, you
can perform it even
faster: Press the F3
key to bring up the
Paste Name dialog
box.

Excel Tip: Creating Range Names

To create a range name for a range of cells (which could be a single cell), highlight the
cell(s), click in the Name Box just to the left of the Formula Bar, and type a range name. Al-
ternatively, if a column of labels appears next to the cells to be range-named, you can use
these labels as the range names. To do this, highlight the labels and the cells to be named
(for example, A4:B5 in Figure 2.10), select the Create from Selection item on the Formulas
ribbon, and make sure the appropriate box in the resulting dialog box (see Figure 2.11) is
checked. The labels in our example are to the left of the cells to be named, so the Left col-
umn box should be checked. This is a very quick way to create range names, and we did it
for all range names in the example. In fact, by keeping your finger on the Ctrl key, you can
select multiple ranges.” After all your ranges are selected, you can sometimes create all
your range names in one step. Note that if a label contains any “illegal” range-name char-
acters, such as a space, the illegal characters are converted to underscores.

Create Mames from Selection [

Create narmes from values in the:
|:| Top row
Left column %
[] Botkom row
[ ] Right column

Excel Tip: Pasting Range Names

Including a list of the range names in your spreadsheet is often useful. To do this, select a
cell (such as cell G4 in Figure 2.10), select the Use in Formula dropdown from the Formu-
las ribbon, and then click on the Paste List option. You get a list of all range names and
their cell addresses. However, if you change any of these range names (delete one, for ex-
ample), the paste list does not update automatically; you have to create it again.

5 Many users apparently believe range names are more work than they are worth. This shortcut for creating range
names remedies that problem.
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DEVELOPING THE SPREADSHEET MODEL

To create this model, proceed through the following steps.

o Headings and range names. We’ve named a lot of cells, more than you might want
to name, but you’ll see their value when you create formulas. In general, we strongly sup-
port range names, but it is possible to go overboard. You can waste a lot of time naming
ranges that do not really need to be named. Of course, you can use the Create from Selec-
tion shortcut described previously to speed up the process.®

e Values of input variables and the decision variable. Enter these values and format
them appropriately. As usual, we’ve used our blue/red/gray color-coding scheme. Note that
the number mailed has been designated as a decision variable, not as an input variable (and
it’s colored red, not blue). This is because the company gets to choose the value of this vari-
able. Finally, note that some of the values have been combined in the statement of the prob-
lem. For example, the $32.20 in cell B12 is really 80% of the $40 average order size, plus
the $0.20 per return envelope. To document this process, comments appear in a few cells,
as shown in Figure 2.12.

Figure 2.12 Cell Comments in Model

A [ B [ ¢ D E [ F G [ v [ 1
| 1 |Great Threads direct mail model Range names used |
2 [Trialvalue, willdo | =Modell$B$11
3 |Catalog inputs Model of resp Jlseﬂsilivl(y analysis on |printing =Model!$BS$4
| 4 |Fixed cost of printing $20,000 ! ncludes $0.10 for 8% Number_mailed =Model!$BS8
| 5 |Variable cost of printing mailing $0.25 S:;?ﬁ:;;;it;jgr ponses 8000 Number_of_responses =ModellSES5
| 6 | | Profit =Modell$SES13
| 7 |Decision variable Model of revenue, costs, and profit Response_rate =Model!SES4
8 |Number mailed 100000 Total Revenue $320,000 Total_cost =Modell$E$12
9 Fixed cost of printing $20,000 Total_Revenue =Model!SES8
10 |Order inputs ‘[includes 80% of the average of printing mailing $25,000 Variable_cost_of_printing_mailing =Model!$BS5
11 |Average order 4045540 order size, plus $0.20 per  k of orders $257,600 Variable_cost_per_order =Model!$BS12
z Variable cost per order $32.20 fem enV?IOPS $302.600' . . Vl
13 Profit $17,400 I |

Excel Tip: Inserting Cell Comments

Inserting comments in cells is a great way to document your spreadsheet models without in-
troducing excessive clutter. To enter a comment in a cell, right-click on the cell, select the
Insert Comment item, and type your comment. This creates a little red mark in the cell, in-
dicating a comment, and you can see the comment by resting the mouse pointer over the
cell. When a cell contains a comment, you can edit or delete the comment by right-clicking
on the cell and selecting the appropriate item. If you want all the cell comments to be visi-
ble (for example, in a printout as in Figure 2.12), click on the Office button, then on Excel
Options, then on the Advanced link, and select the Comment & Indicator option from the
Display group. Note that the Indicator Only option is the default.

e Model the responses. We have not yet specified the response rate to the mailing, so
enter any reasonable value, such as 8%, in the Response_rate cell. We will perform sensi-
tivity on this value later on. Then enter the formula

=Number_mailed*Response_rate
in cell ES. (Are you starting to see the advantage of range names?)
® We heard of one company that does not allow any formulas in its corporate spreadsheets to include cell refer-

ences; they must all reference range names. This is pretty extreme, but that company’s formulas are certainly easy
to read!
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Data tables are also
called what-if tables.
They let you see what
happens to selected
outputs if selected
inputs change.

o Model the revenue, costs, and profits. Enter the formula
=Number_of_responses*Average_order

in cell E8, enter the formulas

=Fixed_cost_of_printing
=Variable_cost_of_printing_mailing*Number_mailed
and
=Number_of_responses*Variable_cost_per_order

in cells E9, E10, and E11, enter the formula
=SUM(E9:E11)

in cell E12, and enter the formula
=Total_revenue-Total_cost

in cell E13. These formulas should all be self-explanatory, especially because of the range
names used.

Forming a One-Way Data Table

Now that a basic model has been created, we can answer the questions posed by the com-
pany. For question 1, we form a one-way data table to show how profit varies with the re-
sponse rate as shown in Figure 2.13. Data tables are used often in this book, so make sure
you understand how to create them. We walk you through the procedure once or twice, but
from then on, you are on your own. First, enter a sequence of trial values of the response rate
in column A, and enter a “link” to profit in cell B17 with the formula =Profit. This cell is
shaded for emphasis, but this isn’t necessary. (In general, other outputs could be part of the
table, and they would be placed in columns C, D, and so on. There would be a link to each
output in row 17.) Finally, highlight the entire table range, A17:B27, and select Data Table
from the What-If Analysis dropdown on the Data ribbon to bring up the dialog box in Fig-
ure 2.14. Fill it in as shown to indicate that the only input, Response_rate, is listed along a
column. (You can enter either a range name or a cell address in this dialog box.)

Figure 2.13
Data Table for Profit

Figure 2.14

Data Table Dialog
Box

A [ B C ) [ & [ F
| 15 |Question 1 - sensitivity of profit to response rate
16 Response rate Profit Profit versus Response Rate
|17 $17,400
| 18| 1% -$37,200 $40,000 .
119 2% -$29,400 $20,000 « *
120 3%  -$21,600 *
| 21 4% -$13,800 g S0 ‘ —e
[22] 5% -$6,000 £ o000l 2% 3 W 5% 6% T% 8% 9% 10%
23 6% $1,800 *
24 7% $9,600 -540,000
25 | 8% $17,400 560,000
26 9% $25,200 Response Rate
127 10%  $33,000

Raw input cell; I 5‘:]
Column input cell; |Resp0nse_rate 5*]

Cancel |
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When you click on OK, Excel substitutes each response rate value in the table into the
Response_rate cell, recalculates profit, and reports it in the table. For a final touch, we have
created a scatter chart of the values in the data table. (To do this, highlight the A18:B27
range and select the default type of Scatter from the Insert ribbon. Then you can fix it up by
adding titles, removing the legend, and so on to suit your taste.)

Excel Tool: One-Way Data Table

A one-way data table allows you to see how one or more output variables vary as a single
input variable varies over a selected range of values. These input values can be arranged
vertically in a column or horizontally in a row. We’ll explain only the vertical arrangement
because it’s the most common. To create the table, enter the input values in a column range,
such as A18:A27 of Figure 2.13, and enter links to one or more output cells in columns to
the right and one row above the inputs, as in cell B17 of Figure 2.13. Then highlight the en-
tire table, beginning with the upper-left blank cell (A17 in the figure), select Data Table
from the What-If Analysis dropdown on the Data ribbon, and fill in the resulting dialog box
as in Figure 2.14. Leave the Row Input cell blank and use the cell where the original value
of the input variable lives as the Column Input cell. When you click on OK, each value in
the left column of the table is substituted into the column input cell, the spreadsheet recal-
culates, and the resulting value of the output is placed in the table. Also, if you click any-
where in the body of the table (B18:B27 in the
figure), you will see that Excel has entered
the =TABLE function to remind you that a data
table lives here. Note that the column input cell

The Power of Data Tables

Many Excel users (most of them?) are unaware of
data tables, but they shouldn’t be. Data tables are
among the most powerful and useful tools Excel has
to offer. After you have developed a model that re-
lates inputs to outputs, you can then build data tables
in a matter of seconds to see how the outputs vary as
key inputs vary over some range. Data tables are the
perfect means for answering a large number of what-

must be on the same worksheet as the table itself;
otherwise, Excel issues an error.

As the chart indicates, profit increases in a linear
manner as the response rate varies. More specifi-
cally, each percentage point increase in the response
rate increases profit by $7800. Here is the reason-
ing. Each percentage point increase in response rate
results in 100,000(0.01) = 1000 more orders. Each
order yields a revenue of $40, on average, but in-

if questions quickly and easily.

The purpose of the
Goal Seek tool is to
solve one equation in
one unknown. Here,
we find the response
rate that makes profit
equal to 0.
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curs a variable cost of $32.20. The net gain in profit
is $7.80 per order, or $7800 for 1000 orders.

UsING GoAL SEEK

From the data table, you can see that profit changes from negative to positive when the re-
sponse rate is somewhere between 5% and 6%. Question 2 asks for the exact breakeven
point. This could be found by trial and error, but it’s easier to use Excel’s Goal Seek tool.
Essentially, Goal Seek is used to solve a single equation in a single unknown. Here, the
equation is Profit=0, and the unknown is the response rate. In Excel terminology, the
unknown is called the changing cell because you can change it to make the equation true.
To implement Goal Seek, select Goal Seek from the What-If Analysis dropdown on the
Data ribbon and fill in the resulting dialog box as shown in Figure 2.15. (Range names or
cell addresses can be used in the top and bottom boxes, but a number must be entered in
the middle box.) After you click on OK, the Response_rate and Profit cells have values
5.77% and $0. In words, if the response rate is 5.77%, Great Threads breaks even. If the
response rate is greater than 5.77%, the company makes moneys; if the rate is less than
5.77%, the company loses money. Of course, this assumes that the company mails
100,000 catalogs. If it sends more or fewer catalogs, the breakeven response rate will
change.

Introduction to Spreadsheet Modeling



Figure 2.15
Goal Seek Dialog
Box

Later chapters,
especially Chapters 10
through 12, deal
explicitly with
uncertainty.

Goal Seek @[Yl

Set cell: Profit %
Ta value: ]U
By changing cell: ResponseRate Sk

Cancel ]

Excel Tool: Goal Seek

The purpose of the Goal Seek tool is to solve one equation in one unknown. Specifically,
Goal Seek allows you to vary a single input cell to force a single output cell to a selected
value. To use it, select Goal Seek from the What-If Analysis dropdown on the Data
ribbon and fill in the resulting dialog box in Figure 2.15. Enter a reference to the output
cell in the Set cell box, enter the numeric value you want the output cell to equal in the
To value box, and enter a reference to the input cell in the By changing cell box. Note
that Goal Seek sometimes stops when the Set cell is close, but not exactly equal to, the
desired value. To improve Goal Seek’s accuracy, click on the Office button, then Excel
Options, and then the Formulas link. Then check the Enable iterative calculation box
and reduce Maximum Change to any desired level of precision. We chose a precision
level of 0.000001. For this level of precision, Goal Seek searches until profit is within
0.000001 of the desired value, $0.

Limitations of the Model

Question 3 asks whether the company should proceed with the mailing if the response rate
is only 3%. From the data table (see Figure 2.13), the apparent answer is “no” because
profit is negative. However, like many companies, we are taking a short-term view with
this reasoning. We should realize that many customers who respond to direct mail will re-
order in the future. The company nets $7.80 per order. If each of the respondents ordered
two more times, say, the company would earn 3000($7.80)(2) = $46,800 more than appears
in the model, and profit would then be positive. The moral is that managers must look at the
long-term impact of their decisions. However, if you want to incorporate the long term
explicitly into the model, you must build a more complex model.

Finally, question 4 asks about the impact of uncertainty in the model. Obviously, not
all model inputs are known with certainty. For example, the size of an order is not
always $40—it might range, say, from $10 to $100. When there is a high degree of
uncertainty about model inputs, it makes little sense to talk about the profit level or the
breakeven response rate. It makes more sense to talk about the probability that profit
will have a certain value or the probability that the company will break even. You’ll see
how this can be done in the following example and in many more such examples in
Chapters 10 through 12.

Using the Formula Auditing Tool

The model in this example is fairly small and simple. Even so, we can use a little-known
Excel feature to see how all the parts fit together. This is the Formula Auditing tool, which
is available on the Formulas ribbon. (It was buried in a menu in previous versions of Excel,
but is now much more prominent, as it should be, in Excel 2007) See Figure 2.16.
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Figure 2.16

Formula Auditing
Toolbar

The Formula Auditing
tool is indispensable
for untangling the logic
in a spreadsheet,
especially if someone
else developed it!

3= Trace Precedents ] Show Formulas ':ﬁ

E'Cf'llace Dependents ‘@ Error Checking - e
. Watch
< Remove Arrows = @ Evaluate Formula | window

Formula Auditing

The Trace Precedents and Trace Dependents buttons are probably the most useful
buttons in this group. To see which formulas have direct links to the Number_of_
responses cell, select this cell and click on the Trace Dependents button. Arrows are
drawn to each cell that directly depends on the number of responses, as shown in Fig-
ure 2.17. Alternatively, to see which cells are used to create the formula in the Total_
revenue cell, select this cell and click on the Trace Precedents button. Now you see that
the Average_order and Number_of_responses cells are used directly to calculate revenue,
as shown in Figure 2.18. Using these two buttons, you can trace your logic (or someone
else’s logic) as far backward or forward as you like. When you are finished, just click on
the Remove Arrows button.

. A [ B c ] D E
Flgure 2.17 1 |Great Threads direct mail model :
Dependents of [ 2]
Number of | 3 |Catalog inputs Model of responses
4 |Fixed cost of printing $20,000 Response rate 8%
responses Cell 5 |Variable cost of printing mailing $0.25 Number of responses 8000
6 .
7 |Decision variable 'Model of revenue, costs, and profit
| 8 | Number mailed 100000 Total Revenue 320,000
ER Fixed cost of printing $20,000
| 10 |Order inputs | Total variable cost of printing mailing $25,000
11 |Average order $407 | Totalvariable cost of orders 257,600
12 |Variable cost per order $32.20 | Totalcost $302,600
13 Profit $17,400
. A | B c ] D E
Flgure 2.18 1 |Great Threads direct mail model |
Precedents of 20 e
Total revenue Cell | 3 |Catalog inputs Model of responses
- 4 |Fixed cost of printing $20,000 Response rate 8%
| 5 [Variable cost of printing mailing $0.25 Number of responses 8000
7 |Decision variable 'Model of revenue, costs, and profit )
| 8 | Number mailed 100000 Total ReveWSZ0,000
9 Fixed cost of printi $20,000
| 10 |Order inputs ’/s/'l’otaﬂriable cost of printing mailing $25,000
| 11 |Average order 40 Total variable cost of orders $257,600
12 |Variable cost per order $32.20 ~ Totalcost $302,600
13 Profit $17,400

Excel Tool: Formula Auditing Toolbar

The formula auditing toolbar allows you to see dependents of a selected cell (which
cells have formulas that reference this cell) or precedents of a given cell (which cells are
referenced in this cell’s formula). In fact, you can even see dependents or precedents that
reside on a different worksheet. In this case, the auditing arrows appear as dashed lines
and point to a small spreadsheet icon. By double-clicking on the dashed line, you can
see a list of dependents or precedents on other worksheets. These tools are especially
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You can place charts
on the same sheet as
the underlying data
or on separate chart
sheets. The choice is
a matter of personal
preference.

PROBLEMS

useful for understanding how someone else’s spreadsheet works. Unlike in previous
versions of Excel, the Formula Auditing tools in Excel 2007 are clearly visible on the

Formulas ribbon. =

MODELING ISSUES

Is the spreadsheet layout in Figure 2.12 the best possible layout? This question is not too
crucial because this model is so small. However, we have put all the inputs together (usu-
ally a good practice), and we have put all the outputs together in a logical order. You might
want to put the answers to questions 1 and 2 on separate sheets, but with such a small
model, it is arguably better to keep everything on a single sheet. We generally use separate
sheets only when things start getting bigger and more complex.

One final issue is the placement of the chart. From the Chart Tools Design ribbon, you
can click on the Move Chart button to select whether you want to place the chart on the
worksheet (“floating” above the cells) or on a separate chart sheet that has no rows or
columns. This choice depends on your personal preference—neither choice is necessarily
better than the other—but for this small model, we favor keeping everything on a single

sheet.

Finally, we could have chosen the number mailed, rather than the response rate, as the
basis for a sensitivity analysis. When running a sensitivity analysis, it’s typically based on
an uncertain input variable, such as the response rate, or a decision variable that the deci-
sion maker controls. And, of course, there is no limit to the number of data tables you can

create for a particular model. =

Solutions for problems whose numbers appear within a
color box can be found in the Student Solutions Files.
Order your copy today at the Winston/Albright product
Web site, academic.cengage.com/decisionsciences/
winston.

Skill-Building Problems

1.

In the Great Threads model, the range E9:E11 does not
have a range name. Open your completed Excel file
and name this range Costs. Then look at the formula
in cell E12. It does not automatically use the new
range name. Modify the formula so that it does. Then
click on cell G4 and paste the new list of range names
over the previous list.

The sensitivity analysis in the Great Threads example
was on the response rate. Suppose now that the
response rate is known to be 8%, and the company
wants to perform a sensitivity analysis on the number
mailed. After all, this is a variable under direct control
of the company. Create a one-way data table and a
corresponding XY chart of profit versus the number
mailed, where the number mailed varies from 80,000

to 150,000 in increments of 10,000. Does it appear,
from the results you see here, that there is an
“optimal” number to mail, from all possible values,
that will maximize profit? Write a concise memo to
management about your results.

Continuing the previous problem, use Goal Seek for
each value of number mailed (once for 80,000, once
for 90,000, and so on). For each, find the response rate
that allows the company to break even. Then chart
these values, where the number mailed is on the hori-
zontal axis, and the breakeven response rate is on the
vertical axis. Explain the behavior in this chart in a
brief memo to management.

Skill-Extending Problem

4.

As the Great Threads problem is now modeled, if all
inputs remain fixed except for the number mailed,
profit will increase indefinitely as the number mailed
increases. This hardly seems realistic—the company
could become infinitely rich! Discuss realistic ways to
modify the model so that this unrealistic behavior is
eliminated.
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2.5 ORDERING WITH QUANTITY DISCOUNTS

AND DEMAND UNCERTAINTY

In the following example, we again attempt to find the appropriate level of some activity:
how much of a product to order when customer demand for the product is uncertain. Two
important features of this example are the presence of quantity discounts and the explicit
use of probabilities to model uncertain demand. Except for these features, the problem is
very similar to the one discussed in Example 2.1.

EXAMPLE 2.4 ORDERING WITH QUANTITY DISCOUNTS AT SAM’S BOOKSTORE

S am’s Bookstore, with many locations across the United States, places orders for all of
the latest books and then distributes them to its individual bookstores. Sam’s needs a
model to help it order the appropriate number of any title. For example, Sam’s plans to
order a popular new hardback novel, which it will sell for $30. It can purchase any number
of this book from the publisher, but due to quantity discounts, the unit cost for all books it
orders depends on the number ordered. Specifically, if the number ordered is less than
1000, the unit cost is $24. After each 1000, the unit cost drops: to $23 for at least 1000
copies, to $22.25 for at least 2000, to $21.75 for at least 3000, and to $21.30 (the lowest
possible unit cost) for at least 4000. For example, if Sam’s orders 2500 books, its total cost
is $22.25(2500) = $55,625. Sam’s is very uncertain about the demand for this book—it
estimates that demand could be anywhere from 500 to 4500. Also, as with most hardback
novels, this one will eventually come out in paperback. Therefore, if Sam’s has any hard-
backs left when the paperback comes out, it will put them on sale for $10, at which price,
it believes all leftovers will be sold. How many copies of this hardback novel should Sam’s
order from the publisher?

Business Objectives To create a model to determine the company’s profit, given fixed
values of demand and the order quantity, and then to model the demand uncertainty ex-
plicitly and to choose the expected profit maximizing (“best”) order quantity.

Excel Objectives To learn how to build in complex logic with IF formulas, to get online
help about Excel functions with the f, button, to learn how to use lookup functions, to see
how two-way data tables allow you to answer more extensive what-if questions, and to
introduce Excel’s SUMPRODUCT function.

Solution

The key variables for this model appear in Table 2.4. Our primary modeling tasks are (1) to
show how any combination of demand and order quantity determines the number of units
sold, both at the regular price and at the leftover sale price, and (2) to calculate the total or-
dering cost for any order quantity. After we accomplish these tasks, we can model the
uncertainty of demand explicitly and then choose the “best” order quantity.

Table 2.4 Key Variables for Sam’s Bookstore Problem

Input variables Unit prices, table of unit costs specifying quantity discount structure
Uncertain variable Demand

Decision variable Order quantity

Key output variable Profit

Other output variables Units sold at each price, revenue, and cost totals
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Whenever the term
trial value is used for
an input or a decision
variable, you can be
fairly sure that we will
follow up with a data
table or (in later
chapters) by running
Solver to optimize.

We first develop a spreadsheet model to calculate Sam’s profit for any order quantity
and any possible demand. Then we perform a sensitivity analysis to see how profit depends
on these two quantities. Finally, we indicate one possible method Sam’s might use to
choose the “best” order quantity.

DEVELOPING THE SPREADSHEET MODEL

The profit model appears in Figure 2.19. (See the file Quantity Discounts.xlsx.) Note that
the order quantity and demand in the Order_quantity and Demand cells are “trial” values.
(Comments are in these cells as a reminder of this.) You can put any values in these cells,
just to test the logic of the model. The Order_quantity cell is colored red because the com-
pany can choose its value. In contrast, the Demand cell is colored green here and in later
chapters to indicate that an input value is uncertain and is being treated explicitly as such.
Also, note that a table is used to indicate the quantity discounts cost structure. You can use
the following steps to build the model.

Figure 2.19 Sam’s Profit Model

A B C D E F G H [ 1 ) K
1 |Ordering decision with quantity discounts Range names used:
2 Cost [ =Model!$BS18
3 |Inputs Quantity discount structure CostLookup =Model!$DS$5:SES9
4 |Unit cost - see table to right At Ieast‘ Unit cost‘ Demand ‘ =Model!$BS$12
5 |Regular price $30 0 $24.00 Leftover_price =Model!$BS6
6 |Leftover price $10 1000 $23.00 Order_quantity =Model!$BS$9
7 ‘ 2000 $22.25 Probabilities =Model!$B$35:$)$35
8 |Decision variable \ 3000 $21.75 Profit | =Model!$B$19
9 |Order quantity 2500 4000 $21.30 Regular_price =Model!$BS5
10 ‘ Revenue ‘ =Modell$BS$17
11 |Uncertain quantity ‘ ‘ Units_sold_at_leftover_price =Model!$BS$16
12 |Demand 2000 Units_sold_at_regular_price =Model!$B$15
13
14 |Profit model
15 |Units sold at regular price 2000
16 |Units sold at leftover price 500
17 |Revenue $65,000
18 |Cost $55,625
19 |Profit $9,375

o Inputs and range names. Enter all inputs and name the ranges as indicated in
columns H and I. Note that we used the Create from Selection shortcut to name all ranges
except for CostLookup and Probabilities. For these latter two, we highlighted the ranges
and entered the names in the Name Box—the “manual” method. (Why the difference? To
use the Create from Selection shortcut, you must have appropriate labels in adjacent cells.
Sometimes this is simply not convenient.)

9 Revenues. The company can sell only what it has, and it sells any leftovers at the dis-
counted sale price. Therefore, enter the formulas

=MIN(Order_quantity,Demand)
=IF(Order_quantity>Demand, Order_quantity-Demand,0)
and

=Units_sold_at_regular_price*Regular_price
+Units_sold_at_leftover_price*Leftover_price

in cells B15, B16, and B17. The logic in the first two of these cells is necessary to account
correctly for the cases when the order quantity is greater than demand and when it’s less
than or equal to demand. Note that you could use the following equivalent alternative to the
IF function:

=MAX(Order_quantity-Demand,0)

43

2.5 Ordering with Quantity Discounts and Demand Uncertainty



A two-way data table
allows you to see how
a single output varies
as two inputs vary
simultaneously.

Excel Tool: f, Button

If you want to learn more about how an Excel function operates, use the f, button next to the
Formula bar. This is called the Insert Function button, although some people call it the
Function Wizard. If you’ve already entered a function, such as an IF function, in a cell and
then click on the f, button, you get help on this function. If you select an empty cell and then
click on the f, button, you can choose a function to get help on.

9 Total ordering cost. Depending on the order quantity, we find the appropriate unit
cost from the unit cost table and multiply it by the order quantity to obtain the total order-
ing cost. This could be accomplished with a complex nested IF formula, but a much better
way is to use the VLOOKUP function. Specifically, enter the formula

=VLOOKUP(Order_quantity,CostLookup,2)*Order_quantity

in cell B18. The VLOOKUP part of this formula says to compare the order quantity to the
first (leftmost) column of the table in the CostLookup range and return the corresponding
value in the second column (because the last argument is 2). In general, there are two im-
portant things to remember about lookup tables: (1) The leftmost column is always the col-
umn used for comparison, and (2) the entries in this column must be arranged in increasing
order from top to bottom.

Excel Function: VLOOKUP

The VLOOKUP function acts like a tax table, where you look up the tax corresponding to
your adjusted gross income from a table of incomes and taxes. To use it, first create a ver-
tical lookup table, with values to use for comparison listed in the left column of the table in
increasing order and corresponding output values in as many columns to the right as you
like. (See the CostLookup range in Figure 2.19 for an example.) Then the VLOOKUP func-
tion typically takes three arguments: (1) the value you want to compare to the values in the
left column, (2) the lookup table range, and (3) the index of the column you want the re-
turned value to come from, where the index of the left column is 1, the index of the next col-
umn is 2, and so on. (See online help for an optional fourth argument, which is either TRUE
or FALSE. The default is TRUE.) Here, “compare” means to scan down the leftmost column
of the table and find the last entry less than or equal to the first argument. There is also an
HLOOKUP function that works exactly the same way, except that the lookup table is
arranged in rows, not columns.

o Profit. Calculate the profit with the formula

=Revenue-Cost

Two-Way Data Table

The next step is to create a two-way data table for profit as a function of the order quan-
tity and demand (see Figure 2.20). To create this table, first enter a link to the profit with
the formula =Profit in cell A22, and enter possible order quantities and possible de-
mands in column A and row 22, respectively. (We used the same values for both order
quantity and demand, from 500 to 4500 in increments of 500. This is not necessary—
we could let demand change in increments of 100 or even 1—but it’s reasonable. Per-
haps Sam’s is required by the publisher to order in multiples of 500.) Then select Data
Table from the What-If Analysis dropdown on the Data ribbon, and enter the Demand
cell as the Row Input cell and the Order_quantity cell as the Column Input cell (see Fig-
ure 2.21).
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Figure 2.20 Profit as a Function of Order Quantity and Demand

A [ B [ ¢ T o T € T ¥ G H [ )
| 21 |Data table of profit as a function of order quantity (along side) and demand (along top)
22 $9,375 500 1000 1500 2000 2500 3000 3500 4000 4500
E 500 $3,000 $3,000 $3,000 $3,000 $3,000 $3,000 $3,000 $3,000 $3,000
24 1000 -$3,000 $7,000 $7,000 $7,000 $7,000 $7,000 $7,000 $7,000 $7,000
25 1500 -$9,500 $500/ $10,500| $10,500| $10,500| $10,500| $10,500, $10,500 $10,500
26 2000 -$14,500 -$4,500 $5,500| $15,500| $15,500| $15,500 $15,500| $15,500 $15,500
27 2500 -$20,625| -$10,625 -$625 $9,375| $19,375| $19,375 $19,375| $19,375 $19,375
28 3000 -$25,250| -$15,250| -$5,250 $4,750| $14,750| $24,750, $24,750| $24,750 $24,750
29 3500 -$31,125| -$21,125| -$11,125 -$1,125 $8,875| $18,875 $28,875| $28,875 $28,875
30 4000 -$35,200| -$25,200| -$15,200, -$5,200 $4,800| $14,800 $24,800| $34,800 $34,800
31 4500 -$40,850| -$30,850| -$20,850| -$10,850 -$850 $9,150, $19,150| $29,150 $39,150
Figure 2.21
Dialog Box for [——

Two-Way Data Table

This is actually a
preview of decision
making under
uncertainty. To
calculate an expected
profit, you multiply
each profit by its
probability and add
the products. We cover
this topic in depth in
Chapter 10.

Row input cell:

Order_guantity 5*;]
Ok |

Colurn input cell;

Cancel I

Excel Tool: Two-Way Data Table

A two-way data table allows you to see how a single output cell varies as you vary two
input cells. (Unlike a one-way data table, only a single output cell can be chosen.) To cre-
ate this type of table, enter a reference to the output cell in the top-left corner of the table,
enter possible values of the two inputs below and to the right of this corner cell, and high-
light the entire table. Then select Data Table from the What-If Analysis dropdown on the
Data ribbon, and enter references to the cells where the original two input variables live.
The Row Input cell corresponds to the values along the top row of the table, and the Col-
umn Input cell corresponds to the values along the left column of the table. When you click
on OK, Excel substitutes each pair of input values into these two input cells, recalculates
the spreadsheet, and enters the corresponding output value in the table. By clicking on any
cell in the body of the table, you can see that Excel also enters the function =TABLE as a
reminder that the cell is part of a data table.

The resulting data table shows that profit depends heavily on both order quantity and
demand and (by scanning across rows) how higher demands lead to larger profits. But
which order quantity Sam’s should select is still unclear. Remember that Sam’s has com-
plete control over the order quantity (it can choose the row of the data table), but it has no
direct control over demand (it cannot choose the column).

The ordering decision depends not only on which demands are possible, but on
which demands are likely to occur. The usual way to express this information is with a
set of probabilities that sum to 1. Suppose Sam’s estimates these as the values in row
35 of Figure 2.22. These estimates are probably based on other similar books it has
sold in the past. The most likely demands are 2000 and 2500, with other values on both
sides less likely. You can use these probabilities to find an expected profit for each order
quantity. This expected profit is a weighted average of the profits in any row in the
data table, using the probabilities as the weights. The easiest way to do this is to enter
the formula

=SUMPRODUCT (B23:J23,Probabilities)
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Figure 2.22 Comparison of Expected Profits

A B C D 3 F G H ) K
33 |Model of expected d d

34 |Demand 500 1000 1500 2000 2500 3000 3500 4000 4500

35 |Probability 0.025 0.05 0.15 0.25 0.25 0.15 0.07 0.04 0.015

36 Sum of probabilities --> 1

37 Order quantity| Expected profit [ [

38 500 $3,000 Expected Profit versus Order Quantity

39 1000 $6,750

40 1500 $9,500 Order 2000 to 514,000 4

41 2000 $12,250 «—— |maximizethe | | $12,000

42 2500 $11,375 expected profit. | | $10,000

43 3000 $9,500 g 98,000

44 3500 $4,875 £ 56000

45 4000 $1,350 g 54,000 1

46 4500 34,150 g $2,000

47 a $0 -

78 2,000 - 500 1000 1500 2000 2500 3000 3500 4000
49 -$4,000

22 56,000 Order Quanity

PROBLEMS

Skill-Building Problems

5.

The spreadsheet model for Sam’s Bookstore contains a
two-way data table for profit versus order quantity and
demand. Experiment with Excel’s chart types to create
a chart that shows this information graphically in an

intuitive format. (Choose the format you would choose

in cell B38 and copy it down to cell B46. You also create a bar chart of these expected
profits, as shown in Figure 2.22. (Excel refers to these as column charts. The height of each
bar is the expected profit for that particular order quantity.)

Excel Function: SUMPRODUCT

The SUMPRODUCT function takes two range arguments, which must be exactly the same
size and shape, and it sums the products of the corresponding values in these two ranges.
For example, the formula =SUMPRODUCT(A10:B11,E12:F13) is a shortcut for a formula
involving the sum of 4 products: =A10*E12+A11*E13+B10*F12+B11*F13. This is an ex-
tremely useful function, especially when the ranges involved are large, and it’s used re-
peatedly throughout this book. (Actually, the SUMPRODUCT function can have more than
two range arguments, all of the same size and shape, but the most common use of
SUMPRODUCT is when just two ranges are involved.)

The largest of the expected profits, $12,250, corresponds to an order quantity of 2000,
so we would recommend that Sam’s order 2000 copies of the book. This does not guaran-
tee that Sam’s will make a profit of $12,250—the actual profit depends on the eventual de-
mand—but it represents a reasonable way to proceed in the face of uncertain demand.
You’ll learn much more about making decisions under uncertainty and the expected value
criterion in Chapter 10. =

A 1n some ordering problems, like the one for Sam’s
Bookstore, whenever demand exceeds existing inven-
tory, the excess demand is not lost but is filled by
expedited orders—at a premium cost to the company.
Change Sam’s model to reflect this behavior. Assume
that the unit cost of expediting is $40, well above the
highest “regular” unit cost.

to give a presentation to your boss.)
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In the Sam’s Bookstore problem, the quantity discount
structure is such that a// the units ordered have the
same unit cost. For example, if the order quantity is
2500, then each unit costs $22.25. Sometimes the
quantity discount structure is such that the unit cost
for the first so many items is one value, the unit cost
for the next so many units is a slightly lower value,
and so on. Modify the model so that Sam’s pays

$24 for units 1 to 1500, $23 for units 1501 to 2500,
and $22 for units 2501 and above. For example,

the total cost for an order quantity of 2750 is
1500(24) + 1000(23) + 250(22). (Hint: Use IF
functions, not VLOOKUP.)

Skill-Extending Problems

there is a list of possible demands, those currently in
row 34. Then insert a new row below row 11 that lists
the probabilities of these demands. Next, in the rows
below the Profit Model label, calculate the units

sold, revenue, cost, and profit for each demand. For
example, the quantities in column C will be for the
second possible demand. Finally, use SUMPRODUCT
to calculate expected profit below the Profit row.

Continuing Problem 6, create a two-way data table for
expected profit with order quantity along the side and
unit expediting cost along the top. Allow the order
quantity to vary from 500 to 4500 in increments of
500, and allow the unit expediting cost to vary from
$36 to $45 in increments of $1. Each column of this
table will allow you to choose a “best” order quantity

8. The current spreadsheet model essentially finds the for a given unit expediting cost. How does this best
expected profit in several steps. It first finds the profit order quantity change as the unit expediting cost
in cell B19 for a fixed value of demand. Then it uses increases? Write up your results in a concise memo to
a data table to find the profit for each of several management. (Hint: You have to modify the existing
demands, and finally it uses SUMPRODUCT to find spreadsheet model so that there is a cell for expected
the expected profit. Modify the model so that expected profit that changes automatically when you change
profit is found directly, without a data table. To do this, either the order quantity or the unit expediting cost.
change row 11 so that instead of a single demand, See Problem 8 for guidelines.)
_—
2.6 ESTIMATING THE RELATIONSHIP BETWEEN
PRICE AND DEMAND
The following example illustrates a very important modeling concept: estimating relation-
ships between variables by curve fitting. You’ll study this topic in much more depth in the
regression discussion in Chapter 16, but we can illustrate the ideas at a relatively low level
by taking advantage of some of Excel’s useful features.
EXAMPLE | 2.5 ESTIMATING SENSITIVITY OF DEMAND TO PRICE

AT THE LINKS COMPANY

The Links Company sells its golf clubs at golf outlet stores throughout the United States.
The company knows that demand for its clubs varies considerably with price. In fact, the
price has varied over the past 12 months, and the demand at each price level has been ob-
served. The data are in the data sheet of the file Golf Club Demand.xlsx (see Figure 2.23.)
For example, during the past month, when the price was $390, 6800 sets of clubs were sold.
(The demands in column C are in hundreds of units. The cell comment in cell C3 reminds
you of this.) The company wants to estimate the relationship between demand and price
and then use this estimated relationship to answer the following questions:

1. Assuming the unit cost of producing a set of clubs is $250 and the price must be a
multiple of $10, what price should Links charge to maximize its profit?

2. How does the optimal price depend on the unit cost of producing a set of clubs?

3. Is the model an accurate representation of reality?
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. A [ 8 C
Figure 2.23 1 |Demand for golf clubs
Demand and Price 2
Data for Golf Clubs 3 Month Price| Demand
4 1 450 45
5 2 300 103
6 3 440 49
7 4 360 86
8 5 290 125
9 6 450 52
10 7 340 87
11 8 370 68
12 9 500 45
13 10 490 44
14 11 430 58
15 12 390 68
Business Objectives To estimate the relationship between demand and price, and to use
this relationship to find the optimal price to charge.
Excel Objectives To illustrate Excel’s trendline tool, and to illustrate conditional
formatting.
Solution
This example is divided into two parts: estimating the relationship between price and de-
mand, and creating the profit model.
Estimating the Relationship Between Price and Demand
A scatterplot of demand versus price appears in Figure 2.24. (This can be created in the
usual way with Excel’s Scatter chart.) Obviously, demand decreases as price increases, but
we want to quantify this relationship. Therefore, after creating this chart, select the More
Trendline Options from the Trendline dropdown on the Chart Tools Layout ribbon to bring
up the dialog box in Figure 2.25. This allows you to superimpose several different curves
Figure 2.24 130 -
Scatterplot of 120 - ¢
Demand Versus
Price 110 1
100 o *
90 -
* o
80 A
70 A
60 - P
50 - ¢ ¢
4 ¢
40 T T T T T 1
280 320 360 400 440 480 520
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Figure 2.25

More Trendline
Options Dialog Box

(including a straight line) onto the scatterplot. We consider three possibilities, the linear,
power, and exponential curves, defined by the following general equations (where y and
X, a general output and a general input, correspond to demand and price for this example):

m Linear:y =a + bx

m Power: y = ax’

® Exponential: y = ae™

Before proceeding, we need to describe some general properties of these three functions
because of their widespread applicability. The linear function is the easiest. Its graph is a
straight line. When x changes by 1 unit, y changes by b units. The constant a is called the
intercept, and b is called the slope.

The power function is a curve except in the special case where the exponent b is 1.
(Then it is a straight line.) The shape of this curve depends primarily on the exponent b. If
b > 1, y increases at an increasing rate as x increases. If 0 < b < 1, y increases, but at a de-
creasing rate, as x increases. Finally, if b < 0, y decreases as x increases. An important
property of the power curve is that when x changes by 1%, y changes by a constant per-
centage, and this percentage is approximately equal to h%. For example, if y = 100x™ >,
then every 1% increase in x leads to an approximate 2.35% decrease in y.

The exponential function also represents a curve whose shape depends primarily on
the constant b in the exponent. If b > 0, y increases as x increases; if b < 0, y decreases as
x increases. An important property of the exponential function is that if x changes by 1 unit,
y changes by a constant percentage, and this percentage is approximately equal to
100 X b%. For example, if y = 100e %', then whenever x increases by 1 unit, y de-
creases by approximately 1.4%. Here e is the special number 2.7182 .. ., and e to any
power can be calculated in Excel with the EXP function. For example, you can calculate
e~ %014 with the formula =EXP(-0.014).

Returning to the example, if you superimpose any of these curves on the scatterplot of
demand versus price, Excel chooses the best-fitting curve of that type. Better yet, if you

Format Trendline EIE|

| rendine optiens | | Trendline Options

Line Color Trend/Regression Type
1ie sy ] O Exponental
Shadow __

@ Linear

_-J O Logarithmic
_J O Palynomial ger: [ 7]
_] ) Power

O Moving Average ©

Trendline Name

@ Automatic ; Linear (Series1)

) Lustom: |

Forecast

Forward: [0.0 ] periods

Backward: 0.0 periods
[] setIntercept
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check the Display Equation on Chart option, you see the equation of this best-fitting curve.
Doing this for each type of curve, we obtain the results in Figures 2.26, 2.27, and 2.28. (The
equations might not appear exactly as in the figures. However, they can be resized and

reformatted to appear as shown.)

Figure 2.26
Best-Fitting
Straight Line

130 -
120 -
110 -
100 -
90 -
80 -
70 -
60 -
50 -

Linear Fit

y =-0.3546x + 211.3147

40

280 320

Figure 2.27
Best-Fitting
Power Curve

50 Chapter2

130 1~
120 4
110 +
100 +
90 -
80 -
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40

Power Fit

y = 5871064.2031x 19082

280 320
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Figure 2.28 Best-Fitting Exponential Curve

130 -
120 -
110 H
100 H
90 H~
80 ~
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40

Exponential Fit

y = 466.510170-0049

L 2

280

320 360 400 440 480 520

Each of these curves provides the best-fitting member of its “family” to the demand/price
data, but which of these three is best overall? We can answer this question by finding the
mean absolute percentage error (MAPE) for each of the three curves. To do so, for any
price in the data set and any of the three curves, we first predict demand by substituting the
given price into the equation for the curve. The predicted demand is typically not the same
as the observed demand, so we calculate the absolute percentage error (APE) with the gen-
eral formula:

|Observed demand — Predicted demand|
Observed demand

APE = 2.1)

Then we average these APE values for any curve to get its MAPE. The curve with the
smallest MAPE is the best fit overall.

The calculations appear in Figure 2.29. After (manually) entering the parameters of the
equations from the scatterplots into column B, proceed as follows.

c Predicted demands. Substitute observed prices into the linear, power, and exponen-
tial functions to obtain the predicted demands in columns E, F, and G. Specifically, enter
the formulas

=$B$19+$B$20%B4
=$B$22*B4"$B$23

and
=$B$25+*EXP($B$26*B4)

in cells E19, F19, and G19, and copy them down their respective columns.
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Figure 2.29  Finding the Best-Fitting Curve Overall

A | 8B [ ¢ D E | F | G H | [ )

17 |Parameters of best-fitting curves Prediction Absolute percentage error

18 [Linear Linear Power| Exponential Linear Power| Exponential
19| Intercept 211.31 51.74 50.80 51.20 14.98% 12.839% 13.78%
20| Slope -0.3546 104.93 110.12 106.94 1.87% 6.91% 3.83%
21 [Power 55.29 53.02 53.78 12.83% 8.21% 9.75%
22| Constant 5871064 83.65 77.76 79.65 2.73% 9.58% 7.38%
23| Exponent -1.9082 108.48 117.48 112.32 13.22% 6.01% 10.14%
24 |Exponential 51.74 50.80 51.20 0.50% 2.31% 1.53%
25| Constant 466.51 90.75 86.73 87.87 4.31% 0.32% 1.00%
26 | Exponent -0.00491 80.11 73.80 75.84 17.81% 8.53% 11.52%
27 34.01 41.55 40.06 24.42% 7.67% 10.99%
28 37.56 43.18 42.07 14.65% 1.86% 4.38%
29 58.83 55.40 56.49 1.43% 4.48% 2.61%
30 73.02 66.75 68.74 7.38% 1.84% 1.09%
31

32 MAPE 9.68% 5.88% 6.50%

52  Chapter 2

e Average percentage errors. Apply equation (2.1) to calculate APEs in columns H, I,
and J. Specifically, enter the general formula

—ABS($C4-E19)/$C4

in cell H19 and copy it to the range H19:J30. (Do you see why column C is made absolute?
Remember that this is where the observed demands are stored.)

6 MAPE. Average the APEs in each column with the AVERAGE function to obtain the
MAPE:s in row 32.

Evidently, the power curve provides the best fit, with a MAPE of 5.88%. In other words, its
predictions are off, on average, by 5.88%. This power curve predicts that each 1% increase
in price leads to an approximate 1.9% decrease in demand. (Economists would call this re-
lationship elastic—demand is quite sensitive to price.)

DEVELOPING THE PROFIT MODEL

Now we move to the profit model, using the best-fitting power curve to predict demand
from price. The key variables appear in Table 2.5. Note there is now one input variable, unit
variable cost, and one decision variable, unit price. (The red background for the decision
variable distinguishes it as such.) The profit model is straightforward to develop using the
following steps (see Figure 2.30).

Table 2.5 Key Variables for Golf Club Problem

Input variable Unit cost to produce

Decision variable Unit price

Key output variable Profit

Other output variables Predicted demand, total revenue, total cost

Introduction to Spreadsheet Modeling



Figure 2.30
Profit Model

A | B8 | ¢ | o ] E
1 |Profit model, using best fitting power curve for estimating demand
2
3 |Parameters of best-fitting power curve (from Estimation sheet)
4 [Constant 5871064
5 [Exponent -1.9082
6
7 |Monetary inputs
8 |Unit cost to produce $250
9
10 |Decision variable
11 [Unit price (trial value) $400
12
13 |Profit model
14 |Predicted demand 63.601
15 |Total revenue $25,441
16 |Total cost $15,900
17 |Profit $9,540

c Predicted demand. Calculate the predicted demand in cell B14 with the formula
=B4*B11"B5

This uses the power function we estimated earlier.
6 Revenue, cost, profit. Enter the following formulas in cells B15, B16, and B17:

=B11*B14
=B8*B14
and
=B15-B16

Here we assume that the company produces exactly enough sets of clubs to meet customer
demand.

Maximizing Profit To see which price maximizes profit, we build the data table
shown in Figure 2.31. Here, the column input cell is B11 and the “linking” formula in
cell B25 is =B17. The corresponding chart (a line chart) shows that profit first in-
creases and then decreases. You can find the maximum profit and corresponding price
in at least three ways. First, you can attempt to read them from the chart. Second, you
can scan down the data table for the maximum profit, which is shown in the figure.
The following Excel Tip describes a third method that uses some of Excel’s more
powerful features.

Excel Tip: Conditional Formatting

We colored cell B53 in Figure 2.31 because it corresponds to the maximum profit in the col-
umn, but Excel’s Conditional Formatting tool can do this for you—automatically.” This tool
was completely revised in Excel 2007 and is not only more prominent (on the Home ribbon)
but much easier to use. To color the maximum profit, select the range of profits, B26:B75,
select the Conditional Formatting dropdown, then Top/Bottom Rules, and then Top 10
Items to bring up the dialog box in Figure 2.32. By asking for the top 1 item, we automati-
cally color the maximum value in the range. You should experiment with the many other
Conditional Formatting options. This is a great tool!

"The value in cell B52 also appears to be the maximum, but to two decimals, it is slightly lower.
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Figure 2.31

Profit as a
Function of Price

Figure 2.32

Conditional
Formatting
Dialog Box

A [ 8 [ ¢ T o ] E F G H |
19 i profit from data table below, with cor ing best unit price
20 [Maximum profit $10,409
21 |Best price $530
22
23 |Data table for Profit as a function of Unit price
24 Unit price‘ Proﬁt‘
25 $9,540
26 $260|  $1,447
27 $270 $2,693 Profit versus Price —
28 $280]  $3,769 $12,000 [
29 $290|  $4,699
30 $300] _ $5,506 #1000 ettt N
$8,000 ¢ [E—
31 $310]  $6,207 = G ]
32 $320 $6,815 g_ $6,000 "0 ]
33 $330]  $7,345 $4,000 ¢
34 $340]  $7,805 2,000 .* ]
35 $350]  $8,206 Tt
$0 B
36 $360|  $8,554 S P S DS —
37 $370]  $8,856 FEPFT LRSS
38 $380  $9,118
39 $390]  $9,345 Price [
40 5400 $9,540 T
41 $410]  $9,708
42 $420]  $9,851
43 $430|  $9,973
44 $440| $10,075
45 $450] $10,160
46 $460| $10,230
47 $470| $10,286
48 $480] $10,330
49 $490] $10,363
50 $500] $10,387
51 $510| $10,402
52 $520| $10,409
53 $530 $10,409 <«—— ||Maximum profit
54 $540] $10,403 | ——
55 $550| $10,391
56 $560| $10,375
57 $570] $10,354
58 $580] $10,329
59 $590]  $10,300
60 $600| $10,269

Top 10 ltems ['EI[’E

Format cells that rank in the TOP:

11 % with |LightRedFill with Dark Red Text » |

[ o] ;][ Cancel ]

What about the corresponding best price, shown in cell B21 of Figure 2.31? You could
enter this manually, but wouldn’t it be nice if you could get Excel to find the maximum
profit in the data table, determine the price in the cell to its left, and report it in cell B21, all
automatically? Just enter the formula

=INDEX(A26:A75,MATCH(B20,B26:B75,0),1)

in cell B21, and the best price appears. This formula uses two Excel functions, MATCH
and INDEX. MATCH compares the first argument (the maximum profit in cell B20) to the
range specified in the second argument (the range of profits), and returns the index of the
cell where a match appears. (The third argument, 0, specifies that we want an exact
match.) In this case, the MATCH function returns 28 because the maximum profit is in the
28th cell of the profits range. Then the INDEX function is called effectively as
=INDEX(A26:A75,28,1). The first argument is the range of prices, the second is a row
index, and the third is a column index. Very simply, this function says to return the value in
the 28th row and first column of the prices range.

To find these functions, you can click on the f, button and examine the functions in the
Lookup & Reference category. After experimenting, we found that the INDEX and
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MATCH combination solves the problem. You don’t have to memorize these functions,
although this combination really does come in handy. Rather, you can often solve a prob-
lem by investigating some of Excel’s less well-known features. You don’t even need a
manual—everything is in online help.

Sensitivity to Variable Cost

‘We now return to question 2 in the example: How does the best price change as the unit vari-
able cost changes? We can answer this question with a two-way data table. Remember that
this is a data table with two inputs—one along the left side and the other across the top row—
and a single output. The two inputs for this problem are unit variable cost and unit price, and
the single output is profit. The corresponding data table is in the range A83:F168, the top part
of which appears in Figure 2.33. To develop this table, enter desired inputs in column A and
row 83, enter the linking formula =B17 in cell A83 (it always goes in the top-left corner of a
two-way data table), highlight the entire table, select Data Table from the What-If Analysis
dropdown, and enter B8 as the Row Input cell and B11 as the Column Input cell.

Figure 2.33

Profit as a Function of Unit Cost and Unit Price

A [ 8 [ ¢ T o ] E F G | H | | | J [« [ ¢t T ™
77 profit for different unit costs (from data table below) | | | | | |
78 |Unit cost $150| $200 $250 $300 $350 I I I I I I
79 [Maximum profit $16,552] $12,748] $10,409 $8,821 $7,669 Maximum Profit versus Unit Cost
:[1) Corresponding best price $320 $420 $530 $630] $740 $20,000
82 |Sensitivity of profit to unit cost (unit cost is along the top, unit price is along the side) -
[83] $9,540 $150] $200 $250 $300] $350 H 315000
84 $160]  $3,654] -$14,618] -$32,800]  -$51,161 -569,433 H
85 $170]  $6,510] -59,766| -$26,041]  -$42,317 -$58,593 3 s1000
86 $180|  $8,756| -$5,838| -$20,432 -$35,026 -$49,620 H
&7 $190 $10531] -52,633| 515,796  -$28,960]  -$42,123 2 s5000 —
88 $200] $11,936] S0| -$11,936]  -$23,872 -$35,808
89 $210[ $13,050]  $2,175] -$8,700 -$19,575 -$30,450 50| | | | | |
90 $220] $13,932) $3,980| -$5971] 615922  -$25873 $100 $150 $200 $250 $300 $350
91 $230] $14,627] 55485 -$3657] 512,799 521,941 Unit Cost
92 $240| $15172| $6,743| -$1,686]  -$10,115 518,543
93 $250] $15594]  $7,797 50 -$7,797 515,594
9 $260] $15917] 58,682 $1,447 55,788 513,023
95 $270] $16,157] $9,425|  $2,693 -$4,039 510,772
%6 $280] $16,330] $10,049]  $3,769 52,512 -$8,793
97 5290 $16,447] $10,573|  $4,699 51,175 -$7,049
98 $300] $16,518] $11,012]  $5506 50 -$5,506
99 $310] $16,551] $11,379]  $6,207 $1,034 -$4,138
100 $320/816,552 $11,683]  $6,815 $1,947 -$2,921
101] $330] $16526] $11,935] $7,345 $2,754 -$1,836
102 $340] $16,478] $12,142|  $7,805 $3,469 -$867
103 $350] $16,412[ $12,309]  $8,206 $4,103 S0
104 $360| $16,331] $12,442| $8,554 34,666 $778
105 $370| $16,237| $12,547| $8,856 $5,166) $1,476
106 $380] $16,132[ $12,625| $9,118 $5,611 $2,104
107 $390] $16,020] $12,682| $9,345 $6,007 $2,670
108 5400 $15900] $12,720|  $9,540 $6,360) $3,180
109 $410] $15775] $12,742| $9,708 56,674 $3,640
110) $420] $15646 $12,748  $9,851 $6,954) $4,056

As before, you can scan the columns of the data table for the maximum profits
and enter them (manually) in rows 79 and 80. (Alternatively, you can use the Excel fea-
tures described in the previous Excel Tip to accomplish these tasks. Take a look at the
finished version of the file for details. This file also explains how conditional format-
ting is used to color the maximum profit in each column of the table.) Then you can cre-
ate a chart of maximum profit (or best price) versus unit cost. The chart in Figure 2.33
shows that the maximum profit decreases, but at a decreasing rate as the unit cost
increases.

Limitations of the Model

Question 3 asks you to step back from all these details and evaluate whether the model is
realistic. First, there is no real reason to restrict golf club prices to multiples of $10. This
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PROBLEMS

Skill-Building Problems

10. Suppose you have an extra 6 months of data on
demands and prices, in addition to the data in the

was only required so that we could use a data table to find the profit-maximizing price.
Ideally, we want to search over all possible prices to find the profit-maximizing price. For-
tunately, Excel’s built-in Solver tool enables us to accomplish this task fairly easily. The
problem of finding a profit-maximizing price is an example of an optimization model. In
optimization models, we try to maximize or minimize a specified output cell by changing
the values of the decision variable cells. Chapters 3 through 9 contain a detailed discussion
of optimization models.

A second possible limitation of our model is the implicit assumption that price is the
only factor that influences demand. In reality, other factors, such as advertising, the state of
the economy, competitors’ prices, strength of competition, and promotional expenses, also
influence demand. In Chapter 16, you’ll learn how to use multiple regression to analyze the
dependence of one variable on two or more other variables. This technique allows you to
incorporate other factors into the model for profit.

A final limitation of the model is that demand might not equal sales. For example, if
actual demand for golf clubs during a year is 70,000 but the company’s annual capacity is
only 50,000, the company would observe sales of only 50,000. This would cause it to un-
derestimate actual demand, and the curve-fitting method would produce biased predic-
tions. (Can you guess the probable effect on pricing decisions?)

As these comments indicate, most models are not perfect, but we have to start some-
where!

Other Modeling Issues

The layout of the Golf Club Demand.xlsx file is fairly straightforward. However, note that
instead of a single sheet, there are two sheets, partly for logical purposes and partly to re-
duce clutter. There is one sheet for estimation of the demand function and the various scat-
terplots, and there is another for the profit model.

One last issue is the placement of the data tables for the sensitivity analysis. You might
be inclined to put these on a separate Sensitivity sheet. However, Excel does not allow you
to build a data table on one sheet that uses a row or column input cell from another sheet.
Therefore, you are forced to put the data tables on the same sheet as the profit model. m

when x increases by 1%. That is, find the percentage
change in y when x increases from 5 to 5.05; when it
increases from 10 to 10.1; and when it increases from
20 to 20.2. Is this percentage change constant? What

56

example. These extra data points are (350,84), (385,72),
(410,67), (400,62), (330,92), and (480,53). (The price is
shown first and then the demand at that price.) After
adding these points to the original data, use Excel’s
Trendline tool to find the best-fitting linear, power, and
exponential trendlines. Finally, calculate the MAPE for
each of these, based on all 18 months of data. Does the
power curve still have the smallest MAPE?

Consider the power curve y = 10000x~ >, Calculate y
when x = 5; when x = 10; and when x = 20. For each
of these values of x, find the percentage change in y

Chapter 2 Introduction to Spreadsheet Modeling

12.

number is it very close to? Write a brief memo on
what you have learned about power curves from these
calculations.

Consider the exponential curve y = 1000e "%,

Calculate y when x = 5; when x = 10; and when

x = 20. For each of these values of x, find the
percentage change in y when x increases by 1 unit.
That is, find the percentage change in y when x in-
creases from 5 to 6; when it increases from 10 to 11;
and when it increases from 20 to 21. Is this percentage



change constant? When expressed as a decimal, what lowest MAPE. However, the exponential curve was

number is it very close to? Write a brief memo on what not far behind. Rework the profit model using the ex-
you have learned about exponential curves from these ponential curve to relate demand to price. Write a brief
calculations. memo indicating whether you get basically the same
results as with the power curve or you get substan-
Skill—Extending Problems tially different results.

13. In the profit model in this section, we used the power
curve to relate demand and price because it has the

2.7 DECISIONS INVOLVING THE TIME VALUE OF MONEY

In many business situations, cash flows are received at different points in time, and a com-
pany must determine a course of action that maximizes the “value” of cash flows. Here are
some examples:

m  Should a company buy a more expensive machine that lasts for 10 years or a less ex-
pensive machine that lasts for 5 years?

What level of plant capacity is best for the next 20 years?

A company must market one of several midsize cars. Which car should it market?

To make decisions when cash flows are received at different points in time, the key
concept is that the later a dollar is received, the less valuable the dollar is. For example,
suppose you can invest money at a 10% annual interest rate. Then $1.00 received now is
essentially equivalent to $1.10 a year from now. The reason is that if you have $1.00 now,
you can invest it and gain $0.10 in interest in one year. If » = 0.10 is the interest rate (ex-
pressed as a decimal), we can write this as

$1.00 now = $1.10 a year from now = $1.00(1 + r) 2.2)
Dividing both sides of equation (2.2) by 1 + r, we can rewrite it as
$1.00 X 1/(1 + r)now = $1.00 a year from now 2.3)

The value 1/(1 + r) in equation (2.3) is called the discount factor, and it’s always less
than 1. The quantity on the left, which evaluates to $0.909 for r = 0.10, is called the pre-
sent value of $1.00 received a year from now. The idea is that if you had $0.909 now, you
could invest it at 10% and have it grow to $1.00 in a year.

In general, if money can be invested at annual rate » compounded each year, then $1
received ¢ years from now has the same value as 1/(1 + r)" dollars received today—that s,
the $1 is discounted by the discount factor raised to the ¢ power. If you multiply a cash flow
received ¢ years from now by 1/(1 + r) to obtain its present value, then the total of these
present values over all years is called the net present value (NPV) of the cash flows. Basic
financial theory states that projects with positive NPVs increase the value of the company,
whereas projects with negative NPVs decrease the value of the company.

The rate r (usually called the discount rate) used by major corporations generally
comes from some version of the capital asset pricing model. Most companies use a dis-
count rate ranging from 10% to 20%. The following example illustrates how spreadsheet
models and the time value of money can be used to make complex business decisions.

The discount factor is 1 divided by (1 plus the discount rate). To discount a cash
flow that occurs ¢ years from now, multiply it by the discount factor raised to the
t power. The NPV is the sum of all discounted cash flows.
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FUNDAMENTAL INSIGHT

The Time Value of Money

Money earned in the future is less valuable than
money earned today, for the simple reason that
money earned today can be invested to earn interest.
Similarly, costs incurred in the future are less “costly”
than costs incurred today, which is why you don’t
simply sum up revenues and costs in a multiperiod

model. You instead discount future revenues and costs
to put them on an even ground with revenues and
costs incurred today. The resulting sum of discounted
cash flows is the net present value (NPV), and it
forms the cornerstone of much of financial theory
and applications.

EXAMPLE 2.6 CALCULATING NPV At AcRroON

Acron is a large drug company. At the current time, the beginning of year 0, Acron is
trying to decide whether one of its new drugs, Niagra, is worth pursuing. Niagra is in
the final stages of development and will be ready to enter the market in year 1. The final
cost of development, to be incurred at the beginning of year 1, is $9.3 million. Acron esti-
mates that the demand for Niagra will gradually grow and then decline over its useful life-
time of 20 years. Specifically, the company expects its gross margin (revenue minus cost)
to be $1.2 million in year 1, then to increase at an annual rate of 10% through year 8, and
finally to decrease at an annual rate of 5% through year 20. Acron wants to develop a
spreadsheet model of its 20-year cash flows, assuming its cash flows, other than the initial
development cost, are incurred at the ends of the respective years.® Using an annual dis-
count rate of 12% for the purpose of calculating NPV, the drug company wants to answer
the following questions:

1. Is the drug worth pursuing, or should Acron abandon it now and not incur the $9.3
million development cost?

2. How do changes in the model inputs change the answer to question 1?

3. How realistic is the model?

Business Objectives To develop a model that calculates the NPV of Acron’s cash flows,
to use this model to determine whether the drug should be developed further and then mar-
keted, and to see how sensitive the answer to this question is to model parameters.

Excel Objectives To illustrate efficient selection and copying of large ranges and to learn
Excel’s NPV function.

Solution

The key variables in Acron’s problem appear in Table 2.6. The first two rows contain the
inputs stated in the problem. We have made a judgment call as to which of these are known
with some certainty and which are uncertain. Although we won’t do so in this chapter, a
thorough study of Acron’s problem would treat this uncertainty explicitly, probably with
simulation. For now, we accept the values given in the statement of the problem and leave
the simulation for a later chapter.

8To simplify the model, taxes are ignored.
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Table 2.6 Key Variables for Acron’s Problem

Input variables Development cost, first year gross margin, rate of increase
during early years, years of growth, rate of decrease in later
years, discount rate

Key output variable NPV

Other calculated variables Yearly gross margins

The model of Acron’s cash flows appears in Figure 2.34. As with many financial
spreadsheet models that extend over a multiyear period, we enter “typical” formulas in the
first year or two and then copy this logic down to all years. (In the previous edition, we
made the years go across, not down. In that case, splitting the screen is useful so that you
can see the first and last years of data. Splitting the screen is explained in the following
Excel Tip. The reason we modified the model to have the years go down, not across, is that
it now fits easily on a screen, without needing to split the screen.)

Figure 2.34
Acron’s Model of
20-Year NPV

A B C D E F [ &
1 |Calculating NPV at Acron Range names used:
2 Development_cost =Model!$BS4
3 |Inputs Discount_rate =Model!$BS$9
4 |Development cost 9.3 Gross_margin_year_1 =Model!$BS5
5 |Gross margin year 1 1.2 Gross_margin =Model!$B$13:5BS$32
6 |Rate of increase 10% Increase_through_year =Model!$BS7
7 |Increase through year 8 Rate_of_decrease =Model!$B$8
8 |Rate of decrease 5% Rate_of_increase =Model!$BS6
9 [Discount rate 12%
10
11 |Cash flows
12 End of year Gross margin
13 1 1.2000
14 2 1.3200
15 3 1.4520
16 4 1.5972
17 5 1.7569
18 6 1.9326
19 7 2.1259
20 8 2.3385
21 9 2.2215
22 10 2.1105
23 11 2.0049
24 12 1.9047
25 13 1.8095
26 14 1.7190
27 15 1.6330
28 16 1.5514
29 17 1.4738
30 18 1.4001
31 19 1.3301
32 20 1.2636
33
34 |NPV 3.3003

Excel Tip: Splitting the Screen

To split the screen horizontally, drag the separator just to the right of the bottom scrollbar
to the left. To split the screen vertically, drag the separator just above the right scrollbar
downward. Drag either separator back to its original position to remove the split.

DEVELOPING THE SPREADSHEET MODEL

To create the model, complete the following steps. (See the file Calculating NPV.xlIsx.)

0 Inputs and range names. Enter the given input data in the blue cells, and name the
ranges as shown. As usual, note that the range names for cells B4 through B9 can be cre-
ated all at once with the Create from Selection shortcut, as can the range name for the gross
margins in column B. In the latter case, highlight the whole range B12:B32 and then use
the Create from Selection shortcut.
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Use the Ctrl+Enter
shortcut to enter a
formula in a range
all at once.

The stream of cash
flows in the NPV
function must occur
at the ends of year |,
year 2, and so on. If
the timing is irregular,
you must discount
“manually”; the NPV
function will not work

properly.

e Cash flows. Start by entering the formula
=Gross_margin_year_1
in cell B13 for the year 1 gross margin. Then enter the general formula

=IF(Al4<=Increase_through_year,B13*(1+Rate_of_increase),
B13*(1-Rate_of_decrease))

in cell B14 and copy it down to cell B32 to calculate the other yearly gross margins. Note
how this IF function checks the year index in column A to see whether sales are still in-
creasing or have started to decrease. Of course, by using the (range-named) input cells in
this formula, we can change any of these inputs in cells B6 through B8, and the calculated
cells will automatically update. This is a much better practice than embedding the numbers
in the formula itself.

Excel Tip: Efficient Selection

An easy way to select a large range, assuming that the first and last cells of the range are
visible, is to select the first cell and then, with your finger on the Shift key, select the last
cell. (Don’t forget that you can split the screen horizontally and/or vertically to make these
first and last cells visible.) This selects the entire range and is easier than scrolling.’

Excel Tip: Efficient Copying with Ctrl+Enter

An easy way to enter the same formula in a range all at once is to select the range (as in
the preceding Excel Tip), type the formula, and press Ctrl+Enter (both keys at once). After
you get used to this shortcut, you’ll use it all the time.

o Net present value. The NPV is based on the sequence of cash flows in column B.
From our general discussion of NPV, to discount everything back to the beginning of year
1, the value in cell B13 should be multiplied by 1/(1 + r)', the value in cell B14 should be
multiplied by 1/(1 + )% and so on, and these quantities should be summed to obtain the
NPV. (Here, r = 0.12 is the discount rate.) Fortunately, however, Excel has a built-in NPV
function to accomplish this calculation. To use it, enter the formula

=-Development_cost+NPV(Discount_rate,Gross_margin)

in cell B34. The NPV function takes two arguments: the discount rate and a range of cash
flows. Furthermore, it assumes that the first cell in this range is the cash flow at the end of
year 1, the second cell is the cash flow at the end of year 2, and so on. This explains why
the development cost is subtracted outside of the NPV function—it’s incurred at the begin-
ning of year 1. In general, any cash flow incurred at the beginning of year 1 must be placed
outside the NPV function.

To get some understanding of NPV, note that the sum of the cash flows in column B is
slightly more than $34.14 million, but the NPV (aside from the development cost) is only
about $12.60 million. This is because values further into the future are discounted so heav-
ily. At the extreme, the $1.2636 million cash flow in year 20 is equivalent to only
$1.2636[1/(1 + 0.12)*] = $0.131 million now!

Excel Function: NPV

The NPV function takes two arguments, the discount rate (entered as a decimal, such as 0.12
for 12%) and a stream of cash flows. These cash flows are assumed to occur in consecutive
years, starting at the end of year 1. If there is an initial cash flow at the beginning of year 1,
such as an initial investment, it should be entered outside the NPV function. (There is also
an XNPYV function that has three arguments: a discount rate, a series of cash flows, and a
series of dates when the cash flows occur. Because these dates do not have to be equally

You’ll find other tips like this for increasing your efficiency in the Excel Tutorial.docx file on the accompany-
ing CD-ROM.
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spaced through time, this function is considerably more flexible than the NPV function. To
use it, the Analysis Toolpak add-in that ships with Excel must be loaded. We do not use the
XNPYV function in this book, but you can learn more about it in Excel’s online help.)

Deciding Whether to Continue with the Drug

NPV calculations are typically used to see whether a certain plan should be undertaken. If
the NPV is positive, the plan is worth pursuing. If the NPV is negative, the company should
look for other ways of investing its money. Figure 2.34 shows that the NPV for this drug is
positive, over $3 million."® Therefore, if Acron is comfortable with its predictions of future
cash flows, it should continue with the development and marketing of the drug. However,
Acron might first want to see how sensitive the NPV is to changes in the sales predictions.
After all, these predictions are intelligent guesses at best.

One possible sensitivity analysis appears in Figure 2.35. Here we build a one-way data
table to see how the NPV changes when the number of years of increase (the input in cell
B7) changes. Again, the important question is whether the NPV stays positive. It certainly
does when the input variable is greater than its current value of 8. However, if sales start
decreasing soon enough—that is, if the value in B7 is 3 or less—then the NPV turns nega-
tive. This should probably not concern Acron, because its best guess for the years of in-
crease is considerably greater than 3.

Figure 2.35
Sensitivity of
NPV to Years of
Sales Increase

D [ E F
11 |Sensitivity to years of increase (cell B7)
12 3.3003
13 3 -0.7190
14 4 0.1374
15 5 0.9687
16 6 1.7739
17 7 2.5516
18 8 3.3003
19 9 4.0181
20 10 4.7027

Another possibility is to see how long and how good the good years are. To do this, we
create the two-way data table shown in Figure 2.36, where cell B6 is the row input cell and
cell B7 is the column input cell. Now you can see that if sales increase through year 6, all
reasonable yearly increases result in a positive NPV. However, if sales increase only
through year 5, then a low enough yearly increase can produce a negative NPV. Acron
might want to step back and estimate how likely these “bad” scenarios are before proceed-
ing with the drug.

Figure 2.36
Sensitivity of
NPV to Years of
Increase and
Yearly Increase

D [ E | fF ] & | W T J
22 |Sensitivity to rate of increase in early years (cell B6) and years of increase (cell B7)

[ 23] 3.3003 5% 6%) 7%] 8%| 9% 10%
24 3 -1.3405 -1.2184  -1.0951 -0.9708 -0.8454  -0.7190
25 4 -0.8203 -0.6352 -0.4469 -0.2554  -0.0606 0.1374
26 5 -0.3383 -0.0897 0.1652 0.4265 0.6943 0.9687
27 6 0.1074 0.4195 0.7419 1.0750 1.4189 1.7739
28 7 0.5182 0.8934 1.2838 1.6899 2.1123 2.5516
29 8 0.8958 1.3330 1.7912 2.2711 2.7738 3.3003
30 9 1.2413 1.7392 2.2643 2.8182 3.4023 4.0181
31 10 1.5559 2.1125 2.7033 3.3306 3.9963 4.7027

1%You might wonder why we didn’t discount back to the beginning of the current year, year 0, instead of year 1.
This is a fairly arbitrary decision on our part. To discount back to year 0, we would simply divide our NPV by
1.12. The important point, however, is that this would have no bearing on Acron’s decision: A positive NPV would
stay positive, and a negative NPV would stay negative.
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PROBLEMS

warranted. =

Limitations of the Model

Probably the major flaw in this model is that it ignores uncertainty, and future cash flows
are highly uncertain, due mainly to uncertain demand for the drug. Incorporating uncer-
tainty into this type of model is covered when we discuss simulation in Chapters 11 and
12. Aside from this uncertainty, there are almost always ways to make any model more
realistic—at the cost of increased complexity. For example, we could model the impact of
competition on Niagra’s profitability. Alternatively, we could allow Acron to treat its prices
as decision variables. However, this might influence the likelihood of competition entering
the market, which would certainly complicate the model. The point is that this model is
only a start. When millions of dollars are at stake, a more thorough analysis is certainly

Skill-Building Problems

14.

16.

Modify Acron’s model so that development lasts for
an extra year. Specifically, assume that development
costs of $7.2 million and $2.1 million are incurred at
the beginnings of years 1 and 2, and then the sales in
the current model occur one year later, that is, from
year 2 until year 21. Again, calculate the NPV dis-
counted back to the beginning of year 1, and perform
the same sensitivity analyses. Comment on the effects
of this change in timing.

Modify Acron’s model so that sales increase, then
stay steady, and finally decrease. Specifically, assume
that the gross margin is $1.2 million in year 1, then
increases by 10% annually through year 6, then stays
constant through year 10, and finally decreases by 5%
annually through year 20. Perform a sensitivity analy-
sis with a two-way data table to see how NPV varies
with the length of the increase period (currently 6
years) and the length of the constant period (currently
4 years). Comment on whether Acron should pursue
the drug, given your results.

Create a one-way data table in the Acron model to see
how the NPV varies with discount rate, which is al-
lowed to vary from 8% to 18% in increments of 0.5%.
Explain intuitively why the results go in the direction
they go—that is, the NPV decreases as the discount
rate increases. Should Acron pursue the drug for all
these discount rates?

Skill-Extending Problems

62

The NPV function automatically discounts each of the
cash flows and sums the discounted values. Verify that
it does this correctly for Acron’s model by calculating
the NPV the long way. That is, discount each cash
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18.

19.

flow and then sum these discounted values. Use Excel
formulas to do this, but don’t use the NPV function.
(Hint: Remember that the discounted value of $1
received ¢ years from now is 1/(1 + r)" dollars today.)

In a situation such as Acron’s, where a one-time cost is
followed by a sequence of cash flows, the internal
rate of return (IRR) is the discount rate that makes
the NPV equal to 0. The idea is that if the discount rate
is greater than the IRR, the company will not pursue
the project; whereas if the discount rate is less than the
IRR, the project is financially attractive.

a. Use Excel’s Goal Seek tool to find the IRR for the
Acron model.

b. Excel also has an IRR function. Look it up in
online help to see how it works, and then use it on
Acron’s model. Of course, you should get the same
IRR as in part a.

c. Verify that the NPV is negative when the discount
rate is slightly greater than the IRR, and that it’s
positive when the discount rate is slightly less than
the IRR.

The XNPV function can calculate NPV for any
(possibly irregular) series of cash flows. Look this
function up in Excel’s online help. Then use it to set
up a spreadsheet model that finds the NPV of the
following series: a payment of $25,000 today
(assumed to be June 15, 2006), and cash inflows of
$10,000 on March 1, 2007; $15,000 on September 15,
2007; $8000 on January 20, 2008; $20,000 on April 1,
2008; and $10,000 on May 15, 2008. Discount these
back to “today” using a discount rate of 12%. (Note:
To use the XNPV function, Excel’s Analysis ToolPak
must be added in. To ensure this, select the Tools/
Add-Ins menu item, and make sure the Analysis
ToolPak is checked.)



2.8 CONCLUSION

The examples in this chapter provide a glimpse of things to come in later chapters. You’ve
seen the spreadsheet modeling approach to realistic business problems, learned how to
design spreadsheet models for readability, and explored some of Excel’s powerful tools,
particularly data tables. In addition, at least three important themes have emerged from
these examples: relating inputs and decision variables to outputs by means of appropriate
formulas, optimization (finding a “best” order quantity), and the role of uncertainty (un-
certain response rate or demand). Although you’ve not yet learned the tools to explore
these themes fully, these themes will occupy you for most of the rest of this book.

Summary of Key Management Science Terms

Term Explanation Page
Model inputs The numeric values that are “givens” in any 24
problem statement
Decision variables The variables a decision maker has control over 24
to effect better solutions
Model outputs The numeric values that result from combinations 24
of inputs and decision variables through the use
of logical formulas
Net present value (NPV) The current worth of a stream of cash flows that 57
occur in the future
Discount rate Interest rate used for discounting future cash flows 57
to get the net present value
Summary of Key Excel Terms
Term Explanation Excel Page
IF function Useful for implementing logic =IF(condition,resultlfTrue, 26
resultlfFalse)
Relative, absolute Useful for copying formulas; Al (relative), $A1 or A$1 (mixed), 31
cell addresses absolute row or column stays fixed, $AS$1 (absolute); press F4 to
relative row or column “moves” cycle through possibilities
Range names Useful for making formulas more Type name in Name box, or use 35
meaningful Create from Selection shortcut
Pasting range names  Provides a list of all range names in Use Paste List from Use 35
the current workbook in Formula dropdown
Cell comments Useful for documenting contents Right-click on cell, select Insert 36
of the cell Comment menu item
One-way data table ~ Shows how one or more outputs Use Data Table from What-If 38
vary as a single input varies Analysis dropdown
Goal Seek Solves one equation in one unknown Use Goal Seek from What-If 38
Analysis dropdown
Formula auditing Useful for checking which cells are Use Formula Auditing buttons 39
toolbar related to other cells through formulas  on Formulas ribbon
/. button Useful for getting help on On Formula Bar 44

Excel functions

2.8 Conclusion
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Term Explanation Excel Page

VLOOKUP function  Useful for finding a particular value =VLOOKUP®valueToCompare, 44
based on a comparison lookupTable, columnToReturn)

Two-way data table ~ Shows how a single output varies Use Data Table from What-If 44

as two inputs vary

Analysis dropdown

SUMPRODUCT
function

Calculates the sum of products of
values in two (or more) similar-
sized ranges

=SUMPRODUCT(rangel,range2) 46

Splitting screen

Useful for separating the screen
horizontally and/or vertically

Use screen splitters at top and right 59
of scrollbars.

Trendline tool

Superimposes the best-fitting line
or curve of a particular type on

With chart selected, use Trendline 48
dropdown from Chart Tools Layout

a scatter chart ribbon
Conditional Formats cells depending on whether Use Conditional Formatting 53
formatting specified conditions hold from Home ribbon
NPV function Calculates NPV of a stream of cash =NPV(discountRate,cashFlows) 60

flows at the ends of consecutive

years, starting in year 1

Efficient selection

Useful for selecting a large
rectangular range

While pressing the Shift key, click 60
on upper-left and bottom-right cells
of range.

Efficient copying

Shortcut for copying a formula
to a range

Select the range, enter the formula, 60
and press Ctrl+Enter.

PROBLEMS

Skill-Building Problems

20. Julie James is opening a lemonade stand. She believes

21.

the fixed cost per week of running the stand is $50.00.
Her best guess is that she can sell 300 cups per week
at $0.50 per cup. The variable cost of producing a cup
of lemonade is $0.20.

a. Given her other assumptions, what level of sales
volume will enable Julie to break even?

b. Given her other assumptions, discuss how a change
in sales volume affects profit.

c. Given her other assumptions, discuss how a change
in sales volume and variable cost jointly affect
profit.

d. Use Excel’s formula auditing tool to show which
cells in your spreadsheet affect profit directly.

You are thinking of opening a Broadway play, I Love
You, You’re Mediocre, Now Get Better! 1t will cost $5
million to develop the show. There are 8 shows

per week, and you project the show will run for

100 weeks. It costs $1000 to open the theater each
night. Tickets sell for $50.00, and you earn an average
of $1.50 profit per ticket holder from concessions. The
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22,

theater holds 800, and you expect 80% of the seats to

be full.

a. Given your other assumptions, how many weeks
will the play have to run for you to earn a 100% re-
turn on the play’s development cost?

b. Given your other assumptions, how does an in-
crease in the percentage of seats full affect profit?

¢. Given your other assumptions, determine how a
joint change in the average ticket price and number
of weeks the play runs influence profit.

d. Use Excel’s formula auditing tool to show which
cells in the spreadsheet are directly affected by the
percentage of seats full.

You are thinking of opening a small copy shop. It
costs $5000 to rent a copier for a year and costs $0.03
per copy to operate the copier. Other fixed costs of
running the store will amount to $400 per month. You
plan to charge an average of $0.10 per copy, and the
store will be open 365 days per year. Each copier can
make up to 100,000 copies per year.
a. For 1 to 5 copiers rented and daily demands of
500, 1000, 1500, and 2000 copies per day, compute
annual profit. That is, compute annual profit for



23.

24,

25.

each of these combinations of copiers rented and
daily demand.

b. If you rent 3 copiers, what daily demand for copies
will allow you to break even?

c. Graph profit as a function of the number of copiers
for a daily demand of 500 copies; for a daily
demand of 2000 copies. Interpret your graphs.

Georgia McBeal is trying to save for her retirement.
She believes she can earn 10% on average each year
on her retirement fund. Assume that at the beginning
of each of the next 40 years, Georgia will allocate x
dollars to her retirement fund. If at the beginning of a
year Georgia has y dollars in her fund, by the end of
the year, it will grow to 1.1y dollars. How much
should Georgia allocate to her retirement fund each
year to ensure that she will have $1 million at the end
of 40 years? What key factors are being ignored in this
analysis of the amount saved for retirement?

A European call option on a stock earns the owner an
amount equal to the price at expiration minus the exer-
cise price, if the price of the stock on which the call is
written exceeds the exercise price. Otherwise, the call
pays nothing. A European put option earns the owner
an amount equal to the exercise price minus the price
at expiration, if the price at expiration is less than the
exercise price. Otherwise, the put pays nothing. The
file P02 _24.xlsx contains a template that computes
(based on the well-known Black—Scholes formula) the
price of a European call and put based on the follow-
ing inputs: today’s stock price, the duration of the
option (in years), the option’s exercise price, the risk-
free rate of interest (per year), and the annual volatility
in stock price. For example, a 40% volatility means
approximately that the standard deviation of annual
percentage changes in the stock price is 40%.

a. Consider a 6-month European call option with
exercise price $40. Assume a current stock price of
$35, a risk-free rate of 5%, and an annual volatility
of 40%. Determine the price of the call option.

b. Use a data table to show how a change in volatility
changes the value of the option. Give an intuitive
explanation for your results.

c. Use a data table to show how a change in today’s
stock price changes the option’s value. Give an
intuitive explanation for your results.

d. Use a data table to show how a change in the
option’s duration changes the option’s value. Give
an intuitive explanation for your results.

Repeat parts a—d of the previous problem for a
6-month European put option with exercise price $40.
Again, assume a current stock price of $353, a risk-free
rate of 5%, and an annual volatility of 40%.

Dataware is trying to determine whether to give a $10
rebate, to cut the price $6, or to have no price change

27.

28.

29.

30.

on a software product. Currently, 40,000 units of the

product are sold each week for $45. The variable cost

of the product is $5. The most likely case appears to
be that a $10 rebate will increase sales 30%, and half
of all people will claim the rebate. For the price cut,

the most likely case is that sales will increase 20%.

a. Given all other assumptions, what increase in sales
from the rebate would make the rebate and price
cut equally desirable?

b. Dataware does not really know the increase in sales
that will result from a rebate or price cut. However,
the company is sure that the rebate will increase
sales by between 15% and 40% and that the price
cut will increase sales by between 10% and 30%.
Perform a sensitivity analysis that could be used to
help determine Dataware’s course of action.

The file P02_27.xlsx lists sales (in millions of dollars)

of Dell Computer during the period 1987-1997 (where

year 1 corresponds to 1987).

a. Fit a power and an exponential trend curve to these
data. Which fits the data better?

b. Use your part a answer to predict 1999 sales for
Dell.

c. Use your part a answer to describe how the sales of
Dell have grown from year to year.

d. Go to the Web and find more recent sales data for
Dell. Then repeat the preceding parts using all of
the data.

The file P02_28.xIsx gives the annual sales for
Microsoft (in millions of dollars) for the years
1984-1993, where 1984 = year 1.

a. Fit an exponential curve to these data.

b. By what percentage do you estimate that Microsoft
will grow each year?

¢. Why can’t a high rate of exponential growth
continue for a long time?

d. Rather than an exponential curve, what curve
might better represent the growth of a new
technology?

e. Go to the Web and find more recent sales data for
Microsoft. Then repeat the preceding parts using all
the data.

Assume that the number of units sold of a product is
given by 100 — 0.5P + 26V/A, where P is the price
(in dollars) charged for product and A is the amount
spent on advertising (in thousands of dollars). Each
unit of the product costs $5 to produce. What combi-
nation of price and advertising will maximize profit?
(Hint: Use a data table.)

You are given the data on the price of new Taurus
sedans and used Taurus sedans in the file P02 30.xlsx.
All used prices are in amounts paid in 1995. For
example, a new Taurus bought in 1985 cost $11,790
and the wholesale used price of that car in 1995 was
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31.

32.

33.

34.

35.
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$1700. A new Taurus bought in 1994 cost $18,680

and sold used in 1995 for $12,600.

a. You want to predict the resale value (as a percent-
age of the original price of the vehicle) as a
function of the vehicle’s age. Develop an equation
to do this. You should try two different curves and
choose the one that fits best.

b. Suppose all police cars are Ford Tauruses. If you
were the business manager for the New York Police
Department, what use would you make of the
information from part a?

The yield of a chemical reaction is defined as the ratio
(expressed as a percentage) of usable output to the
amount of raw material input. Suppose the yield of a
chemical reaction is found to depend on the length of
time the process is run and the temperature at which
the process is run. The yield can be expressed as
follows:

Yield = 90.79 — 1.095x, — 1.045x, — 2.781}
— 2.524x3 — 0.775x,x,

Here x;, = (Temperature — 125)/10 and x, = (Time
— 300)/30, where temperature is measured in degrees
Fahrenheit, and time is measured in seconds. Find the
temperature and time settings that maximize the yield
of this process. (Hint: Use a data table.)

A bond is currently selling for $1040. It pays the
amounts listed in the file P02 32.xlsx at the end of the
next 6 years. The yield of the bond is the interest rate
that would make the NPV of the bond’s payments
equal to the bond’s price. Use Excel’s Goal Seek tool
to find the yield of the bond.

Assume the demand for the drug Wozac during the
current year is 50,000, and assume demand will grow
at 5% a year. If you build a plant that can produce x
units of Wozac per year, it will cost $16x. Each unit of
Wozac is sold for $3. Each unit of Wozac produced
incurs a variable production cost of $0.20. It costs
$0.40 per year to operate a unit of capacity. Determine
how large a Wozac plant to build to maximize
expected profit over the next 10 years.

Consider a project with the following cash flows: year

1, —$400; year 2, $200; year 3, $600; year 4, —$900;

year 5, $1000; year 6, $250; year 7, $230. Assume a

discount rate of 15% per year.

a. Compute the project’s NPV if cash flows occur at
the ends of the respective years.

b. Compute the project’s NPV if cash flows occur at
the beginnings of the respective years.

c. Compute the project’s NPV if cash flows occur at
the middles of the respective years.

The payback of a project is the number of years it
takes before the project’s total cash flow is positive.
Payback ignores the time value of money. It’s
interesting, however, to see how differing assumptions
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on project growth impact payback. Suppose, for
example, that a project requires a $300 million
investment at year O (right now). The project yields
cash flows for 10 years, and the year 1 cash flow will
be between $30 million and $100 million. The annual
cash flow growth will be between 5% and 25% per
year. (Assume that this growth is the same each year.)
Use a data table to see how the project payback
depends on the year 1 cash flow and the cash flow
growth rate.

A software company is considering translating its
program into French. Each unit of the program sells
for $50 and incurs a variable cost of $10 to produce.
Currently, the size of the market for the product is
300,000 units per year, and the English version of the
software has a 30% share of the market. The company
estimates that the market size will grow by 10% a year
for the next 5 years, and at 5% per year after that. It
will cost the company $6 million to create a French
version of the program. The translation will increase
its market share to 40%. Given a 10-year planning
horizon, for what discount rates is it profitable to
create the French version of the software?

Skill-Extending Problems

37.

38.

You are entering the widget business. It costs $500,000,

payable in year 1, to develop a prototype. This cost can

be depreciated on a straight-line basis during years 1-5.

Each widget sells for $40 and incurs a variable cost of

$20. During year 1, the market size is 100,000, and the

market is growing at 10% per year. You believe you
will attain a 30% market share. Profits are taxed at

40%, but there are no taxes on negative profits.

a. Given your other assumptions, what market share is
needed to ensure a total free cash flow (FCF) of $0
over years 1 to 5? (Note: FCF during a year equals
after-tax profits plus depreciation minus fixed costs,
if any.)

b. Explain how an increase in market share changes
profit.

c. Explain how an increase in market size growth
changes profit.

d. Use Excel’s auditing tool to show how the market
growth assumption influences your spreadsheet.

Suppose you are borrowing $25,000 and making
monthly payments with 1% interest. Show that the
monthly payments should equal $556.11. The key re-
lationships are that for any month ¢

(Ending month # balance)
= (Ending month ¢ — 1 balance)
— ((Monthly payment) — (Month ¢ interest))

(Month ¢ interest) = (Beginning month 7 balance) X
(Monthly interest rate)

Of course, the ending month 60 balance must equal 0.



39.

40.

41.
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You are thinking of starting Peaco, which will produce
Peakbabies, a product that competes with Ty’s Beanie
Babies. In year O (right now), you will incur costs of
$4 million to build a plant. In year 1, you expect to sell
80,000 Peakbabies for a unit price of $25. The price of
$25 will remain unchanged through years 1 to 5. Unit
sales are expected to grow by the same percentage (g)
each year. During years 1 to 5, Peaco incurs two types
of costs: variable costs and SG&A (selling, general,
and administrative) costs. Each year, variable costs
equal half of revenue. During year 1, SG&A costs
equal 40% of revenue. This percentage is assumed to
drop 2% per year, so during year 2, SG&A costs will
equal 38% of revenue, and so on. Peaco’s goal is to
have profits for years 0 to 5 sum to O (ignoring the
time value of money). This will ensure that the

$4 million investment in year 0 is “paid back” by the
end of year 5. What annual percentage growth rate g
does Peaco require to “pay back” the plant cost by the
end of year 5?

Suppose the demand (in thousands) for a toaster is
given by 100p 2, where p is the price in dollars
charged for the toaster.

a. If the variable cost of producing a toaster is $10,
what price will maximize profit?

b. The elasticity of demand is defined as the percent-
age change in demand created by a 1% change in
price. Show that the demand for toasters appears to
have constant elasticity of demand. Would this be
true if the demand for toasters were linear in price?

The file PO2_41.xIsx contains the cumulative
number of bits (in trillions) of DRAM (a type of
computer memory) produced and the price per bit

(in thousandths of a cent).

a. Fit a power curve that can be used to show how
price per bit drops with increased production. This
relationship is known as the learning curve.

b. Suppose the cumulative number of bits doubles.
Create a prediction for the price per bit. Does the

42,

43.

44.

45.

46.

change in the price per bit depend on the current
price?

Alarge U.S. drug company, Pharmco, has 100 million
yen coming due in one year. Currently the yen is
worth $0.01. Because the value of the yen in U.S.
dollars in one year is unknown, the value of this

100 million yen in U.S. dollars is highly uncertain. To
hedge its risk, Pharmco is thinking of buying one-year
put options on the yen with an exercise price of
$0.008. For example, if the yen falls in value a year
from now to $0.007, then the owner of the put receives
$0.001. The price of such a put is $0.00007. Show
how the dollar value of Pharmco’s receipts and
hedging expenses depends on the number of puts
purchased and the final $/yen exchange rate.

Assume final exchange rates between 0.006 $/yen

and 0.015 $/yen are possible.

How could you determine a discount rate that makes
two projects have the same NPV?

The IRR is the discount rate » that makes a project
have an NPV of $0. You can find IRR in Excel with
the built-in IRR function, using the syntax =IRR(range
of cash flows). However, it can be tricky. In fact, if the
IRR is not near 10%, this function might not find an
answer, and you’ll get an error message. Then you
must try the syntax =IRR(range of cash flows, guess),
where “guess” is your best guess for the IRR. It’s best
to try a range of guesses (say, —90% to 100%). Find
the IRR of the project described in Problem 34.

A project does not necessarily have a unique IRR.
(Refer to the previous problem for more information
on IRR.) Show that a project with the following cash
flows has two IRRs: year 1, —$20; year 2, $82; year 3,
—$60; year 4, $2. (Note: It can be shown that if the
cash flow of a project changes sign only once, the
project is guaranteed to have a unique IRR.)

How could you use Goal Seek to find a project’s IRR?
(Refer to Problem 44 for more information on IRR.)

DOCUMENTING SPREADSHEETS

Editing and documenting your spreadsheet models is crucial, and the following tips make

these tasks much easier.

Format Appropriately

Appropriate formatting can make a spreadsheet model much easier to read. To boldface, for
example, select one or more cells and click on the B button on the Home ribbon (or press
Ctrl+B). Similarly, to italicize, indent, increase or decrease the number of decimal places,
right-justify, or perform other common formatting tasks, use the buttons on the Home ribbon.

Appendix Tips for Editing and Documenting Spreadsheets 67



68 Chapter 2

Use Range Names

Naming ranges takes time but makes formulas much easier to read and understand. To
enter a range name, highlight any cell or range of cells and enter a name for the range in the
Name box (just to the left of the Formula Bar). If you want to edit or delete range names,
select Name Manager on the Formulas ribbon. Here are some other options you have from
the Defined Names group on the Formulas ribbon.

= After you’ve named some ranges, you can get a list of them in your spreadsheet by
placing the cursor at the top of the range where you want the list to be placed,
selecting the Use in Formula dropdown on the Formula ribbon, and clicking on the
Paste List option. Alternatively, press the F3 button.

m  Suppose you have labels such as Fixed Cost, Variable Cost, Revenue, and Profit in the
range A3:A6, with their values next to them in column B. If you want to name the
cells in column B with the labels in column A, highlight the range A3:B6, select
Create from Selection on the Formulas ribbon (or press Ctrl+Shift+F3), and make
sure the Left Column box is checked. This creates the range names you want.

m If you have a formula, such as =SUM(A10:A20), and then you name the range
A10:A20 Costs, say, the formula does not change automatically to =SUM(Costs).
However, you can make it adapt to your new range name by selecting Apply Names
from the Define Name dropdown on the Formulas ribbon.

= Sometimes you might want to use the same range name, such as Total_cost, on
multiple worksheets of a workbook. For example, you might want Total_cost to refer
to cell B26 in Sheetl and to cell C59 in Sheet2. The trick is to use a sheet level name
rather than a workbook level name for one or both versions of Total_cost. This is easy
to do from the Name Manager. When you define the a new name, just select a sheet as
the Scope of the name.

Use Text Boxes

Text boxes are very useful for documenting your work. To enter an explanation or any
other text into a text box, go to the Insert ribbon, click on the Text Box button and drag a
box, and start typing. This technique is much better than typing explanations into cells be-
cause text boxes have word wrap. Therefore, text in text boxes is much easier to edit than
text in cells.

Use Cell Comments

Cell comments provide another good way to document your work. To enter a comment in
a cell, select the cell and right-click. This brings up a dialog box (which is also useful for
other tasks such as formatting). Click on the Insert Comment item to enter a comment. If a
comment is already in the cell, this menu will contain Edit Comment and Delete Comment
items. The cells with comments should have small red triangles in their corners.

Create Useful Macros

In the previous edition, we explained how to record macros to perform useful functions and
then attach them to buttons on your own customized toolbar. Unfortunately, you can no
longer modify the built-in ribbons in Excel 2007, at least not easily. (You can do so with a
technology called RibbonX, but this is advanced.) Nevertheless, you can still record (or
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write) macros to perform repetitive tasks and then run them by clicking on Macros from the
Developer ribbon and selecting a desired macro. If the Developer tab isn't visible on your
PC, you can make it visible by clicking on the Office button, then on Excel Options, and
then checking the Show Developer tab in the Ribbon from the Popular group.

Other Tips

Finally, we urge you once again to open the Excel Tutorial.docx file on the accompanying
CD-ROM and work through it. The file includes a number of techniques that will make you
a better and more efficient Excel user. (We recommend downloading this file to your hard
drive before working with it. Some of our students have had problems working with it right
off the CD-ROM.)
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CHAPTER

Introduction to Optimization Modeling

© Keith Dannemiller/CORBIS

OPTIMIZING MANUFACTURING OPERATIONS
AT GE PLASTICS

he General Electric Company (GE) is a global organization that must

deliver products to its customers anywhere in the world in the right
quantity, at the right time, and at a reasonable cost. One arm of GE is GE
Plastics (GEP), a $5 billion business that supplies plastics and raw materials to
such industries as automotive, appliance, computer, and medical equipment.
(GEP has now been reorganized into GE Advanced Materials [GEAM].) As
described in Tyagi et al. (2004), GEP practiced a “pole-centric” manufacturing
approach, making each product in the geographic area (Americas, Europe, or
Pacific) where it was to be delivered. However, it became apparent in the
early 2000s that this approach was leading to higher distribution costs and
mismatches in capacity as more of GEP’s demand was originating in the
Pacific region. Therefore, the authors of the article were asked to develop a
global optimization model to aid GEP’s manufacturing planning. Actually, GEP
consists of seven major divisions, distinguished primarily on the capability of
their products to withstand heat. The fastest growing of these divisions, the
high performance polymer (HPP) division, was chosen as the pilot for the
new global approach.

All GEP divisions operate as two-echelon manufacturing systems. The
first echelon consists of resin plants, which convert raw material stocks into
resins and ship them to the second echelon, the finishing plants. These latter
plants combine the resins with additives to produce various grades of the
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end products. Each physical plant consists of several “plant lines” that
operate independently, and each of these plant lines is capable of producing
multiple products. All end products are then shipped to GE Polymerland
warehouses throughout the world. GE Polymerland is a wholly owned sub-
sidiary that acts as the commercial front for GEP. It handles all customer
sales and deliveries from its network of distribution centers and warehouses
in more than 20 countries. Because of its experience with customers, GE
Polymerland is able to aid the GEP divisions in their planning processes by
supplying forecasts of demands and prices for the various products in the
various global markets. These forecasts are key inputs to the optimization
model.

The optimization model itself attempts to maximize the total contribu-
tion margin over a planning horizon, where the contribution margin equals
revenues minus the sum of manufacturing, material, and distribution costs.
There are demand constraints, manufacturing capacity constraints, and net-
work flow constraints (of the type that will be discussed in Chapter 5). The
decision variables include (1) the amount of resin produced at each resin
plant line that will be used at each finishing plant line, and (2) the amount of
each end product produced at each finishing plant line that will be shipped to
each geographic region. The completed model has approximately 3100 deci-
sion variables and 1100 constraints and is completely linear. It was developed
and solved in Excel (using LINGO, a commercial optimization solver, not
Excel’s built-in Solver), and execution time is very fast—about 10 seconds.

The demand constraints are handled in an interesting way. The authors
constrain manufacturing to produce no more than the forecasted demands,
but they do not force manufacturing to meet these demands. Ideally, manu-
facturing would meet demands exactly. However, because of its rapid growth,
capacity at HPP in 2002 appeared (at the time of the study) to be insufficient
to meet the demand in 2005 and later years. The authors faced this chal-
lenge in two ways. First, in cases where demand exceeds capacity, they let
their model of maximizing total contribution margin determine which de-
mands to satisfy. The least profitable demands are simply not met. Second,
the authors added a new resin plant to their model that would come online
in the year 2005 and provide much needed capacity. They ran the model
several times for the year 2005 (and later years), experimenting with the
location of the new plant. Although some of the details are withheld in the
article for confidentiality reasons, the authors indicate that senior manage-
ment approved the investment of a Europe-based plant that would cost
more than $200 million in plant and equipment. This plant was planned to
begin operations in 2005 and ramp up to full production capacity by 2007.

The decision support system developed in the study has been a success
at the HPP division since its introduction in 2002. Although the article pro-
vides no specific dollar gains from the use of the model, it is noteworthy that
the other GEP divisions are adopting similar models for their production
planning. m

.1 INTRODUCTION

Spreadsheet optimization is one of the most powerful and flexible methods of quantitative
analysis. The specific type of optimization discussed here is linear programming (LP). LP
is used in all types of organizations, often on a daily basis, to solve a variety of problems,
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including problems in labor scheduling, inventory management, selection of advertising
media, bond trading, management of cash flows, operation of an electrical utility’s hydro-
electric system, routing of delivery vehicles, blending in oil refineries, hospital staffing,
and many others. The goal of this chapter is to introduce the basic elements of LP: the types
of problems it can solve, how LP problems can be modeled in Excel, and how Excel’s pow-
erful Solver add-in can be used to find optimal solutions. Then in the next several chapters,
we examine a variety of LP applications, and we will look at applications of integer and
nonlinear programming, two important extensions of LP.

3.2 INTRODUCTION TO OPTIMIZATION

Changing cells must
contain numbers, not
formulas.

Typically, most of your
effort goes into the
model development
step.

Before getting to the details of LP modeling, it’s useful to discuss optimization in general.
All optimization problems have several elements in common. They all have decision vari-
ables, the variables whose values the decision maker can choose. Either directly or indi-
rectly, the values of these variables determine such outputs as total cost, revenue, and
profit. Essentially, they are the variables an organization must know to function properly
because they determine everything else. All optimization problems have an objective
function (objective, for short) whose value is to be optimized—maximized or minimized.'
Finally, most optimization problems have constraints that must be satisfied. These are usu-
ally physical, logical, or economic restrictions that depend on the nature of the problem. In
searching for the values of the decision variables that optimize the objective, we must
choose values that satisfy the constraints.

Excel uses its own terminology for optimization, which is also used throughout this
book. Excel refers to the decision variables as the changing cells. These cells must contain
numbers that are allowed to change freely; they are not allowed to contain formulas. Excel
refers to the objective as the target cell. There can be only one target cell—which could
contain profit, total cost, total distance traveled, or others—and it must be related through
formulas to the changing cells. When the changing cells change, the target cell should
change accordingly.

The changing cells contain the values of the decision variables.
The target cell contains the objective to be minimized or maximized.
The constraints impose restrictions on the values in the changing cells.

Finally, there must be appropriate cells and cell formulas that allow us to operational-
ize the constraints. For example, there might be a constraint on labor: The amount of labor
used cannot be more than the amount of labor available. In this case, there must be cells for
each of these two quantities, and typically at least one of them (probably the amount of
labor used) is related through formulas to the changing cells. Constraints can come in a va-
riety of forms. One very common form is nonnegativity. Nonnegativity constraints state
that changing cells must have nonnegative (zero or positive) values. Nonnegativity con-
straints are usually included for physical reasons. For example, it is impossible to produce
a negative number of automobiles.

Nonnegativity constraints imply that changing cells must contain nonnegative values.

Two steps are involved in solving an optimization problem. The first step is the model
development step, in which we decide what the variables are, what the objective is, which
constraints are required, and how everything fits together. If we are developing an algebraic

! Actually, some optimization models are multiobjective models, where we try to optimize several objectives
simultaneously. These types of models are covered in Chapter 9.
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An algorithm is basi-
cally a plan of attack.
It’s a prescription for
carrying out the steps
required to achieve
some goal, such as
finding an optimal solu-
tion. An algorithm is
typically translated into
a computer program
that does the work.

model, we must derive the correct algebraic expressions. If we are developing a spread-
sheet model, which is the focus of this book, we must relate all variables with appropriate
cell formulas. In particular, we must ensure that our model contains formulas for relating
the changing cells to the target cell and that it contains formulas for operationalizing the
constraints. This model development step is where most of our effort goes.

The second step in any optimization model is to optimize. This means that we must sys-
tematically choose the values of the decision variables that make the objective as large (for
maximization) or small (for minimization) as possible and satisfy all the constraints. Any set
of values of the decision variables that satisfies all the constraints is called a feasible solu-
tion. The set of all feasible solutions is called the feasible region. In contrast, an infeasible
solution violates at least one constraint. We must rule out infeasible solutions to get the fea-
sible solution that provides the best value—minimum for a minimization problem, maximum
for a maximization problem—of the objective. This solution is called the optimal solution.

A feasible solution is a solution that satisfies all the constraints.

The feasible region is the set of all feasible solutions.

An infeasible solution violates at least one of the constraints.

The optimal solution is the feasible solution that optimizes the objective.

Although most of our effort typically goes into the model development step, much of
the published research in optimization has gone into the optimization step. Algorithms
have been devised for searching through the feasible region to find the optimal solution.
One such algorithm is the simplex method, which is an extremely efficient method for
solving linear programming models. Other more complex algorithms are suitable for other
types of models (those with integer decision variables and/or nonlinearities).

We do not discuss the details of these algorithms in this book. Fortunately, they have
been programmed into the Solver add-in that is part of Excel. All we need to do is develop
the model and then tell Solver the target cell, the changing cells, the constraints, and the
type of model (linear, integer, or nonlinear). Solver then goes to work, finding the best fea-
sible solution with the most suitable algorithm. You should appreciate that if we used a trial
and error procedure, even a clever and fast one, it could take hours, weeks, or even years to
complete. However, by using the appropriate algorithm, Solver typically finds the optimal
solution in a matter of seconds.

There is really a third step in the optimization process: sensitivity analysis. We typi-
cally choose the most likely values of input variables, such as unit costs, forecasted de-
mands, and resource availabilities, and then find the optimal solution for these particular
input values to provide a single “answer.” However, in any realistic setting, it’s wishful
thinking to believe that all of the input values we use are exactly correct. Therefore, it’s
useful—in fact, mandatory in most real studies—to follow up the optimization step with
many what-if questions. What if the unit costs increased by 5%? What if forecasted
demands were 10% lower? What if resource availabilities could be increased by 20%?
What effects would such changes have on the optimal solution? This type of sensitivity
analysis can be done informally or in a highly structured way. Sensitivity analysis is
discussed a lot in later examples. Fortunately, as with the optimization step itself, good
software allows us to obtain answers to a lot of what-if questions quickly and easily.

3.3 ATWO-VARIABLE MODEL

74  Chapter 3

The first example is a very simple two-variable problem. We show how to model this prob-
lem algebraically and then how to model it in Excel. We also show how to find its optimal
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solution with Excel’s Solver add-in. Next, because it contains only two decision variables,
we show how it can be solved graphically. Although this graphical solution is not practical
for most realistic problems, it provides useful insights into general optimization models.
Finally, we ask a number of what-if questions about the completed model.

EXAMPLE 3.1 PLANNING DESSERTS

Tables such as this
serve as a bridge
between the problem
statement and the
ultimate spreadsheet
(or algebraic) model.

Maggie Stewart loves desserts, but due to weight and cholesterol concerns, she has de-
cided that she must plan her desserts carefully. There are two possible desserts she is
considering: snack bars and ice cream. After reading the nutrition labels on the snack bar
and ice cream packages, she learns that each “serving” of snack bar weighs 37 grams and
contains 120 calories and 5 grams of fat. Each serving of ice cream weighs 65 grams and
contains 160 calories and 10 grams of fat. Maggie allows herself no more than 450 calories
and 25 grams of fat in her daily desserts, but because she loves desserts so much, she re-
quires at least 120 grams of dessert per day. Also, she assigns a “taste index” to each gram
of each dessert, where 0 is the lowest and 100 is the highest. She assigns a taste index of 95
to ice cream and 85 to snack bars (because she prefers ice cream to snack bars). What
should her daily dessert plan be to stay within her constraints and maximize the total taste
index of her dessert?”

Objective To use linear programming to find the tastiest combination of desserts that
stays within Maggie’s constraints.

Solution

In all optimization models, we are given a variety of numbers—the inputs—and we are
asked to make some decisions that optimize an objective, while satisfying some con-
straints. This information is summarized in a table, as shown in Table 3.1. You should cre-
ate such a table before diving into the modeling details. In particular, you always need to
identify the appropriate decision variables, the appropriate objective, and the constraints,
and you should always think about the relationships between them. Without a clear idea of
these elements, it’s almost impossible to develop a correct spreadsheet (or algebraic)
model.

Table 3.1 Variables and Constraints for Dessert Model

Input variables Ingredients (calories, fat) per serving, serving
sizes, taste indexes, maximum allowed daily
ingredients, minimum required daily grams

Decision variables (changing cells) Daily servings of each dessert consumed

Objective (target cell) Total taste index
Other calculated variables Daily ingredients consumed, daily grams consumed
Constraints Daily ingredients consumed must be less than or equal to

Maximum allowed
Daily grams consumed must be greater than or equal to
Minimum required

2 Although this diet problem might seem silly, LP has been used in a number of more important situations to rec-
ommend low-cost nutritious diets. See Lancaster (1992), for example. For a more humorous aspect of the diet
problem, see Dantzig (1990).
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Be sure to decide on
a convenient unit of
measurement and
then be consistent in
its use.

Many commercial
optimization packages
require, as input, an
algebraic model of a
problem. If you use
one of these packages,
you will be required to
think algebraically.
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The decision variables must be the daily amounts of the desserts consumed, but why
choose servings rather than grams? The answer is that it doesn’t really matter. Because we
know the number of grams per serving of each dessert, it is simple to convert from servings
to grams or vice versa. Choosing the unit of measurement is a common problem in
modeling. It usually doesn’t matter which unit of measurement we select, but we should be
consistent. Also, note that Maggie assigns a taste index of 85 to each gram of snack bar and
95 to each gram of ice cream. If she consumes, say, 50 grams of snack bar and 100 grams
of ice cream, it seems reasonable that a measure of her total “taste satisfaction” is 50(85)
+ 100(95). This is how the total taste index is defined, which is the objective we attempt
to maximize.

An Algebraic Model

In the traditional algebraic solution method, we first identify the decision variables.’ In this
small problem, they are the numbers of servings of each dessert to consume daily. We label
these x, and x,, although any other labels would do. Next, we write expressions for the total
taste index and the constraints in terms of the x’s. Finally, because only nonnegative
amounts can be consumed, we add explicit constraints to ensure that the x’s are nonnega-
tive. The resulting algebraic model is

Maximize 37(85)x, + 65(95)x,
subject to

120x, + 160x, = 450
5x, + 10x, =25
37x, + 65x, = 120
X, % =0

To understand this model, consider the objective first. Each serving of snack bar weighs 37
grams, and each of these grams contributes 85 “points” to the total taste index. If x, serv-
ings of snack bar are consumed, they contribute 37(85)x, points to the total taste index. A
similar statement holds for ice cream. We then sum the contributions from snack bars and
ice cream to obtain the total taste index.

The constraints are similar. For example, each serving of snack bar contains 120 calo-
ries and 5 grams of fat. These explain the 120x, and 5x, terms in the top two constraints (the
calorie and fat constraints). We add these to the similar terms for ice cream to the left-hand
sides of these constraints. Then the right-hand sides of these constraints are the given max-
imum daily allowances. The third constraint (minimal daily requirement of calories) fol-
lows similarly. Finally, we can’t consume negative amounts of either dessert, so we include
nonnegativity constraints on x, and x,.

For many years, all LP problems were modeled this way because many commercial LP
computer packages were written to accept LP problems in essentially this format. In the
past 10 to 15 years, however, a more intuitive method of expressing LP problems has
emerged that takes advantage of the power and flexibility of spreadsheets. Actually, LP
problems could always be modeled on spreadsheets, but now with the addition of Solver
add-ins, spreadsheets have the capability to solve—that is, optimize—LP problems as well.
Specifically, Excel has a built-in Solver. (An LP add-in called What’s Best! can also be
used with Excel.) Excel’s Solver is used for all examples in this book.

3 This is not a book about algebraic models; our main focus is on spreadsheet modeling. However, algebraic mod-
els of the examples are presented in this chapter for comparison with spreadsheet models.

Introduction to Optimization Modeling



This graphical
approach works only
for problems with two
decision variables.

Recall from algebra
that any line of the
form ax, + bx, + ¢
has slope —a/b.This is
because it can be put
into the slope—
intercept form

x, = ¢/b — (a/b)x,.

Figure 3.1

Graphical Solution
for Dessert Problem

A Graphical Solution

When there are only two decision variables in an LP model, as in the dessert model, we can
solve the problem graphically. Although this solution approach is not practical in most
realistic optimization models—where there are many more than two decision variables—
the graphical procedure illustrated here still yields important insights.

In general, if the two decision variables are labeled x, and x,, we express the con-
straints and the objective in terms of x, and x,; we graph the constraints to find the feasible
region—the set of all pairs (x;, x,) satisfying the constraints, where x, is on the horizontal
axis and x, is on the vertical axis—and finally, we then move the objective through the fea-
sible region until it is optimized.

To do this for the dessert problem in Example 3.1, note that the constraint on calories
can be expressed as 120x, + 160x, = 450. To graph this, we consider the associated equal-
ity (replacing = with = ) and find where the associated line crosses the axes. Specifically,
when x; = 0, then x, = 450/160 = 2.81, and when x, = 0, then x, = 450/120 = 3.75. This
provides the line labeled “calories constraint” in Figure 3.1. It has slope —120/160 =
—0.75. The set of all points that satisfy the calories constraint includes the points on this
line plus the points below it, as indicated by the arrow drawn from the line. We know
that the feasible points are below the line because the point (0, 0) is obviously below the
line, and (0, 0) clearly satisfies the calories constraint. Similarly, we can graph the fat
constraint and the grams constraint, as shown in the figure. The points that satisfy all three
of these constraints and are nonnegative comprise the feasible region, which is shaded in
the figure.

RY)
Calories constraint, slope —0.75

Optimal point

Feasible
region

Grams
constraint
|

1 2 3 4 5

X1

To see which feasible point maximizes the objective, we draw a sequence of lines
where, for each, the objective is a constant. The typical line is of the form 37(85)x, +
67(95)x, = ¢, where ¢ is a constant. Any such line has slope —[37(85)]/[65(95)] = —0.509,
regardless of the value of c. This line is slightly steeper than the constraint line for fat, but it
isn’t as steep as the constraint line for calories. Move a line with this slope up and to the right,
making c larger until it just barely touches the feasible region. The last feasible point that it
touches is the optimal point.

Several lines with slope —0.509 are shown in Figure 3.1. The one farthest up and to the
right is the one with the largest total taste index. The associated optimal point is clearly the
point where the calories and fat lines intersect. We will eventually find (from Solver) that
this point is (1.25, 1.875), but even if we didn’t have the Solver add-in, we could find the
coordinates of this point by solving two equations (the ones for calories and fat) in two
unknowns.

Again, the graphical procedure illustrated here can be used only for the simplest of
LP models, those with two decision variables. However, the type of behavior pictured in
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Figure 3.1 generalizes to all LP models. In general, all feasible regions are (the multidimen-
sional versions of) solid polygons. That is, they are bounded by straight lines (actually,
hyperplanes) that intersect at corner points. (There are five corner points in Figure 3.1, four
of which are on the axes.) When we push the objective line (again, really a hyperplane) as
far as possible toward better values, the last feasible point it touches is one of the corner
points. The relative slopes of the objective and constraint lines determine the actual corner
point it last touches. Because there are only a finite number of corner points, we need to
search only among this finite set, not the infinite number of points in the entire feasible
region.* This insight is largely responsible for the efficiency of the simplex method for

solving LP problems.
Geometry of LP Models solution is always a corner point of the polygon. The
and the Simplex Method simplex method for LP works so well because it can

search through the finite number of corner points
extremely efficiently and recognize when it has
found the best corner point. This rather simple
insight, plus its clever implementation in software
packages, has saved companies many, many millions
of dollars in the past 50 years.

The feasible region in any LP model is always a multi-
dimensional version of a polygon, and the objective is
always a hyperplane, the multidimensional version of
a straight line. We always want to push the objective
as far as possible in the maximizing or minimizing di-
rection until it just touches the edge of the feasible
region. Because of this geometry, the optimal

A Spreadsheet Model

There are many ways to develop an LP spreadsheet model. Everyone has his or her
own preferences for arranging the data in the various cells. We do not give any exact
prescriptions, but the examples should help you develop good habits. The common
elements in all LP spreadsheet models are the inputs, changing cells, target cell, and
constraints.

m Inputs. All numerical inputs—that is, all numeric data given in the statement of the
problem—must appear somewhere in the spreadsheet. As discussed in Chapter 2, all
inputs are colored blue. Most of the inputs are also placed in the upper-left section of
the spreadsheet. However, we sometimes violate this latter convention when certain
inputs fit more naturally somewhere else.

m Changing cells. Instead of using variable names, such as x’s, spreadsheet models use
a set of designated cells for the decision variables. The values in these cells can be
changed to optimize the objective. Excel calls these cells the changing cells. To des-
ignate them clearly in this book, they are colored red.

m Target (objective) cell. One cell, called the target cell, contains the value of the
objective. Solver systematically varies the values in the changing cells to optimize
the value in the target cell. In this book, the target cell is colored gray.’

* This is not entirely true. If the objective line is exactly parallel to one of the constraint lines, there can be multi-
ple optimal solutions—a whole line segment of optimal solutions. Even in this case, however, at least one of the
optimal solutions is a corner point.

5 Our blue/red/gray color scheme shows up effectively on a color monitor. However, as mentioned in the previous
chapter, the colors don’t show up well in this two-color book. The main difference is that deep blue on the page
corresponds to red in Excel, whereas light blue on the page corresponds to blue in Excel.
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Our Coloring Conventions

Color input cells blue.
Color changing cells (decision variables) red.
Color the target cell (the objective to minimize or maximize) gray.

m  Constraints. Excel does not show the constraints directly on the spreadsheet. In-
stead, constraints are specified in a Solver dialog box, discussed shortly. For exam-
ple, a set of related constraints might be designated by

B15:D15<=B16:D16

This implies three separate constraints. The value in B15 must be less than or equal
to the value in B16, the value in C15 must be less than or equal to the value in C16,
and the value in D15 must be less than or equal to the value in D16. Range names are
also assigned to the ranges that appear in the constraints. Then a typical constraint
might be specified as

Ingredients_consumed<=Ingredients_allowed

This is much easier to read and understand.

= Nonnegativity. Normally, we want the decision variables—that is, the values in the
changing cells—to be nonnegative. These constraints do not need to be written ex-
plicitly; we simply check an option in a Solver dialog box to indicate that we want
nonnegative changing cells. Note, however, that if we want to constrain any other
cells to be nonnegative, we need to specify these constraints explicitly.

Overview of the Solution Process

As discussed previously, the complete solution of a problem involves three stages. In the
model development stage, we enter all of the inputs, trial values for the changing cells,
and formulas relating these in a spreadsheet. This stage is the most crucial because all the
“ingredients” of the model are included and related appropriately here. In particular, the
spreadsheet must include a formula that relates the objective to the changing cells, either
directly or indirectly, so that if the values in the changing cells vary, the objective value
varies accordingly. Similarly, the spreadsheet must include formulas for the various con-
straints (usually their left-hand sides) that are related directly or indirectly to the chang-
ing cells.

After the model is developed, we can proceed to the second stage—invoking Solver.
At this point, we formally designate the objective cell, the changing cells, the constraints,
and selected options, and we tell Solver to find the optimal solution. If the first stage has
been done correctly, the second stage is usually straightforward.

The third stage is sensitivity analysis. Here we see how the optimal solution changes
(if at all) as we vary the selected inputs. This often provides important insights about how
the model works.

We now carry out this procedure for the dessert problem in Example 3.1.

DEVELOPING THE SPREADSHEET MODEL

The spreadsheet model appears in Figure 3.2. (See the file Dessert Planning.xlsx.) To
develop this model, use the following steps.
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Figure 3.2

Spreadsheet Model
for Dessert Problem

At this stage, trying to
“outguess” the optimal
solution is not neces-
sary. Any values in

the changing cells will
suffice.

The “linear” in linear
programming is all
about sums of prod-
ucts. Therefore, the
SUMPRODUCT
function is a natural
and should be used
whenever possible.
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A

F

G [ H

1 |Planning desserts Range names used
2 Grams_consumed =Model!$B$25
3 |Ingredients (per serving) of each dessert Grams_required =Model!$D$25

| 4| Snack bar| Ice cream Ingredients_allowed =Model!$D$20:$D$21
5 |Calories 120 160 Ingredients_consumed  |=Model!$B$20:5BS$21
6 |Fat (grams) 5 10 Servings_per_day =Model!$B$16:5C$16
7 ‘ ‘ ‘ Total_taste_index =Model!$B$27
8 |Grams per serving 37 65
9

10 |Taste index of each dessert (on a 100-point scale, per gram)

11 ‘ Snack bar‘ Ice cream

12 85 95

14 | Dessert plan

15 Snack bar| Ice cream

16 |Servings per day 1.5 2.0

17 |

18 | Constraints on calories and fat (per day)

19 Ingredients consumed Ingredients allowed

20 |Calories 500 <= 450

21 |Fat (grams) 27.5 <= 25

22

23 |Constraint on total grams of dessert per day

24 Grams consumed Grams required

25 185.5 >= 120

26 \ [

27 |Total taste index 17067.5 | \

o Inputs. Enter all the inputs from the statement of the problem in the shaded cells as
shown. In later examples, there is usually a brief section called “Where Do the Numbers Come
From?” For this problem, however, it’s easy to get the numbers. The inputs in rows 5, 6, and
8 are printed on the packages of most foods, and the other inputs are Maggie’s preferences.

o Range names. Create the range names shown in columns F and G. Enter enough
range names but don’t go overboard. Specifically, enter enough range names so that the
setup in the Solver dialog box, to be explained shortly, is entirely in terms of range names.
Of course, you can add more range names if you like. And, of course, you can use the
Create from Selection shortcut discussed in the previous chapter to speed up the range-
naming process.

9 Changing cells. Enter any two values for the changing cells in the Servings_per_day
range. Any trial values can be used initially; Solver will eventually find the optimal values.
Note that the two values shown in Figure 3.2 cannot be optimal because they are not feasi-
ble—they contain more calories and fat than are allowed. However, you do not need to
worry about satisfying constraints at this point; Solver will take care of this later on.

o Ingredients consumed. To operationalize the calorie and fat constraints, we must
calculate the amounts consumed by the dessert plan. To do this, enter the formula

=SUMPRODUCT(B5:C5,Servings_per_day)

in cell B20 for calories and copy it to cell B21 for fat. This formula is a shortcut for the
“written out” formula

=B5*B16+C5*%C16

As discussed in Chapter 2, the SUMPRODUCT function is very useful in spreadsheet mod-
els, especially LP models, and we see it often. Here, it multiplies the amount of calories per
serving by the number of servings for each dessert and then sums these products over the two
desserts. When there are only two products in the sum, as in this example, the SUMPROD-
UCT formula is not really simpler than the “written out” formula. However, imagine that
there are 50 desserts. Then the SUMPRODUCT formula becomes much simpler to enter (and
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Although the
SUMPRODUCT
function usually takes
two range
arguments, it can
take three or more,
provided they all
have the same size

read). For this reason, you should use it in your own models. Note that each range in this func-
tion, B5:C5 and Servings_per_day, is a one-row, two-column range. The SUMPRODUCT
function requires that the two ranges be exactly the same size and shape.

e Grams consumed. Similarly, we must calculate the total number of grams of dessert
consumed daily. To do this, enter the formula

=SUMPRODUCT(B8:C8,Servings_per_day)
in cell B25. Each product in this SUMPRODUCT is grams per serving multiplied by the
number of servings; hence, its units are grams.

6 Total taste index. To calculate the total taste index, enter the formula
=SUMPRODUCT(B12:C12,B8:C8,Servings_per_day)

in cell B27. This formula shows that the SUMPRODUCT function can use three ranges (or
more), provided that they are all exactly the same size and shape. Three are required here
because we need to multiply taste points per gram by grams per serving by number of serv-
ings. Again, this formula is equivalent to the “written out” formula

=B12*B8*B16+C12*C8*C16

and shape. . . . . .
P Experimenting with Possible Solutions
The next step is to specify the changing cells, the target cell, and the constraints in a Solver
dialog box and then instruct Solver to find the optimal solution. Before we do this,
however, try a few guesses in the changing cells. There are two reasons for doing this. First,
by entering different sets of values in the changing cells, you can confirm that the formulas
in the other cells are working correctly. Second, this experimentation sometimes helps you
develop a better understanding of the model.
For example, Maggie prefers the taste of ice cream to snack bars, so you might guess
that her dessert plan will consist of ice cream only. If so, she should consume as much ice
cream as will fit into her constraints on calories and fat. You can check that this is 2.5
servings per day, as shown in Figure 3.3. With this plan, she could eat more calories, but
. A B C D E F G H
Flgure 3'3 1 |Planning desserts Range names used E
. 2 Grams_consumed =Model!$BS$25
Best Plan WIth Ice 3 |Ingredients (per serving) of each dessert Grams_required =Model!SD$25
Cream On]y 4 Snack bar| Ice cream Ingredients_allowed =Model!$D$20:5D$21
5 |Calories 120 160 Ingredients_consumed  |=Model!$B$20:5BS$21
6 |Fat (grams) 5 10 Servings_per_day =Model!$B$16:5C5$16
7 ‘ ‘ ‘ Total_taste_index =Model!$B$27
8 |Grams per serving 37 65

©

N
o

Taste index of each dessert (on a 100-point scale, per gram)

i
=

N
~

N
w

Snack bar‘ Ice cream

85

95

14

Dessert plan

15

16

Servings per day

Snack bar
0

Ice cream
P

18

Constraints on calories

and fat (per day)

19

Ingredients consumed

20

Calories

400

21

Fat (grams)

25

Ingredients allowed
450
25

23

Constraint on total grams of dessert per day

24

Grams consumed

25

162.5

26

27

Total taste index

15437.5

Grams required
120
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Figure 3.4

Solver Dialog Box
for Dessert Model
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she can’t eat any more fat. Is this plan optimal? It turns out that it isn’t, as we will see
shortly, but this fact is not obvious. By the way, if Maggie decided to go entirely with snack
bars and no ice cream, you can check that she could then consume 3.75 servings, which
would exhaust her calorie allowance, but not her fat allowance, and would provide a total
taste index of 11,793.75. Because this is well less than the total taste index for the plan with
ice cream only, it certainly cannot be optimal.

You can continue to try different values in the changing cells, attempting to get as large
a total taste index as possible while staying within the constraints. Even for this small
model with only two changing cells, it isn’t easy! You can only imagine how much more
difficult it is when there are hundreds or even thousands of changing cells and many con-
straints. This is why software such as Excel’s Solver is so helpful. It uses a quick and effi-
cient algorithm to search through all feasible solutions and eventually find the optimal so-
lution. Fortunately, Solver is easy to use.

USING SOLVER

To invoke Excel’s Solver, select Solver from the Data ribbon. (If there is no such item on
your PC, select the Office button, then Excel Options, then Add-Ins, then Go, and make
sure the Solver item is checked in the resulting list of add-ins. If there is no Solver item in
the list, Solver was probably not installed when Office was installed on this PC. In this
case, you must run the Office setup program to install Solver.) The dialog box in Figure 3.4
appears. It has three important sections that we must fill in: the target cell, the changing
cells, and the constraints. For the dessert problem, we can fill these in by typing cell refer-
ences or we can point, click, and drag the appropriate ranges in the usual way. Better yet,
if there are any named ranges, we can use these range names instead of cell addresses. In
fact, for reasons of readability, our convention is to make sure that only range names, not
cell addresses, appear in this dialog box.

Solver Parameters

Set Target Cell:

() Max

By Changing Cells:

O Win

() walue of: |U |

GlEss

Equal To:

IServings;ler_day

Subject ko the Constraints: Qpkions

iGrams_cnnsumed == Grams_required add

Ingredients_consumed <= Ingredients_allowed

Reset All

Help

Excel Tip: Range Names in Solver Dialog Box

The usual procedure is to use the mouse to select the relevant ranges for the Solver dialog
box. Fortunately, if these ranges have already been named, the range names automatically
replace the cell addresses in the dialog box.

o Objective. Select the Total_taste_index cell as the target cell, and make sure the Max
option is selected.

9 Changing cells. Select the Servings_per_day range as the changing cells.
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Figure 3.5

Add Constraint
Dialog Box

Checking the Assume
Non-Negative box
ensures only that the
changing cells, not any
other cells, will be
nonnegative.

o Constraints. Click on the Add button to bring up the dialog box in Figure 3.5. Here we
specify a typical constraint by entering a cell reference or range name on the left, the type of
constraint from the drop-down list in the middle, and a cell reference, range name, or nu-
meric value on the right. Use this dialog box to enter the constraint

Ingredients_consumed<=Ingredients_allowed

(Note: You can type these range names in the dialog box, or you can drag them in the usual
way. If you drag them, the cell addresses eventually change to range names if range names
exist.) Then click on the Add button and enter the constraint

Grams_consumed>=Grams_required

The first constraint says to consume no more calories and fat than are allowed. The second
constraint says to consume at least as many grams as are required. Then click on OK to get
back to the Solver dialog box.

Add Constraint

Cell Reference: Constraint:
|Ingredients_ronsumed | J=:= _"J [tngredients_allowed 3l

Cancel I Add I Help ]

Excel Tip: Inequality and Equality Labels in Spreadsheet Models

The <= signs in cells C20:C21 and the >= sign in cell C25 (see Figure 3.2 or Figure 3.3)
are not a necessary part of the Excel model. They are entered simply as labels in the
spreadsheet and do not substitute for entering the constraints in Solver’s Add Constraint
dialog box. However, they help to document the model, so they are included in all the
examples. In fact, we plan our spreadsheet models so that the two sides of a constraint are
in nearby cells, with “gutter” cells in between where we can attach a label like <=, >=, or
=. This convention tends to make the resulting spreadsheet models much more readable.

0 Nonnegativity. Because negative quantities of dessert make no sense, we must tell
Solver explicitly to make the changing cells nonnegative. To do this, click on the Options
button in Figure 3.4 and check the Assume Non-Negative box in the resulting dialog box
(see Figure 3.6.) This automatically ensures that all changing cells will be nonnegative.

e Linear model. Solver uses one of several algorithms to solve various types of models.
The models discussed in this chapter are all linear models. (The properties of linear models
are discussed shortly.) Linear models can be solved most efficiently by the simplex method.
To instruct Solver to use this method, you must check the Assume Linear Model in the
Solver options dialog box shown in Figure 3.6.

6 Optimize. Click on the Solve button in the dialog box in Figure 3.4. At this point,
Solver does its work by searching through a number of possible solutions until it finds the
optimal solution. (You can watch the progress on the lower-left of the screen, although for
small models the process is almost instantaneous.) When finished, Solver displays the
message in Figure 3.7. You can then instruct it to return the values in the changing cells to
their original (probably nonoptimal) values or retain the optimal values found by Solver. In
most cases, you should choose the latter. For now, click on the OK button to keep the
Solver solution. You should see the solution shown in Figure 3.8.
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Figure 3.6

Solver Options
Dialog Box

Solver Options

Mazx Time:
Iker ations:
Precision:

Tolerance:

Canvergence:

stimates
* Tangenk
" Quadratic

I 100 seconds

100

|D.DDDDDI
|5 o
|EI.DDDI

v Assume Linear Modsl

¥ As=ume Mon-Megative

erivatives
' Forward
" Central

Cancel |
Load Madel. .. |
Save Model, .. |

Help |

[ Use Automatic Scaling
[ Show Iteration Resuls

earch
i+ Mewkon
L Conjugakte

Figure 3.7

Solver Message That
Optimal Solution
Has Been Found

Solver Results

Solver found a solution, Al constraints and optimality
conditions are satisfied.

Reports

Answer - |

{* ieen Solver Solution: sensitivity
Lirnits
" Restore Original Yalues ﬂ
K, I Zancel Save Scenario., . Help
. A B C D E F G [ H
F |gure 3 ‘8 1 |Planning desserts Range names used
. . 2 Grams_consumed =Model!$SBS$25

Optlmal SOlutlon 3 |Ingredients (per serving) of each dessert Grams_required =Model!$D$25
for Dessert Model 4 ‘ Snack bar| Ice cream Ingredients_allowed =Model!$D$20:5D$21

5 |Calories 120 160 Ingredients_consumed  |=Model!$B$20:5BS$21

6 |Fat (grams) 5 10 Servings_per_day =Model!$B$16:5C$16

7 ‘ ‘ ‘ Total_taste_index =Model!$B$27

8 |Grams per serving 37 65

5 | |

10 |Taste index of each dessert (on a 100-point scale, per gram)

11 ‘ Snack bar‘ Ice cream

12 85 95

13

14 |Dessert plan

15 Snack bar| Ice cream

16 |Servings per day 1.25 1.875

17 |

18 |Constraints on calories and fat (per day)

19 Ingredients consumed Ingredients allowed

20 [Calories 450 <= 450

21 |Fat (grams) 25 <= 25

22

23 |Constraint on total grams of dessert per day

24 Grams consumed Grams required

25 168.125 >= 120

2 | \

27 [Total taste index 15509.375 | |
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In reality, Maggie
would probably vary
this so that she
averaged these
quantities over time.

Solver Tip: Messages from Solver

The message in Figure 3.7 is the one we hope for. However, in some cases, Solver is not
able to find an optimal solution, in which case one of several other messages appears. We
discuss some of these later in this chapter.

Discussion of the Solution

This solution says that Maggie should consume 1.25 servings of snack bars and 1.875
servings of ice cream per day. This plan leaves no room for any more calories or fat, and it
more than satisfies her requirement of 120 dessert grams per day. It provides a total taste
index that is slightly more than the plan with ice cream only in Figure 3.3. In fact, we now
know that no plan can provide a total taste index larger than this one—that is, without
violating at least one of the constraints.

The solution in Figure 3.8 is typical of solutions to optimization models in the following
sense. Of all the inequality constraints, some are satisfied exactly and others are not. In this
solution, the calorie and fat constraints are met exactly, which means they are binding. How-
ever, the constraint on grams is nonbinding. The number of grams consumed is greater than
the number required. The difference is called slack.® You can think of the binding constraints
as “bottlenecks” because they prevent the objective from being improved. If it were not for
constraints on calories and fat, Maggie could obtain an even higher total taste index. m

An inequality constraint is binding if the solution makes it an equality. Otherwise, it
is nonbinding, and the positive difference between the two sides of the constraint is
called the slack.

FUNDAMENTAL INSIGHT

Binding and Nonbinding Constraints

Most optimization models contain constraints
expressed as inequalities. In an optimal solution, each
such constraint is either binding (holds as an

improving. A typical situation is a constraint on the
availability of a resource. If such a constraint is
binding, the objective would typically improve by
having more of that resource. But if such a resource
constraint is nonbinding, we have more of the

equality) or nonbinding. It’s extremely important to

resource than necessary.

identify the binding constraints, because they are the
constraints that prevent the objective from

3.4 SENSITIVITY ANALYSIS

Now that we have solved Maggie’s dessert problem, it might appear that we are finished.
But in real LP applications, the solution to a single model is hardly ever the end of the
analysis. It is almost always useful to perform a sensitivity analysis to see how (or if) the
optimal solution changes as we change one or more inputs. We illustrate systematic ways
of doing so in this section. Actually, we discuss two approaches. The first uses an optional
sensitivity report that Solver offers. The second uses an add-in called SolverTable that we
developed.

®Some analysts use the term slack only for < constraints and the term surplus for = constraints. We refer to each
of these as slack—the absolute difference between the two sides of the constraint.

3.4 Sensitivity Analysis 85



Solver’s Sensitivity Report

When we run Solver, the dialog box in Figure 3.7 offers us the option to obtain a sensitiv-
ity report.” This report is based on a well-established theory of sensitivity analysis in opti-
mization models, especially LP models. This theory has been developed around algebraic
models that are arranged in a “standard” format. Essentially, all such algebraic models look
alike, so the same type of sensitivity report applies to all of them. Specifically, they have an
objective function of the form c¢,x, + - - - + ¢,x,, where n is the number of decision vari-
ables, the ¢’s are constants, and the x’s are the decision variables; and each constraint can
be putin the forma,x, +---+ax,=b,ax, +---+ax,=b,orax +: - +ax,=
b, where the a’s and b are constants. Solver’s sensitivity report performs two types of sen-
sitivity analysis: (1) on the coefficients of the objective, the ¢’s, and (2) on the right-hand
sides of the constraints, the b’s.

To illustrate the typical analysis, look at the sensitivity report for Maggie’s dessert
planning model in Example 3.1. For convenience, the algebraic model is repeated here, and
the spreadsheet model is shown again in Figure 3.9.

Maximize 37(85)x, + 65(95)x,

subject to
120x, + 160x, =< 450
S5x; + 10x, =25
37x; + 65x,= 120
=
X, %,=0
. A B C D E F G [
F Igure 3 '9 1 |Planning desserts Range names used
. 2 Grams_consumed =Model!$BS$25
Dessert MOdel WIth 3 |Ingredients (per serving) of each dessert Grams_required =Model!$D$25
Optimal Solution 4 | Snack bar| Ice cream Ingredients_allowed =Model!$D$20:5D$21
5 [Calories 120 160 Ingredients_consumed  [=Model!$B$20:5B$21
6 |Fat (grams) 5 10 Servings_per_day =Model!$B$16:5C$16
7 ‘ ‘ ‘ Total_taste_index =Model!$B$27
8 |Grams per serving 37 65
9 \ \
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10 [Taste index of each dessert (on a 100-point scale, per gram)

11 ‘ Snack bar‘ Ice cream

12 85 95

14 |Dessert plan

15 Snack bar| Ice cream

16 |Servings per day 1.25 1.875

17 |

18 |Constraints on calories and fat (per day)

19 Ingredients consumed Ingredients allowed
20 [Calories 450 <= 450
21 |Fat (grams) 25 <= 25

22

23 | Constraint on total grams of dessert per day

24 Grams consumed Grams required
25 168.125 >= 120
2% | |
27 [ Total taste index 15509.375 | |

This time, when we run Solver, we ask for a sensitivity report in Solver’s final dialog
box (see Figure 3.7). This creates the sensitivity report on a new worksheet with two
sections, as shown in Figure 3.10.% The top section is for sensitivity to changes in the

"1t also offers Answer and Limits reports. We don’t find these particularly useful, so they are not discussed here.
STIf your table looks different from this one, make sure you have checked Assume Linear Model. Otherwise,
Solver uses a nonlinear algorithm and produces a different type of sensitivity report. Also, we should mention that
we have gotten error messages when we have tried to create these sensitivity reports in Excel 2007. Frontline Sys-
tems confirms that Microsoft “broke” these reports with Excel 2007 and that a fix is being sought.
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two coefficients—37(85) = 3145 and 65(95) = 6175—of the decision variables in the
objective function. Each row in this section indicates how the optimal solution changes if
we change one of these coefficients. The bottom section is for the sensitivity to changes in
the right-hand sides—450, 25, and 120—of the constraints. Each row of this section indi-
cates how the optimal solution changes if we change one of these right-hand sides.

Figure 3.10

Solver’s Sensitivity
Report for Dessert
Model

Al B | C | o | E ] F | 6 | H
Adjustable Cells

6
7 Final Reduced Objective Allowable Allowable
8 Cell Name Value Cost Coefficient Increase Decrease
| 9 |
1

S$BS$16 Servings per day Snack bar 1.25 0 3145 1486.25 57.50
$CS$16 Servings per day Ice cream 1.875 0.000 6175 115 1981.67

=

[N

-

Constraints

-

Final Shadow Constraint Allowable Allowable
Cell Name Value Price R.H. Side Increase  Decrease
| 15| $BS$20 Calories Ingredients consumed 450  1.4375 450 150 50
| 16| S$BS21 Fat (grams) Ingredients consumed 25 594.5 25 3.125 6.25
17| $BS$25 Grams_consumed 168.125 0 120 48.125 1E+30

0
4

=

-

2
3
5
6

Now let’s look at the specific numbers and their interpretation. In the first row of the
top section, the allowable decrease and allowable increase indicate how much the coeffi-
cient of snack bars in the objective, currently 3145, can change before the optimal dessert
plan changes. If the coefficient of snack bars stays within this allowable range, the optimal
dessert plan—the values in the changing cells—do not change at all. However, outside of
these limits, the optimal mix between snack bars and ice cream might change.

To see what this implies, change the value in cell B12 from 85 to 84. Then the coeffi-
cient of snack bars decreases by 37, from 37(85) to 37(84). This change is within the al-
lowable decrease of 57.5. If you rerun Solver, you’ll get the same values in the changing
cells, although the objective value will decrease. Next, change the value in cell B12 to 83.
This time, the coefficient of snack bars decreases by 74 from its original value, from 37(85)
to 37(83). This change is outside the allowable decrease, so the solution might change. If
you rerun Solver, you will see a change—no snack bars are now in the optimal solution.

The reduced costs in the second column indicate, in general, how much the objective
coefficient of a decision variable that is currently O—that is, not in the optimal solution—
must change before that variable becomes positive. These reduced costs are always 0 if the
corresponding decision variables are already positive, as they are in the original example.
However, when we change the value in cell B12 to 83, as we did previously, and rerun
Solver, snack bars drop out of the optimal solution, and the new sensitivity report appears
as shown in Figure 3.11. Now the reduced cost is —16.5. This implies that the coefficient of
snack bars must be increased by 16.5 before snack bars enters the optimal mix.

Figure 3.11

Sensitivity Table for
Revised Model

Al B ] C [ o] e ] F [ 6 ] H
Adjustable Cells

7 Final Reduced Objective Allowable Allowable
8] Cell Name Value Cost Coefficient  Increase Decrease
9| ‘sBS16 Servings per day Snack bar 0 -16.5 3071 16.5 1E+30
10| ‘scsie Servings per day Ice cream 2.500 0.000 6175 1E+30 33.00

6
7
8
9
10
1
2
3
4
5
16

[N

-

Constraints

[y

Final Shadow Constraint Allowable Allowable

Cell Name Value Price R.H. Side Increase Decrease
SBS20 Calories Ingredients consumed 400 0 450 1E+30 50
| 16| $BS21 Fat (grams) Ingredients consumed 25 617.5 25 3.125 6.54

=

-

17| $BS$25 Grams_consumed 162.5 0 120 42.5 1E+30
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The reduced cost for any decision variable not currently in the optimal solution
indicates how much better that coefficient must be before that variable enters at a
positive level. The reduced cost for any variable already in the optimal solution is

automatically 0.’

In the bottom section of the report in Figure 3.10, each row corresponds to a constraint.
To have this part of the report make economic sense, the model should be developed so that
the right-hand side of each constraint is a numeric constant, not a formula. For example, the
right-hand side of the calories constraint is 450, the maximum allowable calories. Then the
report indicates how much these right-hand side constants can change before the optimal
solution changes. To understand this more fully, you need to understand shadow prices. A
shadow price indicates the amount of change in the objective when a right-hand-side con-
stant changes.

Shadow price is an economic term that indicates the change in the optimal value of
the objective function when the right-hand side of some constraint changes by a unit
amount.

The shadow prices are reported for each constraint. For example, the shadow price for
the calorie constraint is 1.4375. This means that if the right-hand side of the calorie con-
straint increases by 1 calorie, from 450 to 451, the optimal value of the objective increases
by 1.4375 units. It works in the other direction as well. If the right-hand side of the calorie
constraint decreases by 1 calorie, from 450 to 449, the optimal value of the objective de-
creases by 1.4375 units. However, as we continue to increase or decrease the right-hand
side, this 1.4375 change in the objective does not necessarily continue indefinitely. This is
where the reported allowable decrease and allowable increase are relevant. As long as the
right-hand side increases or decreases within its allowable limits, the same shadow price of
1.4375 applies. Beyond these limits, however, a different shadow price probably applies.

You can prove this for yourself. First, increase the right-hand side of the calorie constraint
by 150, from 450 to 600, and rerun Solver. You will see that the objective indeed increases by
1.4375(150), from 15,509.375 to 15,725. Now increase this right-hand side from 600 to 601
and rerun Solver. You will observe that the objective doesn’t increase at all. This means that
the shadow price beyond 600 is less than 1.4375; in fact, it is 0. This is typical. When a right-
hand side is increased beyond its allowable increase, the new shadow price is typically less
than the original shadow price (although it doesn’t typically fall to 0, as in this example).

The idea is that a constraint “costs us” by keeping the objective from improving. A
shadow price indicates how much we would be willing to pay (in units of the objective
function) to “relax” a constraint. In this example, we would be willing to pay 1.4375 taste
index units to increase the right-hand side of the calorie constraint by 1 calorie. This is be-
cause such a change would increase the objective by 1.4375 units. But beyond a certain
point—150 calories in this example—further relaxation of the calorie constraint does us no
good, so we are not willing to pay for any further increases.

The constraint on grams consumed is slightly different. It has a shadow price of 0. This
is always true for a nonbinding constraint, and it makes sense. If you change the right-hand
side of this constraint from 120 to 121, nothing happens to the optimal dessert plan or its
objective value; there is just one less gram of slack in this constraint. However, the allow-
able increase of 48.125 indicates that something will change when the right-hand side
reaches 168.125. At this point, the constraint becomes binding—the grams consumed

?As shown in Example 3.2, this is not quite true. If there are upper bound constraints on certain decision variables,
the reduced costs for these variables have a slightly different interpretation.
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FUNDAMENTAL INSIGHT

The Effect of Constraints
on the Objective

If a constraint is added or an existing constraint
becomes more constraining (for example, less of
some resource is available), the objective can only
get worse; it can never improve. The easiest way to
understand this is to think of the feasible region.
When a constraint is added or an existing constraint
becomes more constraining, the feasible region
shrinks, so some solutions that were feasible before,

maybe even the optimal solution, are no longer
feasible. The opposite is true if a constraint is deleted
or an existing constraint becomes less constraining.
In that case, the objective can only improve; it can
never get worse.Again, the idea is that when a
constraint is deleted or an existing constraint
becomes less constraining, the feasible region
expands. In this case, all solutions that were feasible
before are still feasible, and there are some
additional feasible solutions to choose from.

Solver’s sensitivity
report is almost
impossible to unravel
for some models. In
these cases, SolverTable
is preferable because
of its easily interpreted
outputs.

equals the grams required—and beyond this, the optimal dessert plan starts to change. By
the way, the allowable decrease for this constraint, shown as 1 + E30, means that it is es-
sentially infinite. We can decrease the right-hand side of this constraint below 120 as much
as we like, and absolutely nothing changes in the optimal solution.

The SolverTable Add-In

We can interpret Solver’s sensitivity report for the dessert model in a fairly natural way be-
cause the spreadsheet model is almost a direct translation of a standard algebraic model.
However, given the flexibility of spreadsheets, this is not always the case. Many perfectly
good spreadsheet models—and some we have developed ourselves—are structured differ-
ently from their standard algebraic-model counterparts. In these cases, Solver’s sensitivity
report is arguably more confusing than useful. Therefore, we developed an Excel add-in
called SolverTable. SolverTable allows you to ask sensitivity questions about any of the
input variables, not just coefficients of the objective and right-hand sides, and it provides
straightforward answers.

The SolverTable add-in is contained on the CD-ROM that comes with this book.'” To
install it, run the Setup program on the CD-ROM. You can then check that it’s installed by
selecting the Office button, selecting Excel Options, selecting Add-Ins, and clicking on Go.
There should be a SolverTable item in the resulting list of add-ins. To actually load
SolverTable into memory, check the SolverTable box in this list. To unload it from mem-
ory, uncheck the box.

The SolverTable add-in was developed to mimic Excel’s built-in data table tool. Recall
that data tables allow you to vary one or two inputs in a spreadsheet model and see instan-
taneously how selected outputs change. SolverTable is similar except that it runs Solver for
every new input value (or pair of input values). SolverTable can be used in two ways:

= One-way table. A one-way table means that there is a single input cell and any num-
ber of output cells. That is, there can be a single output cell or multiple output cells.

m Two-way table. A two-way table means that there are two input cells and one or
more outputs. (You might recall that an Excel two-way data table allows only one
output. SolverTable allows more than one. It creates a separate table for each output
as a function of the two inputs.)

To illustrate some of the possibilities for the dessert example, we can check how sen-
sitive the optimal dessert plan and total taste index are to (1) changes in the number of

10SolverTable (along with any updates) is also on our Web site at http://www.kelley.iu.edu/albrightbooks under
the Free Downloads link.
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We chose the input
range from 60 to 140
in increments of 10
fairly arbitrarily.You
can choose any desired
range of input values.

calories per serving of snack bars and (2) the number of daily dessert calories allowed.
Then we can check how sensitive the optimal objective value is to simultaneous changes in
the taste indexes of snack bars and ice cream.

Assuming that the dessert model has been developed and optimized, as shown in Fig-
ure 3.8, and that the SolverTable add-in has been loaded, the sensitivity to changes in the
number of calories per serving of snack bars is shown in Figure 3.12. To obtain this output
(the part in the range A30:D39), select Run SolverTable from the SolverTable dropdown on
the Add-Ins ribbon, select a one-way table in the first dialog box, and fill in the second dia-
log box as shown in Figure 3.13. (Note that ranges can be entered as cell addresses or range
names. Also, multiple ranges in the Outputs box should be separated by commas.)

Figure 3.12
Sensitivity to
Calories per Serving
of Snack Bars

Figure 3.13

SolverTable Dialog
Box for a One-Way
Table

A | B C D

29 |Sensitivity to calories per serving of snack bars

30 SBS16 SCS16 SBS27
31 60 5 0.000 15725
32 70 5 0.000 15725
33 80 5 0.000 15725
34 90 5 0.000 15725
35 100 2.5 1.250 15581.25
36 110 1.667 1.667 15533.333
37 120 1.25 1.875 15509.375
38 130 1 2.000 15495
39 140 0.833 2.083 15485.417

Parameters for oneway table

If wou already ran a oneway SolverTable on this
sheet, the previous settings are shown, OF course,

wou can enter new values if wou like,
Cancel

Tnput cell: |Mndel!$B$5 ;J

Values of input to use For kable

% Base input values on Following:

Minirum value! &0

Maximum value: 140

Increrment: 10

" Use the values below (separate with commas)

Input values: J

output cellis): |Model1$B$ 16:$C$16, Modell$B$27 = |

Location of table: JMDI:IEI!$P.$3EI __J {upper left cell of table)

Maoke: Be careful, The kable will write over anvthing in iks waw! You
might wank to delete any old tables before creating anw new ones,

Excel Tip: Selecting Multiple Ranges

If you need to select multiple output ranges, the trick is to keep your finger on the Ctrl key
as you drag the ranges. This automatically enters the separating comma(s) for you. The
same trick works for selecting multiple changing cell ranges in Solver’s dialog box.
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When you click on OK, Solver solves a separate optimization problem for each of the
rows of the table and then reports the requested outputs (servings consumed and total taste
index) in the table. It can take a while, depending on the speed of your computer, but
everything is automatic. However, if you want to update this table—by using new calorie
values in column A, for example—you must repeat the procedure. SolverTable enters
comments (indicated by the small red triangles) in several cells to help you interpret the
output.

The outputs in this table show that as the calories per serving of snack bars increase,
the optimal dessert plan is initially to eat snack bars only, and it stays this way for a while.
But beyond 90 calories per serving, the optimal plan gradually uses fewer snack bars and
starts using ice cream. Beyond some point—somewhere above 140 calories per serving—
the optimal plan probably uses no snack bars at all. (This point could be found with another
SolverTable run, using a different input range.) Also, note that as calories per serving in-
crease beyond 90, the optimal total taste index in column D continually decreases. This
makes sense because as one ingredient increases in calories, the total calorie limit dictates
that not as much dessert can be eaten, so the total taste index decreases.

The sensitivity to changes in the number of daily dessert calories allowed appears in
Figure 3.14. It’s formed through the same dialog box as in Figure 3.13, except that the input
variable is now in cell D20, which is allowed to vary from 400 to 600 calories in incre-
ments of 25 calories. Now we see that as the total calorie allowance increases, the optimal
dessert plan uses more snack bars and less ice cream, and the total taste index increases. In
fact, we calculate this latter increase in column E. (We do this manually, not with
SolverTable. For example, the formula in cell E44 is =D44-D43.) At least for this input
range, the objective increases by the same amount, 35.9375, for each 25-calorie increase in
the daily calorie allowance. Alternatively, the per unit change, 1.4375 (=35.9375/25), is the
same shadow price we saw previously. In this sense, SolverTable outputs can reinforce out-
puts from Solver’s sensitivity report.

Figure 3.14
Sensitivity to Daily
Calorie Allowance

A | B C D E

41 |Sensitivity to calories allowed

42 SBS16 $CS16 SBS27| Increase
43 400 0 2.500 15437.5

44 425 0.625 2.187 15473.4375( 35.9375
45 450 1.25 1.875 15509.375| 35.9375
46 475 1.875 1.563 15545.3125( 35.9375
47 500 2.5 1.250 15581.25| 35.9375
48 525 3.125 0.938 15617.1875| 35.9375
49 550 3.75 0.625 15653.125| 35.9375
50 575 4.375 0.312 15689.0625 35.9375
51 600 5 0.000 15725 35.9375

The final sensitivity analysis is for simultaneous changes in the taste indexes of snack
bars and ice cream. This requires a two-way SolverTable. The resulting output appears in
Figure 3.15 and is produced by the dialog box settings shown in Figure 3.16. Here we
specify two inputs and two input ranges and we are again allowed to specify multiple out-
put cells. An output table is generated for each of the output cells. For example, the top
table in Figure 3.15 shows how the optimal servings of snack bars vary as the two taste
index inputs vary. The results, especially in the two top tables, are probably not very sur-
prising. When the taste index of either dessert increases, more of it is used in the optimal
dessert plan.
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Figure 3.15

Sensitivity to Taste
Indexes of Both
Desserts

G | H T xk Lwm

29 |Sensitivity to taste indexes of snack bars (along side) and ice cream (along top)
30 SBS16 70 75 80 85 90 95
31 60 0 0 0 0 0 0
32 65 1.25 0 0 0 0 0
33 70 1.25 1.25 0 0 0 0
34 75 1.25 1.25 1.25 1.25 0 0
35 80 1.25 1.25 1.25 1.25 1.25 0
36 85 1.25 1.25 1.25 1.25 1.25 1.25
37 90 1.25 1.25 1.25 1.25 1.25 1.25
38 95 3.75 1.25 1.25 1.25 1.25 1.25
39

40 $CS16 70 75 80 85 90 95
41 60 2.500 2.500 2.500 2.500 2.500 2.500
42 65 1.875 2.500 2.500 2.500 2.500 2.500
43 70 1.875 1.875 2.500 2.500 2.500 2.500
44 75 1.875 1.875 1.875 1.875 2.500 2.500
45 80 1.875 1.875 1.875 1.875 1.875 2.500
46 85 1.875 1.875 1.875 1.875 1.875 1.875
47 90 1.875 1.875 1.875 1.875 1.875 1.875
48 95 0.000 1.875 1.875 1.875 1.875 1.875
49

50 $BS27 70 75 80 85 90 95
51 60 11375| 12187.5 13000| 13812.5 14625| 15437.5
52 65| 11537.5| 12187.5 13000| 13812.5 14625| 15437.5
53 70| 11768.75| 12378.12 13000| 13812.5 14625| 15437.5
54 75 12000| 12609.38| 13218.75| 13828.12 14625| 15437.5
55 80| 12231.25| 12840.63 13450| 14059.38| 14668.75| 15437.5
56 85( 12462.5| 13071.88| 13681.25| 14290.63 14900| 15509.37
57 90( 12693.75| 13303.13| 13912.5| 14521.88| 15131.25| 15740.63
58 95( 13181.25| 13534.38| 14143.75| 14753.13| 15362.5| 15971.88

Figure 3.16

SolverTable Dialog
Box for a Two-Way
Table

Parameters for twoway table

If wou already ran a bwoway SolverTable on this sheet, the old settings are shown,
OF course, waou can enter new values if wou like,

C |
Moke: Inputl will be put along the |eft side of the table, input2 along the top. ﬁ
Inputt cellt  [odeligEgiz [T Inputz cell Imodengcsiz =
Yalues of input 1 to use For table Yalues of input 2 ko use For table
(¥ Base input values on Following; % Base input values on Fallowing:
Minimum walue: &0 Minimum walue: 70
Maimum value: 195 Mairnur value: 95
Increment: 15 Increment: ]5
" Use the values below (separate with commas) (7 Use the values below (separate with commas)
Input values: | Input values: |
Outpt cell(s): |MadelEs16:40¢ 16, Madel $B427 =]
Location of tabla: |Mode|!$n$54 ;] (upper left cell of {top) table)

Moke: Be careful, IF you select more than one output cell, there will be a table for each,
stacked on top of one another, They will cverwrite anvthing in their way! You might want to
delete any old tables before creating any new ones,
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We can always run a sensitivity analysis by changing inputs manually in the spread-
sheet model and rerunning Solver. With SolverTable, however, we can perform a
systematic sensitivity analysis for any selected inputs and outputs, and it keeps track of the
results in a table. We will see other applications of this useful add-in later in this chapter
and in subsequent chapters.

Comparison of Solver’s Sensitivity Report and SolverTable

Sensitivity analysis in optimization models is extremely important, so you need to under-
stand the pros and cons of the two tools discussed in this section. Here are some points to
keep in mind:

m Solver’s sensitivity report focuses only on the coefficients of the objective and
the right-hand sides of the constraints. SolverTable allows you to vary any of the
inputs.

m Solver’s sensitivity report provides very useful information through its reduced costs,
shadow prices, and allowable increases and decreases. This same information can be
obtained with SolverTable, but it requires a bit more work and some experimentation
to find the appropriate input ranges.

m Solver’s sensitivity report is based on changing only one objective coefficient or
one right-hand side at a time. This one-at-a-time restriction prevents us from
answering certain questions directly. SolverTable is much more flexible in this
respect.

m Solver’s sensitivity report is based on a well-established mathematical theory of sen-
sitivity analysis in linear programming. If you lack this mathematical background—
as many users do—the outputs can be difficult to understand, especially for some-
what “nonstandard” spreadsheet models. In contrast, SolverTable’s outputs are
straightforward. You can vary one or two inputs and see directly how the optimal
solution changes.

m Solver’s sensitivity report is not even available for integer-constrained models, and
its interpretation for nonlinear models is more difficult than for linear models.
SolverTable’s outputs have the same interpretation for any type of optimization
model.

m  Solver’s sensitivity report comes with Excel. SolverTable is a separate add-in that is not
included with Excel—but it is included with this book and is freely available from the
author’s Web site at http://www.kelley.iu.edu/albrightbooks under Free Downloads.

In summary, each of these tools can be used to answer certain questions. We tend to
favor SolverTable because of its flexibility, but in the optimization examples in this chapter
and later chapters, both tools are used to show how they can each provide useful information.

3.5 PROPERTIES OF LINEAR MODELS

Linear programming is an important subset of a larger class of models called mathemati-
cal programming models."' All such models select the levels of various activities that can
be performed, subject to a set of constraints, to maximize or minimize an objective such as
total profit or total cost. In Maggie’s dessert example, the activities are the amounts of the

" The word programming in linear programming or mathematical programming has nothing to do with computer
programming. It originated with the British term programme, which is essentially a plan or a schedule of
operations.
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two desserts consumed daily, and the purpose of the model is to find the levels of these
activities that maximize the total taste index subject to specified constraints.

In terms of this general setup—selecting the optimal levels of activities—LP models
possess three important properties that distinguish them from general mathematical
programming models: proportionality, additivity, and divisibility.

Proportionality

Proportionality means that if the level of any activity is multiplied by a constant factor, then
the contribution of this activity to the objective, or to any of the constraints in which the
activity is involved, is multiplied by the same factor. For example, suppose that the
consumption of snack bars is cut from its optimal value of 1.25 (refer to Figure 3.8) to
0.625—that is, it is multiplied by 0.5. Then the amounts of calories, fat, and grams
contributed to the dessert plan by snack bars are all cut in half, and the total taste index
contributed by snack bars is also cut in half.

Proportionality is a valid assumption in the dessert model, but it is often violated in
certain types of models. For example, in various blending models used by petroleum com-
panies, chemical outputs vary in a nonlinear manner as chemical inputs are varied. If a
chemical input is doubled, say, the resulting chemical output is not necessarily doubled.
This type of behavior violates the proportionality property and takes us into the realm of
nonlinear optimization, which is discussed in Chapter 7.

Additivity

The additivity property implies that the sum of the contributions from the various activities
to a particular constraint equals the total contribution to that constraint. For example, if the
two types of dessert contribute, respectively, 180 and 320 calories (as in Figure 3.2 shown
earlier), then the total number of calories in the plan is the sum of these amounts, 500 calo-
ries. Similarly, the additivity property applies to the objective. That is, the value of the
objective is the sum of the contributions from the various activities. The additivity property
implies that the contribution of any decision variable to the objective or to any constraint is
independent of the levels of the other decision variables.

Divisibility

The divisibility property simply means that both integer and noninteger levels of the activities
are allowed. In the dessert example, the optimal values in the changing cells turned out to be
nonintegers: 1.25 and 1.875. Because of the divisibility property, such values are allowed in
LP models. In some problems, however, they do not make physical sense. For example, if we
are deciding how many refrigerators to produce, it makes no sense to make 47.53 refrigera-
tors. If we want the levels of some activities to be integer values, there are two possible ap-
proaches: (1) We can solve the LP model without integer constraints, and if the solution turns
out to have noninteger values, we can attempt to round them to integer values; or (2) we can
explicitly constrain certain changing cells to contain integer values. The latter approach, how-
ever, takes us into the realm of integer programming, which is discussed in Chapter 6.

Discussion of the Linear Properties

This discussion of the linear properties, especially proportionality and additivity, is a bit
abstract. Recognizing whether a model satisfies proportionality and additivity is easy if the
model is described algebraically. In this case, the objective must be of the form

ax; tax,+---+ax,
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Real-life problems are
almost never exactly
linear. However, a
linear approximation
often yields very useful
results.

where n is the number of decision variables, the a’s are constants, and the x’s are decision
variables. This expression is called a linear combination of the x’s. Also, each constraint
must be equivalent to a form where the left-hand side is a linear combination of the x’s, and
the right-hand side is a constant. For example, the following is a typical linear constraint:

3x, + Tx, — 2x;, = 50

Recognizing proportionality and additivity—or the lack of them—in a spreadsheet model
isn’t so easy because the logic of the model can be embedded in a series of cell formulas.
However, the ideas are the same. First, the target cell must ultimately (possibly through a
series of formulas in intervening cells) be a sum of products of constants and changing
cells, where a “constant” is defined by the fact that it does not depend on changing cells.
Second, each side of each constraint must ultimately be either a constant or a sum of prod-
ucts of constants and changing cells. Sometimes it’s easier to recognize when a model is
not linear. Two particular situations that lead to nonlinear models are when (1) there are
products or quotients of expressions involving changing cells and (2) there are nonlinear
functions, such as squares, square roots, or logarithms, of changing cells. These are typi-
cally easy to spot, and they guarantee that the model is nonlinear.

Whenever we model a real problem, we usually make some simplifying assumptions.
This is certainly the case with LP models. The world is frequently not linear, which means
that an entirely realistic model typically violates some or all of the three properties just dis-
cussed. However, numerous successful applications of LP have demonstrated the useful-
ness of linear models, even if they are only approximations of reality. If you suspect that
the violations are serious enough to invalidate a linear model, then you should use an inte-
ger or nonlinear model, as discussed in Chapters 6 and 7.

In terms of Excel’s Solver, if the model is linear—in particular if it satisfies the pro-
portionality and additivity properties—then you should check the Assume Linear Model
box in the Solver Options dialog box. Solver will then use the simplex method, a very effi-
cient method for a linear model, to solve the problem. Note that you can check the Assume
Linear Model box even if the divisibility property is violated—that is, for linear models
with integer-constrained variables—but Solver then uses a method other than the simplex
method in its solution procedure.

Linear Models and Scaling'?

In some cases, you are sure that a model is linear, but when you check the Assume Linear
Model box and then solve, you get a Solver message that “the conditions for Assume Lin-
ear Model are not satisfied.” This can indicate a logical error in your formulation, so that at
least one of the proportionality or additivity conditions is not satisfied. However, it can also
indicate that Solver erroneously thinks the linearity conditions are not satisfied, which is
typically due to roundoff error in its calculations—not any error on your part. If the latter
occurs and you are convinced that the model is correct, you can try not checking the As-
sume Linear Model box to see whether that works. If it doesn’t work, you should consult
your instructor. It’s possible that the nonlinear algorithm employed by Solver when this
box is not checked simply cannot find the solution to your problem. (You can also change
the Precision level in Solver’s Options dialog box, say, from 0.0000001 to 0.00001.)

In any case, it always helps to have a well-scaled model in which all of the numbers
are roughly the same magnitude. If the model contains some very large numbers—100,000

12 This section might seem overly technical. However, if you develop a model that you are sure is linear, and
Solver then tells you it doesn’t satisfy the linear conditions, you’ll appreciate this section.
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or more, say—and some very small numbers—0.001 or less, say—it is poorly scaled for
the methods used by Solver, and roundoff error is far more likely to be an issue not only in
Solver’s test for linearity conditions but in all of its algorithms.

If you believe your model is poorly scaled, there are two possible remedies. The first
is to check the Use Automatic Scaling box in the Solver Options dialog box (refer to Fig-
ure 3.6). This might help and it might not; we have had mixed success. (Frontline Sys-
tems, the company that develops Solver, reports that the only drawback to checking this
box is an increase in computing time.) The second option is to redefine the units in which
the various quantities are defined. For example, if we had originally defined your chang-
ing cells in the dessert model as the number of grams consumed, we might decide later to
rescale to the number of servings consumed. (In fact, this is partly why we chose number
of servings in the first place, although scaling doesn’t really cause any difficulties in this
small problem.)

3.6 INFEASIBILITY AND UNBOUNDEDNESS

A perfectly reasonable
model can have no
feasible solutions
because of too many
constraints.

Figure 3.17

Solver Dialog Box
Indicating No
Feasible Solution

Two things can go wrong when you invoke Solver. Both of these can indicate that there is
a mistake in the model. Therefore, because mistakes are common in LP models, you should
be aware of the error messages you can encounter.

Infeasibility

The first problem is infeasibility. Recall that a solution is feasible if it satisfies all of the
constraints. Among all of the feasible solutions, we are looking for the one that optimizes
the objective. However, it’s possible that there are no feasible solutions to the model. There
are generally two reasons for this: (1) There is a mistake in the model (an input was entered
incorrectly, such as a = instead of a =), or (2) the problem has been so constrained that no
solutions are left! In the former case, a careful check of the model should find the error. In
the latter case, we might need to relax, or even eliminate, some of the constraints.

To show how an infeasible problem can occur, suppose in Maggie’s dessert problem
that we change the required daily grams of dessert from 120 to 200 (and leave everything
else unchanged). If Solver is then used, the message in Figure 3.17 appears, indicating that
Solver cannot find a feasible solution. The reason is clear: There is no way, given the con-
straints on daily allowances of calories and fat, that Maggie can find a dessert plan with at
least 200 grams. Her only choice is to relax at least one of the constraints: increase the daily
allowances of calories and/or fat, or decrease the required daily grams of dessert. In gen-
eral, there is no foolproof way to find the problem when a “no feasible solution” message
appears. Careful checking and rethinking are required.

Solver, Results E|

Solver could not find a Feasible solution,

(* Keep Solver Solution

" Restore Original Yalues

[w]'d | Zancel Sawe Scenario.., Help J

96  Chapter 3 Introduction to Optimization Modeling



Except in very rare
situations, if Solver
informs you that your
model is unbounded,
you have made an
error.

Figure 3.18

Solver Dialog Box
Indicating an Un-
bounded Solution

Unboundedness

A second type of problem is unboundedness. In this case, the model has been formulated
in such a way that the objective is unbounded—that is, it can be increased (or decreased for
minimization problems) without bound. If this occurs, we have probably entered a wrong
input or forgotten some constraints. To see how this can occur in the dessert problem, sup-
pose that we enter daily allowance constraints on calories and fat with = instead of =. Now
there is no upper bound on how much of each dessert Maggie can consume (at least not in
the model!). If we make this change in the model and then use Solver, the message in Fig-
ure 3.18 appears, stating that the target cell does not converge. In other words, the total
taste index can grow without bound.

Solver Results

The Set Cell values do nok converge,
Reports
(¥ keep Solver Solution Mo reports
available,
" Restore Original Yalues
oK Cancel ] S&Ye SCEnario... ] Help l

Comparison of Infeasibility and Unboundedness

Infeasibility and unboundedness are very different in a practical sense. A reasonable model
can have no feasible solutions. The marketing department might impose several con-
straints, the production department might add some more, the engineering department
might add even more, and so on. Together, they can constrain the problem so much that no
feasible solutions are left. The only way out is to relax or eliminate some of the constraints.
An unboundedness problem is different. There is no way a realistic model can have an un-
bounded solution. If you get the message in Figure 3.18, then you must have made a mis-
take: You entered an input incorrectly, you omitted one or more constraints, or there is a
logical error in your model.

PROBLEMS

Solutions for problems whose numbers appear within a
color box can be found in the Student Solutions Files.
Order your copy today at the Winston/Albright product
Web site, academic.cengage.com/decisionsciences/winston.

Skill-Building Problems

1. Other sensitivity analyses besides those discussed
could be performed on Maggie’s dessert model. Use
SolverTable to perform each of the following. In each
case, keep track of the values in the changing cells and
the target cell, and discuss your findings.

a. Let the fat per serving of snack bars vary from 1 to
7 grams in increments of 1 gram.

b. Let the calories per serving of ice cream vary from
140 to 200 in increments of 5.

c. Let the total daily gram requirement vary from 100
to 200 in increments of 10.

d. Let the calorie and fat daily allowances vary
simultaneously, with the calorie allowance
varying from 300 to 500 in increments of 50, and
the fat allowance varying from 20 to 40 in
increments of 5.

In Maggie’s dessert problem, assume there is another
possible dessert, in addition to snack bars and ice
cream, that Maggie can consider: oatmeal raisin
cookies. Each cookie, which is considered a “serving,”
weighs 43 grams, contains 140 calories, and contains
6 grams of fat. Maggie likes these cookies almost as
much as ice cream, and she gives each gram a taste
index of 90. Modify the spreadsheet model to include
this new dessert, and use Solver to find the optimal
dessert plan.
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Continuing the previous problem, perform a sensitiv-
ity analysis on the taste index of the cookies. Let this
index vary from 60 to 100 in increments of 5, and
keep track of the values in the changing cells and the
target cell. Discuss your findings.

Changing cells in the dessert model can be measured
in servings or in grams. Modify the spreadsheet model
so that they are measured in grams, and use Solver to
find the optimal solution. Discuss how the solution to
this modified model is different from the solution we
found; discuss how they are the same.

Use the graphical solution of Maggie’s dessert prob-
lem to determine all values of the right-hand side of
the total daily gram requirement that make the model
infeasible—that is, it has no feasible solutions.

There are five corner points in the feasible region for
the dessert problem. We identified the coordinates of
one of them: (1.25, 1.875). Identify the coordinates of
the others. If we vary the taste index values in row 12
of the spreadsheet model, is it possible for each of
these corner points to become an optimal solution?
Why or why not?

Skill-Extending Problems

7.

The graphical solution to the dessert problem indicates
that the optimal solution contains both snack bars and
ice cream because the slope of the total taste index line
is between the slopes of the two constraint lines for

calories and fat. With this in mind, consider changes in
the taste index of snack bars, which is currently 85.
How large would this have to be for Maggie to con-
sume all snack bars and no ice cream? How small
would it have to be for Maggie to consume all ice
cream and no snack bars? Answer in terms of slopes
and which corner points would become optimal.

The SolverTable add-in can be used for less obvious
sensitivity analyses. Suppose in the dessert model that
you want to vary both of the calories per serving val-
ues in row 5, but you want them to stay in the same
ratio, 4 to 3. You want calories per serving of snack
bars to vary from 100 to 140 in increments of 5, and
you want to keep track of the values in the changing
cells and the target cell. Modify the model slightly so
that this analysis can be performed with a one-way
SolverTable.

Consider the graphical solution to the dessert
problem. Now imagine that another constraint—any
constraint—is added. Which of the following three
things are possible: (1) feasible region shrinks;

(2) feasible region stays the same; (3) feasible region
expands? Which of the following three things are
possible: (1) optimal value in target cell decreases;
(2) optimal value in target cell stays the same;

(3) optimal value in target cell increases? Explain
your answers. Do they hold just for this particular
model, or do they hold in general?

3.7 APRODUCT MIX MODEL

The problem examined in this section is often considered the prototype LP problem. The
basic product mix problem is to select the optimal mix of products to produce to maximize

profit.

EXAMPLE 3.2 PrRoDUCING FRAMES AT MONET

this week?

98  Chapter 3 Introduction to Optimization Modeling

he Monet Company produces four types of picture frames, which we label 1, 2, 3,

and 4. The four types of frames differ with respect to size, shape, and materials used.
Each type requires a certain amount of skilled labor, metal, and glass, as shown in
Table 3.2. This table also lists the unit selling price Monet charges for each type of
frame. During the coming week, Monet can purchase up to 4000 hours of skilled labor,
6000 ounces of metal, and 10,000 ounces of glass. The unit costs are $8.00 per labor
hour, $0.50 per ounce of metal, and $0.75 per ounce of glass. Also, market constraints
are such that it’s impossible to sell more than 1000 type 1 frames, 2000 type 2 frames,
500 type 3 frames, and 1000 type 4 frames. Monet does not want to keep any frames in
inventory at the end of the week. What should the company do to maximize its profit for



Table 3.2 Data for Monet Picture Frame Example

Frame 1 Frame 2 Frame 3 Frame 4
Skilled labor 2 1 3 2
Metal 4 2 1 2
Glass 6 2 1 2
Selling price $28.50 $12.50 $29.25 $21.50

Objective To use LP to find the mix of frames to produce that maximizes profit and stays
within the resource availability and maximum sales constraints.

WHERE DO THE NUMBERS COME FROM?

Textbooks typically state a problem, including a number of input values, and proceed di-
rectly to a solution—without saying where these input values might come from. How-
ever, finding the correct input values is often the most difficult step in a real-world ap-
plication. (Recall that finding the necessary data is step 2 of the overall modeling
process, as discussed in Chapter 1.) There are a variety of inputs in Monet’s problem,
some easy to find and others more difficult. Here are some ideas on how they might be
obtained:

m  The unit costs in cells B4:B6 should be easy to obtain (see Figure 3.19.) These are
the going rates for these resources. The $8 per hour labor rate is probably a regular-
time rate. If Monet wants to consider overtime hours, then the overtime rate (and
labor hour availability during overtime) is necessary, and the model needs to be
modified.

m The resource usages in the range B9:E11, often called technological coefficients,
should be available from the production department. These people know how much
of each resource it takes to make the various types of frames.

m  The unit selling prices in row 12 have actually been chosen by Monet’s management,
probably in response to market pressures and the company’s own costs. In reality,
they would be chosen based on production costs and market pressures.

® The maximum sales values in row 18 are probably forecasts from the marketing de-
partment. These people have some sense of how much they can sell, based on current
outstanding orders, historical data, and the unit prices they plan to charge.

m  The labor hour availability in cell D21 is probably based on the current workforce
size and possibly on new workers who could be hired in the short run. The other re-
source availabilities in cells D22 and D23 are likely the amounts available from the
regular suppliers, whereas any additional quantities require prohibitively expensive
expediting costs.

Solution

Table 3.3 lists the variables and constraints for this model. We must choose the number of
frames of each type to produce, which cannot be larger than the maximum we can sell. This
choice determines the amounts of resources used and all revenues and costs. We must also
ensure that no more resources are used than are available.
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Note how the expres-
sions in the model are
sums of terms like 2x,.
This makes the model
linear and also ac-
counts for the wide-
spread use of the
SUMPRODUCT func-
tion in spreadsheet LP
models.

Table 3.3 Variables and Constraints for Product Mix Model

Input variables Unit costs of resources (labor, glass, metal), resources
used per frame of each type, unit selling prices of
frames, maximum sales of frames, availabilities of

resources
Decision variables (changing cells) Numbers of frames of various types to produce
Objective (target cell) Profit
Other calculated variables Amounts of resources used, revenues, costs
Constraints Frames produced must be less than or equal to

maximum sales
Amounts of resources used must be less than or equal
to amounts available

An Algebraic Model

To model this problem algebraically, we let x,, x,, x5, and x, represent the numbers of
frames of types 1, 2, 3, and 4 to produce. Next, we write total profit and the constraints in
terms of the x’s. Finally, because only nonnegative amounts can be produced, we add ex-
plicit constraints to ensure that the x’s are nonnegative. The resulting algebraic model is as
follows:

Maximize 6x, + 2x, + 4x; + 3x, (profit objective)
subject to

2x, + x, + 3x; + 2x, = 4000 (labor constraint)

4x, + 2x, + x; + 2x, = 6000 (metal constraint)

6x, + 2x, + x; + 2x, = 10,000 (glass constraint)
x, = 1000 (frame 1 sales constraint)
X, = 2000 (frame 2 sales constraint)
X3 = 500 (frame 3 sales constraint)
X, = 1000 (frame 4 sales constraint)

Xy, X5, X3, X, = 0 (nonnegativity constraints)

To understand this model, consider the profit objective first. The profit from x, frames of
type 1 is 6x, because each frame contributes $6 to profit. This $6 is calculated as the unit
selling price minus the cost of the inputs that go into a single type 1 frame:

Unit profit for type 1 frame = 28.50 — [2(8.00) + 4(0.50) + 6(0.75)] = $6

Profits for the other three types of frames are obtained similarly. Their unit profits are
$2.00, $4.00, and $3.00, respectively. Then the total profit is the sum of the profits from the
four products.

Next, consider the skilled labor constraint. The right-hand side, 4000, is the number of
hours available. On the left-hand side, each type 1 frame uses 2 hours of labor, so x, units
require 2x; hours of labor. Similar statements hold for the other three products, and the total
number of labor hours used is the sum over the four products. Then the constraint states
that the number of hours used cannot exceed the number of hours available. The constraints
for metal and glass are similar. Finally, the maximum sales constraints and the nonnegativ-
ity constraints put upper and lower limits on the quantities that can be produced.

Again, many LP software packages accept this algebraic model exactly as stated here.
However, let’s now turn to a spreadsheet model of Monet’s problem.
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DEVELOPING THE SPREADSHEET MODEL

The spreadsheet in Figure 3.19 illustrates the solution procedure for Monet’s product mix
problem. (See the file Product Mix.xlIsx.) The first stage is to develop the spreadsheet
model using the following steps.

Figure 3.19 An Initial Solution for the Product Mix Model

A B C D E F G H [
1 |Product mix model Range names used
2] Frames_produced =Model!$B$16:5E$16
| 3 [Input data ‘Maximum_sales =Modell$B$18:SES18
4 |Hourly wage rate $8.00 Profit =Model!SFS$32
5 |cost per oz of metal $0.50 Resources_available  =Model!SD$21:5D$23
|6 |Cost per oz of glass $0.75 'Resources_used =Model!$B$21:5BS23
7] ,
8 [Frame type 1 2 3 4
"9 |Labor hours per frame 2 1 3 2
10 | Metal (oz.) per frame 4 2 1 2
|11 Glass (oz.) per frame 6 2 1 2
12 |Unit selling price $28.50 $12.50 $29.25 $21.50
[13]
14 [Production plan
£ Frame type 1 2 3 4
16 |Frames produced 500 800 400 1500
(17| <= <= <= <=
18 [Maximum sales 1000 2000 500 1000
19 |
Resources Resources
| 20 |Resource constraints used available
21 |Labor hours 6000 <= 4000
[ 22| Metal (02.) 7000 <= 6000
123 Glass (oz.) 8000 <= 10000
[ 24]
25 |Revenue, cost summary
26 |Frame type 1 2 3 4 Totals
| 27 |Revenue $14,250  $10,000 $11,700  $32,250 $68,200
| 28 [Costs of inputs ’
29| Labor $8,000’ $6,400 $9,600 $24,000 $48,000
[30] Metal $1,000 $800 $200  $1,500 $3,500
31| Glass $2,250 $1,200 $300 $2,250 $6,000
32 |Profit $3,000 $1,600 $1,600 $4,500 $10,700

o Inputs. Enter the various inputs in the shaded ranges. Again, remember that our con-
vention is to color all input cells blue. Enter only numbers, not formulas, in input cells.
They should always be numbers directly from the problem statement.

e Range names. Name the ranges we have indicated. According to our convention, we
have named enough ranges so that the Solver dialog box contains only range names, no cell
addresses. Of course, you can name additional ranges if you like. (Note that we have again
used the range-naming shortcut discussed in Chapter 2. That is, we have taken advantage
of labels in adjacent cells, except for the Profit cell.)

9 Changing cells. Enter any four values in the Frames_produced range and color
these cells red. This range contains the changing cells. You do not have to enter the val-
ues shown in Figure 3.19. Any trial values can be used initially; Solver will eventually
find the optimal values. Note that the four values shown in Figure 3.19 cannot be optimal
because they do not satisfy all of the constraints. Specifically, this plan uses more labor
hours and metal than are available, and it produces more type 4 frames than can be sold.
However, you do not need to worry about satisfying constraints at this point; Solver will
take care of this later on.
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o Resources used. Enter the formula

=SUMPRODUCT (B9:E9,Frames_produced)

in cell B21 and copy it to the rest of the Resources_used range. These formulas calculate the
units of labor, metal, and glass used by the current product mix. Again, the SUMPRODUCT
function proves its usefulness in LP models by instructing to multiply each value in the
range B9:E9 by the corresponding value in the Frames_produced range and then sum these
products.

Excel Tip: Copying Formulas with Range Names
When you enter a range name in an Excel formula and then copy it, the range name
reference acts like an absolute reference.

e Revenues, costs, and profits. The area from row 25 down shows the summary of
monetary values. Actually, all we need is the total profit in cell F32, but it’s useful to
calculate the revenues and costs associated with each product. To obtain the revenues, enter
the formula

=B12*B16
in cell B27 and copy this to the range C27:E27. For the costs, enter the formula
=$B4*B$16*B9

in cell B29 and copy this to the range B29:E31. (Note how the mixed absolute and relative
references enable copying to the entire range.) Then calculate the profit for each product by
entering the formula

=B27-SUM(B29:B31)

in cell B32 and copying this to the range C32:E32. Finally, calculate the totals in columm
F by summing across each row with the SUM function. (The cost sums in column F are
easy to understand. For example, the $32,000 labor cost in cell F29 is the 4000 labor hours
used multiplied by the unit $8 cost per labor hour.)

Experimenting with Other Solutions

Before going any further, you might want to experiment with other values in the changing
cells. For example, here is one reasonable strategy. Because frame 1 has the highest profit
margin ($6) and its market constraint permits at most 1000 frames, enter 1000 in cell B16.
Note that none of the resources are yet used up completely. Therefore, we can make some
type 3 frames, the type with the next highest profit margin. Because the type 3 market
constraint permits at most 500 frames, enter 500 in cell D16. There is still some availability
of each resource. This allows us to make some type 4 frames, the type with the next largest
profit margin. However, the most we can make is 250 type 4 frames, because at this point
the available labor hours are completely exhausted. The resulting solution appears in
Figure 3.20. Its corresponding profit is $8750.
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Figure 3.20

Another Possible Solution for the Product Mix Model

A B C D E F G H [
1 [Product mix model Range names used
2 Frames_produced =Model!SBS$16:SES16
3 |Input data Maximum_sales =Model!$BS$18:SES18
4 [Hourly wage rate $8.00 Profit =Model!$F$32
5 |Cost per oz of metal $0.50 Resources_available  =Model!$D$21:$D$23
6 |Cost per oz of glass $0.75 Resources_used =Model!$B$21:5B$23
[ 7]
z Frame type 1 2 3 4
| 9 |Labor hours per frame 2 1 3 2
10 |Metal (0z.) per frame 4 2 1 2
11 |Glass (o0z.) per frame 6 2 1 2
12 [Unit selling price $28.50 $12.50 $29.25 $21.50
13
14 |Production plan
15 |Frame type 1 2 3 4
| 16 | Frames produced 1000 0 500 250
T <= <= <= <::
18 | Maximum sales 1000 2000 500 1000
[19]
Resources Resources
20 |Resource constraints used available
21 [Labor hours ‘ 4000 <= 4000
22 [Metal (oz.) 5000 <= 6000
[ 23] Glass (0z.) 7000 <= 10000
S |
E Revenue, cost summary
| 26 |Frame type 1 2 3 4 Totals
27 |Revenue $28,500 N $14,625 $5,375 $48,500
28 |Costs of inputs
29| Labor $16,000 $S0 $12,000 $4,000 $32,000
30| Metal $2,000 S0 $250 $250 $2,500
31| Glass $4,500 S0 $375 $375 $5,250
32 |Profit $6,000 S0 $2,000 $750 $8,750

This type of “greedy”
analysis—produce in
the decreasing order
of profit margins—is
easy and intuitive.
Unfortunately, as we
have seen, it is not
guaranteed to produce
an optimal solution.

SOLVER

v

We have now produced as much as possible of the three frame types with the three
highest profit margins; however, this does not guarantee that this solution is the best
possible product mix. The solution in Figure 3.20 is not optimal. In this small model,
it’s difficult to guess the optimal solution, even when using a relatively intelligent trial-
and-error procedure. The problem is that a frame type with a high profit margin can use
up a lot of the resources and preclude other profitable frames from being produced.
Therefore, we turn to Solver to eliminate the guesswork and find the real optimal
solution.

USING SOLVER

To use Solver, select Solver from the Data ribbon, and fill it in as shown in Fig-
ure 3.21. (Again, note that we have named enough ranges so that only range names
appear in the dialog box.) Also, click on the Options button, and check the Assume
Linear Model and Assume Non-Negative boxes, as shown earlier in Figure 3.6. This is
because the model is linear, and we do not want to allow negative numbers of frames
to be produced.
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Figure 3.21

Solver Dialog Box
for the Product Mix
Model

You typically gain
insights into a solution
by checking which
constraints are binding
and which contain
slack.

.5_|_:_|lver Parameters

Set Target Cell: . dokve |
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By Changing iZells:
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Options
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Resources_used <= Resources_available
Change
Delete

Reset Al

Help

Discussion of the Solution

When you click on Solve, you get the optimal solution shown in Figure 3.22. The optimal
plan is to produce 1000 type 1 frames, 800 type 2 frames, 400 type 3 frames, and no type 4
frames. This is close to the production plan from Figure 3.20, but the current plan earns
$450 more profit. Also, it uses all of the available labor hours and metal, but only 8000 of
the 10,000 available ounces of glass. Finally, in terms of maximum sales, the optimal plan
could produce more of frame types 2, 3, and 4 (if there were more skilled labor and/or
metal available). This is typical of an LP solution. Some of the constraints are met ex-
actly—they are binding—whereas others contain a certain amount of slack. The binding
constraints are the ones that prevent Monet from earning an even higher profit.

Figure 3.22
Optimal Solution
for the Product Mix
Model

A B [ ¢ D [ ] F [ G [ H [
1 |Product mix model Range names used
2| Frames_produced =Model!$B$16:SES16
Tlnput data | [ Maximum_sales .=ModeI!$B$18:$E$18
4 | Hourly wage rate $8.00 | Profit =Model!$F$32
5 |Cost per oz of metal $0.50 Resources_available =Model!$D$21:5D$23
6 [Cost per oz of glass $0.75 Resources_used =Model!$B$21:5B$23
7
8 |Frame type 1 2 3 4
9 |Labor hours per frame 2 1 3 2
10 |Metal (o0z.) per frame 4 2 1 2
| 11 |Glass (o0z.) per frame 6 2 1 2
| 12 [Unit selling price $28.50 $12.50 $29.25 $21.50
[13]
| 14 |Production plan
15 |Frame type 1 2 3 4
16 |Frames produced 1000 800 400 0
7 <= <= <= <=
18 |Maximum sales 1000 2000 500 1000
[19]
| Resources Resources
| 20 [Resource constraints used available
| 21 |Labor hours 4000 <= 4000
| 22| Metal (0z) 6000 <= 6000
23 |Glass (o0z.) 8000 <= 10000
[24]
25 |Revenue, cost summary
26 |Frame type 1 2 3 4 Totals
[ 27 [Revenue $28)500 $10,000  $11,700 $0  $50,200
28 |Costs of inputs
29| Labor $16,000 $6,400 $9,600 S0 $32,000
30| Metal $2,000 $800 $200 S0 $3,000
31| Glass $4,500 $1,200 $300 S0 $6,000
32 |Profit $6,000 $1,600 $1,600 S0 $9,200
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Sensitivity Analysis

To experiment with different inputs to this problem—the unit revenues or resource availa-
bilities, for example—we can simply change the inputs and then rerun Solver. The second
time we use Solver, we do not have to specify the target and changing cells or the con-
straints. Excel remembers all of these settings and saves them when we save the file.

As a simple what-if example, consider the modified model in Figure 3.23. Here the
unit selling price for frame type 4 has increased from $21.50 to $26.50, and all other inputs
are as before. By making type 4 frames more profitable, we might expect them to enter the
optimal mix. This is exactly what happens. The new optimal plan (the one shown in the fig-
ure) discontinues production of frame types 2 and 3 and instead calls for production of
1000 type 4 frames. This solution increases the total profit to $14,000.

Excel Tip: Roundoff Error

Because of the way numbers are stored and calculated on a computer, the optimal values in
the changing cells and elsewhere can contain small roundoff errors. For example, the value
that really appeared in cell D16 (in Figure 3.23) was 8.731E-09, a very small number
(0.000000008731). For all practical purposes, this number can be treated as 0, and we for-
matted it as such in the spreadsheet.

Figure 3.23
Optimal Solution
for the Product Mix
Model with a
Changed Input

A [ 8 [ ¢ 1] D [ F | G | H [ 1
| 1] Product mix model Range names used
2 Frames_produced =Model!$B$16:5E$16
z Input data Maximum_sales =Model!$B$18:SE$18
4 |Hourly wage rate $8.00 Profit =Model!$F$32
z Cost per oz of metal $0.50 Resources_available  =Model!$D$21:5D$23
6 |Cost per oz of glass $0.75 Resources_used =Model!$B$21:5B$23
7|
z Frame type 1 2 3' 4
9 |Labor hours per frame 2 1 3 2
10 [Metal (0z.) per frame 4 2 1 2
11 (Glass (oz.) per frame 6 2 2
12 |unit selling price $28.50 $12.50 $29.25 $26.50
113
14 (Production plan
E Frame type 1 2 3 4
16 [Frames produced 1000 0 0 1000
[17] <= <= <= <=
E Maximum sales 1000 2000 500 1000
119
Resources Resources
| 20 |Resource constraints used available
| 21 |Labor hours 4000 <= 4000
22 |Metal (0z.) 6000 <= 6000
| 23 |Glass (0z.) 8000 <= 10000
24
25 |Revenue, cost summary
26 |Frame type 1 2 3 4 Totals
[ 27 |Revenue $28,500 S0 S0 $26,500 $55,000
E Costs of inputs
29| Labor $16,000 $0 $0  $16,000 $32,000
z Metal $2,000 S0 $0 $1,000 $3,000
31| Glass $4,500 $0 S0 $1,500 $6,000
32| Profit $6,000 $0 $0 $8,000 $14,000

We can also use SolverTable to perform a more systematic sensitivity analysis on one or
more input variables. One possibility appears in Figure 3.24, where the number of available
labor hours varies from 2500 to 5000 in increments of 250, and the optimal product mix and
profit is tracked. There are several ways to interpret the output from this sensitivity analysis.
First, we can look at columns B through E to see how the product mix changes as more labor
hours become available. For example, frames of type 4 are finally produced when 4500 labor
hours are available, and frames of type 2 are discontinued in the final row. Second, we can see
how extra labor hours add to the total profit. This is shown numerically in column G, where
each value is the increase in profit from the previous row. (We created column G manually;
it’s not part of the SolverTable output.) Note exactly what this increased profit means. For ex-
ample, when labor hours increase from 2500 to 2750, the model requires that we pay
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$8 apiece for these extra hours (if we use them). But the ner effect is that profit increases by
$500. In other words, the labor cost increases by $2000 [=$8(250)], but this is more than
offset by the increase in revenue that comes from having the extra labor hours.

Figure 3.24
Sensitivity of
Optimal Solution
to Labor Hours

The reduced cost for
a variable with an
upper constraint can
be nonzero if that
variable is currently
at its upper bound.

Figure 3.25
Sensitivity of
Optimal Profit to
Labor Hours
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A [ B [ ¢ ] D I Foo G
| 34 |Sensitivity of optimal solution to number of labor hours
35 SBS16 SCS16 SDS16 SES16 SF$32 Increase
36 2500 1000 500 0 0 $7,000
|37 2750 1000 750 0 0 $7,500 $500
38 | 3000 1000 1000 0 0 $8,000 $500
139 3250 1000 950 100 0 $8,300 $300
40 | 3500 1000 900 200 0 $8,600 $300
141 | 3750 1000 850 300 0 $8,900 $300
142 | 4000 1000 800 400 0 $9,200 $300
143 | 4250 1000 750 500 0 $9,500 $300
144 | 4500 1000 500 500 250 $9,750 $250
45 4750 1000 250 500 500 $10,000 $250
46 5000 1000 0 500 750 $10,250 $250

As column G illustrates, obtaining those extra labor hours is worthwhile, even though
we have to pay for them, because profit increases. However, the increase in profit per extra
labor hour—the shadow price of labor hours—is not constant. It decreases as more labor
hours are already owned. An extra 250 labor hours first results in $500 more profit, then
$300, and then only $250. This is typical of shadow prices for scarce resources in LP
models, where each extra unit of a resource is worth at most as much as the previous unit.

We can also chart the optimal profit values in column F (or any other quantities from
a SolverTable output). The line chart in Figure 3.25 illustrates how the shadow price (slope
of the line) decreases as more labor hours are already owned. (The first decrease in slope is
perceptible; the second is hard to see in the chart, but it is there.)

Finally, we can gain additional insight from Solver’s sensitivity report, shown in Fig-
ure 3.26. This report contains a twist we did not see in the diet example. Now there are two
types of constraints: upper bounds on the changing cells (the maximum sales constraints)

Sensitivity of Profit to Available Labor Hours

$10,500 -
$10,000 -
$9,500 -
$9,000 -
$8,500 -
$8,000 -
$7,500 -
$7,000 -
$6,500 -
$6,000 T T T T T T T T T T )

2500 2750 3000 3250 3500 3750 4000 4250 4500 4750 5000

Optimal Profit

Labor Hours
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FUNDAMENTAL INSIGHT

Resource Availability and Shadow Prices

If a resource constraint is binding in the optimal solu-
tion, we are willing to pay up to some amount, the
shadow price, to obtain more of the resource.This is
because the objective improves by having more of the
resource. However, there is typically a “decreasing

|n

marginal” effect: As we own more and more of the
resource, the shadow price tends to decrease.This is
usually because other constraints become binding,
which causes extra units of this resource to be less
useful (or not useful at all).

and resource availability constraints. Solver treats the upper bound constraints differently
from “normal” constraints in this report. First, it doesn’t include rows for the upper bound
constraints in the bottom section of the report. Second, in the top part of the report, a re-
duced cost can be nonzero even for a variable that is positive in the solution, provided that
this variable is at its upper bound. Specifically, Monet is producing as many type 1 frames,
1000, as it’s allowed to produce. The reduced cost of 2 means that the profit margin on
type 1 frames must decrease by at least $2 before the company will produce less than 1000
of these frames.

Figure 3.26

Solver’s Sensitivity
Report

Al B ] C [ o] e ] F [ ¢ [ H

6 [Adjustable Cells
T Final Reduced Objective Allowable Allowable
'8 | Cell Name Value Cost Coefficient Increase  Decrease
z $BS$16 Frames produced 1000 2 6 1E+30 2
10| $C$16 Frames produced 800 0 2 1 0.25

11| $DS$16 Frames produced 400 0 4 2 0.5
12| $ES16 Frames produced 0 -0.20 3 0.2 1E+30
[13]
| 14 |constraints
[ 15| Final Shadow Constraint Allowable Allowable
16 | Cell Name Value  Price R.H. Side Increase  Decrease
17| $BS$21 Labor hours Resources used 4000 1.20 4000 250 1000
18| $BS22 Metal (0z.) Resources used 6000 0.40 6000 2000 500
19| $BS$23 Glass (oz.) Resources used 8000 0 10000 1E+30 2000

In contrast, the reduced cost of 0.2 for type 4 frames implies that the profit margin on
these frames must increase by at least $0.20 before the company includes them in its opti-
mal mix (because they are currently not included)."

Finally, there are positive shadow prices on labor hours and metal, the two resources
that are being used to capacity. The company’s profit would increase by $1.20 for every
extra labor hour and by $0.40 for every extra ounce of metal—but only up to the allowable
increases shown in the report. m

MODELING ISSUES

Some students believe the maximum sales constraint should be changed to be a “greater
than or equal” constraint. Their reasoning is that Monet should produce enough to satisfy
forecasted demands. We ask you to explore this issue in problem 11 later in this chapter.
The “correct” model depends on the company’s goals. Does the company want to ensure
that there are no extra frames on hand (that can’t be sold), or does the company want to en-
sure that there are at least enough frames on hand to satisfy customer demands? m

13Solver formats the numbers in its sensitivity reports in a strange way. Some numbers have a lot of decimals and
some have none, so you have to be careful and possibly reformat. For example, the —0.2 in cell E12 was format-
ted as O in our report.

3.7 A Product Mix Model 107



PROBLEMS

Skill-Building Problems

10.

12.

13.

14.

Modify Monet’s product mix model so that there is
no maximum sales constraint. (In the Solver dialog
box, highlight the constraint and click on the Delete
button.) Does this make the problem unbounded?
Does it change the optimal solution at all? Explain
its effect.

In the product mix model, it makes sense to change
the maximum sales constraint to a “minimum sales”
constraint, simply by changing the direction of the
inequality. Then the input values in row 18 can be
considered customer demand that must be met. Make
this change and rerun Solver. What do you find?
What do you find if you run Solver again, this time
making the values in row 18 half their current
values?

Use SolverTable to run a sensitivity analysis on the
cost per ounce of metal in the product mix model. Let
this unit cost vary from $0.30 to $1.30 in increments
of $0.20, and keep track of the values in the changing
cells and the target cell. Discuss what happens to the
optimal product mix. Also, does each 20-cent increase
in the cost of metal result in the same decrease in
profit?

Create a two-way SolverTable for the product mix
model, where profit is the only output and the two in-
puts are the hourly cost of labor and the total labor
hours available. Let the hourly cost of labor vary from
$6 to $10 in increments of $1, and let the total labor
hours vary from 3000 to 7000 in increments of 500.
Discuss the changes in profit you see as you look
across the various rows of the table. Discuss the
changes in profit you see as you look down the various
columns of the table.

In the current solution to the product mix model,
type 4 frames are not produced at all. This is due, at

least in part, to the low unit selling price of type 4
frames. Use SolverTable appropriately to determine
how large this unit selling price would have to be
before type 4 frames would be included in the optimal
product mix.

Skill-Expanding Problems

16.

Suppose we want to increase all three of the resource
availabilities in the product mix model simultaneously
by the same factor. We want this factor to vary from
0.8 to 2.0 in increments of 0.1. For example, if this
factor is 1.0, we get the current model, whereas if
the factor is 2.0, the resource availabilities become
8000, 12,000, and 20,000. Modity the spreadsheet
model slightly so that this sensitivity analysis can

be performed with a one-way SolverTable, using the
factor as the single input. Keep track of the values

in the changing cells and the target cell. Discuss the
results.

Some analysts complain that spreadsheet models are
difficult to resize. We’ll let you be the judge of this.
Suppose the current product mix problem is changed
so that there is an extra resource, plastic, and two addi-
tional frame types, 5 and 6. What additional data are
required? What modifications are necessary in the
spreadsheet model (including range name changes)?
Make up values for any extra required data and incor-
porate these into a modified spreadsheet model. (You
might want to try inserting new columns in the middle
of your range, rather than inserting them at the end.
See if you can discover why the former is more effi-
cient.) Then optimize with Solver. Do you conclude
that it’s easy to resize a spreadsheet model? (By the
way, algebraic models are typically much easier to
resize.)

3.8 AMULTIPERIOD PRODUCTION MODEL

The dessert and product mix examples illustrate typical LP models. However, LP models
come in many forms. For variety, the next problem is quite different, but it can also be
solved with LP. (In the next few chapters, we illustrate many other examples, linear and
otherwise.) The distinguishing feature of the following problem is that it relates decisions
made during several time periods. This type of problem occurs when a company must
make a decision now that will have ramifications in the future. The company does not want
to focus completely on the near future and forget about the long run.

108 Chapter 3

Introduction to Optimization Modeling



EXAMPLE 3.3 PrRODUCING FOOTBALLS AT PIGSKIN

he Pigskin Company produces footballs. Pigskin must decide how many footballs to

produce each month. The company has decided to use a 6-month planning horizon. The
forecasted demands for the next 6 months are 10,000, 15,000, 30,000, 35,000, 25,000, and
10,000. Pigskin wants to meet these demands on time, knowing that it currently has 5000
footballs in inventory and that it can use a given month’s production to help meet the de-
mand for that month. (For simplicity, assume that production occurs during the month, and
demand occurs at the end of the month.) During each month, there is enough production ca-
pacity to produce up to 30,000 footballs, and there is enough storage capacity to store up to
10,000 footballs at the end of the month, after demand has occurred. The forecasted produc-
tion costs per football for the next 6 months are $12.50, $12.55, $12.70, $12.80, $12.85, and
$12.95, respectively. The holding cost per football held in inventory at the end of any month
is figured at 5% of the production cost for that month. (This cost includes the cost of storage
and also the cost of money tied up in inventory.) The selling price for footballs is not con-
sidered relevant to the production decision because Pigskin plans to satisfy all customer de-
mand exactly when it occurs—at whatever the selling price is. Therefore, Pigskin wants to
determine the production schedule that minimizes the total production and holding costs.

Objective To use LP to find the production schedule that meets demand on time and mini-
mizes total production costs and inventory holding costs.

WHERE DO THE NUMBERS COME FROM?

The input values for this problem are not all easy to find. Here are some thoughts on where
they might be obtained.

m The initial inventory in cell B4 (see Figure 3.27) should be available from the com-
pany’s database system or from a physical count.

m  The unit production costs in row 8 are probably estimated in two steps. First, the com-
pany might ask its cost accountants to estimate the current unit production cost. Then it
could examine historical trends in costs to estimate inflation factors for future months.

m  The holding cost percentage in cell BS is typically difficult to determine. Depending on
the type of inventory being held, this cost can include storage and handling, rent, prop-
erty taxes, insurance, spoilage, and obsolescence. It can also include capital costs—the
cost of money that could be used for other investments. In any case, holding costs are
often expressed as percentages of the variable production costs, as we have done here.

m The demands in row 18 are probably forecasts made by the marketing department.
They might be “seat-of-the-pants” forecasts, or they might be the result of a formal
quantitative forecasting procedure. (Such procedures are covered in Chapter 16.) Of
course, if there are already some orders on the books for future months, these are in-
cluded in the demand figures.

m The production and storage capacities in rows 14 and 22 are probably supplied by
the production department. They are based on the size of the workforce, the available
machinery, availability of raw materials, and physical space.

Solution

The variables and constraints for this model are listed in Table 3.4. There are two keys to
relating these variables. First, the months cannot be treated independently because the
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By modifying the
timing assumptions
in this type of model,
we can get
alternative—and
equally realistic—
models with
different solutions.
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ending inventory in one month is the beginning inventory for the next month. Second, to
ensure that demand is satisfied on time, we must ensure that the amount on hand after pro-
duction in each month is at least as large as the demand for that month.

Table 3.4 Variables and Constraints for Production/Inventory Planning Model

Input variables Initial inventory, unit holding cost, unit production
costs, forecasted demands, production and storage
capacities

Decision variables (changing cells) Monthly production quantities

Objective (target cell) Total cost

Other calculated variables Units on hand after production, ending inventories,
monthly production, and inventory holding costs

Constraints Units on hand after production must be greater than or

equal to demand (each month)

Units produced must be less than or equal to production
capacity (each month)

Ending inventory must be less than or equal to storage
capacity (each month)

When modeling this type of problem, we must be very specific about the fiming of events. In
fact, depending on the assumptions we make, there can be several potential models. For ex-
ample, when does the demand for footballs in a given month occur: at the beginning of the
month, at the end of the month, or continually throughout the month? The same question can
be asked about production in a given month. The answers to these two questions indicate
how much of the production in a given month can be used to help satisfy the demand in that
month. Also, are the maximum storage constraint and the holding cost based on the ending
inventory in a month, the average amount of inventory in a month, or the maximum inven-
tory in a month? Each of these possibilities is reasonable and could be implemented.

To simplify the model, we assume that (1) all production occurs at the beginning of the
month, (2) all demand occurs affer production so that all units produced in a month can be
used to satisfy that month’s demand, and (3) the storage constraint and the holding cost are
based on ending inventory in a given month. (You are asked in the problems to modify
these assumptions.)

An Algebraic Model

In the traditional algebraic model, the decision variables are the production quantities for
the 6 months, labeled P, through P. It is also convenient to let /; through /, be the corre-
sponding end-of-month inventories (after demand has occurred)."* For example, I, is the
number of footballs left over at the end of month 3. Therefore, the obvious constraints are
on production and inventory storage capacities: P; = 300 and /; = 100 for each month j,
1 =j = 6. (From here on, to minimize the number of zeros shown, we express all quantities
in hundreds of footballs.)

In addition to these constraints, we need “balance” constraints that relate the P’s and
I’s. In any month, the inventory from the previous month plus the current production equals

' This example illustrates a subtle difference between algebraic and spreadsheet models. It is often convenient in
algebraic models to define “decision variables,” in this case the I’s, that are really determined by other decision
variables, in this case the P’s. In spreadsheet models, however, we typically define the changing cells as the small-
est set of variables that really must be chosen—in this case the production quantities. Then we calculate values
that are determined by these changing cells, such as the ending inventory levels, with spreadsheet formulas.
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the current demand plus leftover inventory. If D; is the forecasted demand for month j, then
the balance equation for month j is

I

i1t P =Dt

The balance equation for month 1 uses the known beginning inventory, 50, for the previ-
ous inventory (the /;_, term). By putting all variables (P’s and I’s) on the left and all known
values on the right (a standard LP convention), we can write these balance constraints as
shown in equations (3.1)

P, —1,=100 — 50
I, + P, — I, =150
I+ P, — I, = 300
I+ P, — I, = 350
I, + Ps — I = 250
I, + P, — I, = 100

3.1)

As usual, we also impose nonnegativity constraints: all P’s and I’s must be nonnegative.

What about meeting demand on time? This requires that, in each month, the inventory
from the preceding month plus the current production must be at least as large as the cur-
rent demand. But take a look, for example, at the balance equation for month 3. By rear-
ranging it slightly, we can write it as

I,=1, + P, — 300

Now, the nonnegativity constraint on /; implies that the right side of this equation, I, + P,
— 300, is also nonnegative. But this implies that demand in month 3 is satisfied—the
beginning inventory in month 3 plus month 3 production is at least 300. Therefore, the non-
negativity constraints on the I’s automatically guarantee that all demands are satisfied on
time, and no other constraints are needed. Alternatively, we could write directly that I, + P,
= 300. In words, the amount on hand after production in month 3 must be at least as large
as the demand in month 3. We can take advantage of this interpretation in the spreadsheet
model.

Finally, the objective we want to minimize is the sum of production and holding costs,
which is the sum of unit production costs multiplied by P’s, plus unit holding costs
multiplied by I’s.

DEVELOPING THE SPREADSHEET MODEL

The spreadsheet model of Pigskin’s production problem is given in Figure 3.27. (See the
file Production Scheduling.xlsx.) The main feature that distinguishes this model from the
product mix model is that some of the constraints, namely, the balance equations (3.1),
are built into the spreadsheet by means of formulas. This means that the only changing cells
are the production quantities. The ending inventories shown in row 20 are determined
by the production quantities and equations (3.1). The decision variables in an algebraic
model (the P’s and I’s) are not necessarily the same as the changing cells in an equivalent
spreadsheet model. (The only changing cells in the spreadsheet model correspond to
the P’s.)
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Figure 3.27

Nonoptimal Solution to Pigskin’s Production Model

A [ B c D E F G | H | J K

1 |Multiperiod production model Range names used
2 Demand =Model!SB$18:5GS$18
3 |Input data Ending_inventory =Model!$B$20:5GS$20
4 |Initial inventory (100s) 50 On_hand_after_production  =Model!$B$16:5G$16
5 |Holding cost as % of prod cost 5% Production_capacity =Model!$B$14:5GS$14
6 | Storage_capacity =Modell$B$22:5GS$22
7 |Month 1 2 3 4 5 6 Total_Cost =Model!SH$28

|8 |Production cost/unit $12.50 $12.55 $12.70 $12.80 $12.85 $12.95 Units_produced =Model!$B$12:5GS$12
5 I

E Production plan (all quantities are in 100s of footballs)

[ 11 [Month 1] 2 3 4 5 6
12 |Units produced 150 150 300 300 250 100

E <=| <= <= <= <= <=

[ 14 Production capacity 300 300 300 300 300 300

i
16 |On hand after production | 200 250 400 400 300 150

E >= >= >= >= >= >=

| 18 |Demand 100 150 300 350 250 100

5] and_ S S R .
20 |Ending inventory 100 100 100 50 50 50

[21] <= <= <= <= <= <=

| 22]Storage capacity 100 100 100 100 100 100

£
24 |Summary of costs (all costs are in hundreds of dollars) |

| 25 |Month 1 2 3 4 5 6 Totals
26 |Production costs $1,875.00 $1,882.50 $3,810.00 $3,840.00 $3,212.50 $1,295.00 $15,915.00
27 |Holding costs $62.50 $62.75 $63.50 $32.00 $32.13 $32.38V $285.25
28 [Totals $1,937.50 | $1,945.25 $3,873.50 $3,872.00 $3,244.63 $1,327.38 $16,200.25

In multiperiod
problems, we often
need one formula for
the first period and
a slightly different
formula for all other
periods.
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To develop the spreadsheet model in Figure 3.27, proceed as follows:

o Inputs. Enter the inputs in the blue ranges. Again, these are all entered as numbers
straight from the problem statement. (Unlike some spreadsheet modelers who prefer to put
all inputs in the upper-left corner of the spreadsheet, we enter the inputs wherever they fit
most naturally. Of course, this takes some spreadsheet planning.)

e Name ranges. Name the ranges indicated. Note that all but one of these (Total_cost) can
be named easily with the Create from Selection shortcut, using the labels in column A.

9 Production quantities. Enter any values in the Units_produced range as production
quantities. As always, you can enter values that you believe are good, maybe even optimal.
This is not crucial, however, because Solver will eventually find the optimal production
quantities.

0 On-hand inventory. Enter the formula
=B4+B12

in cell B16. This calculates the first month’s on-hand inventory after production (but before
demand). Then enter the “typical” formula

=B20+C12

for on-hand inventory after production in month 2 in cell C16 and copy it across row 16.
e Ending inventories. Enter the formula

=B16-B18

for ending inventory in cell B20 and copy it across row 20. This formula calculates ending
inventory in the current month as on-hand inventory before demand minus the demand in
that month.
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4 h
SOLVER

Figure 3.28

Solver Dialog Box
for Production
Model

Q Production and holding costs. Enter the formula
=B8*B12

in cell B26 and copy it across to cell G26 to calculate the monthly production costs. Then
enter the formula

=$B$5*B8*B20

in cell B27 and copy it across to cell G27 to calculate the monthly holding costs. Note that
these are based on monthly ending inventories. Finally, calculate the cost totals in column
H by summing with the SUM function.

USING SOLVER

To use Solver, fill out the main dialog box as shown in Figure 3.28. The logic behind the
constraints is straightforward. We must guarantee that (1) the production quantities do
not exceed the production capacities, (2) the on-hand inventories after production are at
least as large as demands, and (3) ending inventories do not exceed storage capacities.
Then check the Assume Linear Model and Assume Non-Negative options, and click on
Solve.

Solver Parameters

Set Target Cell: !IEI:_aI__E

Equal Ta: CimMax (OmMin O Yalue of: I':' |
By Changing Cells:

iLInitSJ:urn:uduced | Euess |

Subjeck ko the Conskraints: Options

Ending_inventory <= Storage_capacity fdd
On_hand_after_production == Demand

Units_praduced == Praduction_capacity

Reset Al

Help

Discussion of the Solution

The optimal solution from Solver is shown in Figure 3.29. This solution is also represented
graphically in Figure 3.30. We can interpret the solution by comparing production quanti-
ties with demands. (Remember that all spreadsheet quantities are in hundreds of footballs.)
In month 1, Pigskin should produce just enough to meet month 1 demand (taking into
account the initial inventory of 5000). In month 2, it should produce 5000 more footballs
than month 2 demand, and then in month 3, it should produce just enough to meet month
3 demand, while still carrying the extra 5000 footballs in inventory from month 2 produc-
tion. In month 4, Pigskin should finally use these 5000 footballs, along with the maximum
production amount, 30,000, to meet month 4 demand. Then in months 5 and 6, it should pro-
duce exactly enough to meet these months” demands. The total cost is $1,535,563, most of
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Figure 3.29 Optimal Solution for the Production Model

A B c [ o E F G H I ]
1 |Multiperiod production model Range names used
| 2| Demand =Model!$B$18:5G$18
| 3 |Input data Ending_inventory =Model!$B$20:5G$20
| 4 |Initial inventory (100s) 50 On_hand_after_production | =Model!SB$16:5G$16
| 5 [Holding cost as % of prod cost 5% Production_capacity =Model!$B$14:5G$14
6 | Storage_capacity =Model!$B$22:5G$22
| 7 |Month 1| 2 3 4 5 6 Total_Cost =Model!SH$28
| 8 |Production cost/unit $12.50 $12.55 $12.70 $12.80 $12.85 $12.95 Units_produced =Model!$B$12:5GS$12
9
E Production plan (all quantities are in 100s of footballs) |
[11|Month 1 2 3 4 5 6
12 |Units produced 50 200 300 300 250 100
|13 <=/ <= <= <= <= <=
| 14 |Production capacity 300 300 300 300 300 300
[15]
16 |On hand after production 100 200 350 350 250 100
17| >= >= >= >= >= >=
| 18 |Demand 100 150 300 350 250 100
[19]
20 |Ending inventory 0 50 50 0 0 0
|21 <= <= <= <= <= <=
| 22 |storage capacity B 100 100 100 100 100 100 I
23]
| 24 | y of costs (all costs are in hundreds of dollars)
| 25 |[Month 1 2 3 4 5 6 Totals
| 26 |Production costs $625.00 $2,510.00 $3,810.00 $3,840.00 $3,212.50 $1,295.00 $15,292.50
| 27 |Holding costs $0.00 $31.38 $31.75 $0.00 $0.00' $0.00 $63.13
28 |Totals $625.00 | $2,541.38 $3,841.75 $3,840.00 $3,212.50 $1,295.00 $15,355.63
Figure 3.30 Production
Graphical 50 200 300 300 250 100
Representation 50 0 50 50 0 0 0
of Optimal ‘ 2 ; ¢ > 0
Production 100 150 300 350 250 100
Schedule
Demand

You can often improve
your intuition by trying
to reason why Solver’s
solution is optimal.

|14 Chapter3

Months are in circles.
Inventory levels are on horizontal arrows.

which is production cost. (This total cost is expressed in actual dollars. The value in the
spreadsheet is in hundreds of dollars.)

Could you have guessed this optimal solution? Upon reflection, it makes perfect sense.
Because the monthly holding costs are large relative to the differences in monthly produc-
tion costs, there is little incentive to produce footballs early to take advantage of “cheap”
production months. Therefore, the Pigskin Company produces footballs each month as
they are needed—when this is possible. The only exception to this rule is the 20,000 foot-
balls produced during month 2 when only 15,000 are needed. The extra 5000 footballs
produced in month 2 are needed to meet month 4 demand of 35,000, because month 3 pro-
duction capacity is used entirely to meet month 3 demand. That is, month 3 capacity is not
available to help meet month 4 demand, so 5000 units of month 2 capacity are used to help
meet month 4 demand.
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FUNDAMENTAL INSIGHT

Multiperiod Optimization Problems
and Myopic Solutions

Many optimization problems are of a multiperiod na-
ture, where a sequence of decisions must be made
over time.When making the first of these decisions,
the one for this week or this month, say, it’s usually
best to include future decisions in the model, as we

have done here. If we ignore future periods and make
the initial decision based only on the first period, the
resulting decision is called myopic (short-sighted).
Myopic decisions are occasionally optimal, but not
very often.The idea is that if we act now in a way that
looks best in the short run, it might lead us down a
strategically unattractive path for the long run.

If you want SolverTable
to keep track of a
quantity that is not in
your model, you need
to create it with an
appropriate formula in
a new cell.

Sensitivity Analysis

We can use SolverTable to perform a number of interesting sensitivity analyses. We illus-
trate two possibilities here. First, note that the most inventory ever carried at the end of a
month is 50 (5000 footballs), although the storage capacity each month is 100. Perhaps this
is because the holding cost percentage, 5%, is fairly large. Would more ending inventory
be carried if this holding cost percentage were lower? Or would even less be carried if it
were higher? We can check this with the SolverTable output shown in Figure 3.31. Now
the single input cell is cell BS, and the single output we track is the maximum ending in-
ventory ever held, which we calculate in cell B31 with the formula

=MAX(Ending_inventory)

As we can see, only when the holding cost percentage decreases to 1% do we hit the
storage-capacity limit. (From this output, we cannot tell which month or how many months
the ending inventory is at this upper limit.) On the other side, even when the holding cost
percentage reaches 10%, we still continue to hold a maximum ending inventory of 50.

Figure 3.31
Sensitivity of
Maximum Ending
Inventory to Hold-
ing Cost Percentage

A [ B [ ¢ T »o

30 |Sensitivity of maximum ending inventory to holding cost percentage
31 |Output formula 50

32

33 $B$31

34 1% 100

35 2% 50

36 3% 50

37 4% 50

38 5% 50

39 6% 50

40 7% 50

41 8% 50

42 9% 50

43 10% 50

A second possible sensitivity analysis is suggested by the way the optimal production
schedule will probably be implemented. The optimal solution to Pigskin’s model specifies
the production level for each of the next 6 months. In reality, however, the company will
probably implement the model’s recommendation only for the first month. Then at the be-
ginning of the second month, it will gather new forecasts for the next 6 months, months 2
through 7, solve a new 6-month model, and again implement the model’s recommendation
for the first of these months, month 2. If the company continues in this manner, it is using
a 6-month rolling planning horizon.

The question, then, is whether the assumed demands (really, forecasts) toward the end
of the planning horizon have much effect on the optimal production quantity in month 1.
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We hope not, because these forecasts could be quite inaccurate. The two-way Solver table
in Figure 3.32 shows how the optimal month 1 production quantity varies with the fore-
casted demands in months 5 and 6. As we can see, if the forecasted months 5 and 6 de-
mands remain fairly small, the optimal month 1 production quantity remains at 50. This is
good news because it means that the optimal production quantity in month 1 is fairly in-
sensitive to the possibly inaccurate forecasts for months 5 and 6.

Figure 3.32
Sensitivity of
Month 1
Production to
Demands in
Months 5 and 6

Figure 3.33

Solver’s Sensitivity

Report for

Production Model

I16 Chapter3

A | B | c¢c | o | € |
45 |Sensitivity of month 1 production to demands in months 5 (along side) and 6 (along top)
46 SBS12 100 200 300
47 100 50 50 50
48 200 50 50 50
49 300 50 50 50

Solver’s sensitivity report for this model appears in Figure 3.33. The bottom part of
this report is fairly straightforward to interpret. The first six rows are for sensitivity to
changes in the storage capacity, whereas the last six are for sensitivity to changes in the
demands. (There are no rows for the production capacity constraints because these are
simple upper bound constraints on the decision variables. Recall that Solver’s sensitiv-
ity report handles this type of constraint differently from “normal” constraints.) In con-
trast, the top part of the report is very difficult to unravel because the objective coeffi-
cients of the decision variables are each based on multiple inputs. (Each is a
combination of a unit production cost and the holding cost percentage.) Therefore, if we
want to know how the solution changes if we change a single unit production cost or the
holding cost percentage, this report does not answer our question, at least not easily.

Al B ] C [ o] E F G H

6 |Adjustable Cells
7 | Final Reduced Objective Allowable Allowable
8 | Cell Name Value Cost Coefficient Increase Decrease
z $BS$S12 Units produced 50 0 16.3175 1E+30 0.5750
ﬂ $CS$12 Units produced 200 0 15.7425 0.5750 0.4775
i $D$12 Units produced 300 -0.4775 15.2650 0.4775 1E+30
£ SE$12  Units produced 300 -1.0125 14.7300 1.0125 1E+30

13 SF$12  Units produced 250 0 14.1400 1.6025 0.5425
F $GS$12 Units produced 100 0 13.5975 0.5425 13.5975
[ 15]
16 |constraints
[ 17] Final Shadow Constraint Allowable Allowable
18| Cell Name Value Price R.H. Side Increase Decrease
E $BS$16 On hand after production <= 100 0.575 100 100 50
1 20 | $CS$16 On hand after production <= 200 0 150 50 1E+30
| 21 | $D$16 On hand after production <= 350 0 300 50 1E+30
| 22 | SES$16 On hand after production <= 350 1.6 350 50 50
| 23 | S$F$16 On hand after production <= 250 0.5 250 50 200
| 24| $G$16 On hand after production <= 100 13.6 100 100 100
25| $B$20 Ending inventory >= 0 0 100 1E+30 100
26| $C$20 Ending inventory >= 50 0 100 1E+30 50
| 27| $D$20 Ending inventory >= 50 0 100 1E+30 50
| 28| $E$S20 Ending inventory >= 0 0 100 1E+30 100

29| SF$20 Endinginventory >= 0 0 100 1E+30 100
30| $G$20 Ending inventory >= 0 0 100 1E+30 100 -
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PROBLEMS

This is one case where sensitivity analysis with SolverTable is more straightforward and
intuitive. It allows us to change any of the model’s inputs and directly see the effects on

the solution.

MODELING ISSUES

We assume that Pigskin uses a 6-month planning horizon. Why 6 months? In many
multiperiod models, a company has to make forecasts about the future, such as the level
of customer demand. Therefore, the length of the planning horizon is usually the length
of time for which the company can make reasonably accurate forecasts. Here, Pigskin
evidently believes that it can forecast up to 6 months from now, so it uses a 6-month plan-

ning horizon. =

Skill-Building Problems

17.

18.

20.

Can you guess the results of a sensitivity analysis on
the initial inventory in the Pigskin model? See if your
guess is correct by using SolverTable and allowing the
initial inventory to vary from O to 100 in increments of
10. (These are in hundreds of footballs.) Keep track of
the values in the changing cells and the target cell.

Modify the Pigskin model so that there are 8 months
in the planning horizon. You can make up reasonable
values for any extra required data. Don’t forget to
modify range names. Then modify the model again so
that there are only 4 months in the planning horizon.
Do either of these modifications change the optimal
production quantity in month 1?

As indicated by the algebraic model of the Pigskin
problem, there is no real need to calculate inventory on
hand after production and constrain it to be greater than
or equal to demand. An alternative is to calculate
ending inventory directly and constrain it to be non-
negative. Modify the current spreadsheet model to do
this. (Delete rows 16 and 17, and calculate ending
inventory appropriately. Then add an explicit nonnega-
tivity constraint on ending inventory.) Is the optimal
solution to this modified model the same as before? It
should be.

In one modification of the Pigskin problem, the maxi-
mum storage constraint and the holding cost are based
on the average inventory (not ending inventory) for a
given month, where the average inventory is defined
as the sum of beginning inventory and ending inven-
tory, divided by 2, and beginning inventory is before
production or demand. Modify the Pigskin model
with this new assumption, and use Solver to find the

optimal solution. How does this change the optimal
production schedule? How does it change the optimal
total cost?

Skill-Extending Problems

21.

22,

23.

Modity the Pigskin spreadsheet model so that except
for month 6, demand need not be met on time. The
only requirement is that all demand be met eventually
by the end of month 6. How does this change the
optimal production schedule? How does it change the
optimal total cost?

Modify the Pigskin spreadsheet model so that
demand in any of the first 5 months must be met

no later than a month late, whereas demand in

month 6 must be met on time. For example, the
demand in month 3 can be met partly in month 3 and
partly in month 4. How does this change the optimal
production schedule? How does it change the optimal
total cost?

Modity the Pigskin spreadsheet model in the follow-
ing way. Assume that the timing of demand and pro-
duction are such that only 70% of the production in a
given month can be used to satisfy the demand in that
month. The other 30% occurs too late in that month
and must be carried as inventory to help satisfy
demand in later months. How does this change the
optimal production schedule? How does it change the
optimal total cost? Then use SolverTable to see how
the optimal production schedule and optimal cost vary
as the percentage of production usable for this month’s
demand (now 70%) is allowed to vary from 20% to
100% in increments of 10%.
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3.9 A COMPARISON OF ALGEBRAIC AND SPREADSHEET MODELS

To this point, we have seen three algebraic optimization models and three corresponding
spreadsheet models. How do they differ? If you review the first two examples in this chap-
ter, the diet and product mix examples, we believe you will agree that (1) the algebraic
models are straightforward and (2) the spreadsheet models are almost direct translations
into Excel of the algebraic models. In particular, each algebraic model has a set of x’s that
corresponds to the changing cell range in the spreadsheet model. In addition, each objec-
tive and each left-hand side of each constraint in the spreadsheet model corresponds to a
linear expression involving x’s in the algebraic model.

However, the Pigskin production planning model is different. The spreadsheet model
includes one set of changing cells, the production quantities, and everything else is related
to these through spreadsheet formulas. In contrast, the algebraic model has rwo sets of
variables, the P’s for the production quantities and the I’s for the ending inventories, and
together these comprise the “decision variables.” These two sets of variables must then be
related algebraically, which is done through a series of balance equations.

This is a typical situation in algebraic models, where one set of variables (the production
quantities) corresponds to the real decision variables; whereas other sets of variables, along
with extra equations, must be introduced to get the logic straight. This extra level of abstrac-
tion makes algebraic models much more difficult for typical users to develop and comprehend,
which is the primary reason this book focuses almost exclusively on spreadsheet models.

.10 A DECISION SUPPORT SYSTEM

118 Chapter3

If your job is to develop an LP spreadsheet model to solve a problem such as Pigskin’s pro-
duction problem, then you will be considered the “expert” in LP. Many people who need to
use such models, however, are not experts. They might understand the basic ideas behind
LP and the types of problems it is intended to solve, but they probably do not understand
the details. In this case, it is useful to provide these users with a decision support system
(DSS) that can help them solve problems without having to worry about technical details.

Although we won’t attempt to teach you how to build a full-scale DSS, we do show you
what a typical DSS looks like and what it can do."* (We consider only DSSs built around
spreadsheets. There are many other platforms for developing DSSs that we do not consider.)
Basically, a spreadsheet-based DSS contains a spreadsheet model of a problem, such as the
one in Figure 3.27. However, users probably never even see this model. Instead, they see a
front end and a back end. The front end allows them to select input values for their particular
problem. The user interface for this front end can include several features, such as buttons, di-
alog boxes, toolbars, and menus—the things you are used to seeing in Windows applications.
The back end then produces a report that explains the optimal policy in nontechnical terms.

A DSS for a slight variation of the Pigskin problem is illustrated in the file Decision
Support.xlsm. This file has three sheets. When you open the file, you see the Explanation
sheet (see Figure 3.34) that contains two buttons: one for setting up the problem (getting
the user’s inputs) and one for solving the problem (running Solver). When you click the Set
Up Problem button, you are asked for the inputs: the initial inventory, the forecasted

15 I you are interested in learning more about this DSS, the accompanying CD-ROM includes notes about its de-
velopment in the file Developing the Decision Support Application.docx under the Chapter 3 Example Files
folder. If you are interested in learning more about spreadsheet DSSs in general, Albright has written the book
VBA for Modelers, now in its second edition. The book contains a primer on the VBA language and presents many
applications and instructions for creating DSSs with VBA.
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demands for each month, and others. An example appears in Figure 3.35. These input
boxes should be self-explanatory, so that all you need to do is enter the values you want to
try. (To speed up the process, the inputs from the previous run are shown by default.) After
you have entered all of these inputs, look at the Model sheet. This sheet contains a spread-
sheet model similar to the one we saw previously in Figure 3.29, but with the inputs you
just entered.

Figure 3.34

Explanation Sheet

for DSS Pigskin Production Scheduling

This application solves a 6-month production scheduling model
similar to Example 3 in the chapter. The only difference is that the
production capacity and storage capacity are allowed to vary by
month. To run the application, click on the left button to enter
inputs. Then click on the right button to run Solver and obtain a
solution report.

[ Set Up Problem } [ Find Optimal Solution }

Figure 3.35 User, Inputs

Input Dlalog Box This Form allows waou ko enker the inputs For & 6-month planning horizon. The
for DSS inputs you see initially are those For the model that was solved previously, Feel

free to change any of these. IF vou change them so that the model has no
feasible solutions, Salver will inform yaou that this is the case. Cancel
Beginning inventory: =0

: E.qg, enter 0.05 if unit holding cost is
Holding cost percent: ] 0.06 5% of unit produckion cost

Monthly values Month 1 Month 2 Month 3 Month 4 Month 5 Month &

Unitproductioncest | 125 | 1265 | 1275 | 1275 | 1275 | 13

Production capacity ] ann ] 200 ] 350 ] 350 ] 400 ] 400

Storage capacity | 100 | 100 | 100 | 100 | 125 | 125

Forecasted demand | 100 | 150 | 200 | 50 | 300 | 350

Now go back to the Explanation sheet and click the Find Optimal Solution button. This
automatically sets up the Solver dialog box and runs Solver. There are two possibilities.
First, it’s possible that there is no feasible solution to the problem with the inputs you
entered. In this case, you see a message to this effect, as shown in Figure 3.36. In most
cases, however, the problem will have a feasible solution. In this case, you see the Report
sheet, which summarizes the optimal solution in nontechnical terms. Part of one sample
output appears in Figure 3.37.

Figure 3.36 No solution
No Solution Message

L] E The Solver couldn't find a solution, Try a different set of inputs,
L]
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Figure 3.37 Monthly schedule
Report Sheet for
DSS Month 1
Units Dollars
Start with 50
Produce 50 Production cost $625.00
Demand is 100
End with 0 Holding cost $0.00
Month 2
Units Dollars
Start with 0
Produce 150 Production cost $1,897.50
Demand is 150
End with 0 Holding cost $0.00
Month 3
Units Dollars
Start with 0
Produce 300 Production cost $3,825.00
Demand is 300
End with 0 Holding cost $0.00
After studying this report, you can then click on the Solve Another Problem button,
which takes you back to the Explanation sheet so that you can solve a new problem. All of
this is done automatically with Excel macros. These macros use the Microsoft Visual Basic
for Applications (VBA) programming language to automate various tasks. In most profes-
sional applications, nontechnical people need only enter inputs and look at reports. There-
fore, the Model sheet and VBA code are often hidden and protected from users.
—

3.11 CONCLUSION

120 Chapter 3

This chapter provides a good start to LP modeling—and to optimization modeling in gen-
eral. We have discussed how to develop three basic LP spreadsheet models, how to use
Solver to find their optimal solutions, and how to perform sensitivity analyses with
Solver’s sensitivity reports or with the SolverTable add-in. We have also discussed how to
recognize whether a mathematical programming model satisfies the linear assumptions. In
the next few chapters, we discuss a variety of other optimization models, but the three basic
steps of model development, Solver optimization, and sensitivity analysis remain the same.
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Summary of Key Management Science Terms

Term Explanation Page
Linear programming model An optimization model with a linear objective and linear constraints 72
Objective The value, such as profit, to be optimized in an 73
optimization model
Constraints Conditions that must be satisfied in an optimization model 73
Nonnegativity constraints ~ Constraints that require the decision variables to be 73
nonnegative, usually for physical reasons
Feasible solution A solution that satisfies all the constraints 74
Feasible region The set of all feasible solutions 74
Optimal solution The feasible solution that has the best value of the objective 74
Simplex method An efficient algorithm for finding the optimal solution in 74
an LP model
Sensitivity analysis Seeing how the optimal solution changes as various input 74
values change
Algebraic model A model that expresses the constraints and the objective 76
algebraically
Graphical solution A solution that shows the constraints and objective 77
graphically so that the optimal solution can be identified;
useful only when there are two decision variables
Spreadsheet model A model that uses spreadsheet formulas to express the logic 78
of the model
Binding constraint A constraint that holds as an equality 85
Nonbinding constraint, A constraint where there is a difference, called the slack, 85
slack between the two sides of the inequality
Reduced cost Amount the objective coefficient of a variable currently 88
equal to O must change before it is optimal for that variable
to be positive (or to decrease from its upper bound, if there
is an upper bound constraint)
Shadow price The change in the objective for a change in the right-hand 88
side of a constraint; used to see how much more of a scarce
resource is worth
Mathematical programming Any optimization model, whether linear, integer, or 93
model nonlinear
Proportionality, additivity,  Properties of optimization model that result in an LP 94
divisibility model
Infeasibility Condition where a model has no feasible solutions 96
Unboundedness Condition where there is no limit to the objective; always a 97
sign of an error in the model
Decision support system User-friendly system where an end user can enter inputs to 118

(DSS)

a model and see outputs, but need not be concerned with
technical details

3.1l Conclusion
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Summary of Key Excel Terms

Term Explanation Excel Page
Changing Cells that contain the values of the Specify in Solver dialog box 73
cells decision variables
Target cell Cell that contains the value of the objective  Specify in Solver dialog box 73
Solver Add-in that ships with Excel for Use Solver from Data ribbon 82
performing optimization
Solver’s sensitivity ~ Report available from Solver that shows Available in Solver dialog box 86
report sensitivity to objective coefficients and right after Solver runs
right-hand sides of constraints
SolverTable add-in  Add-in that performs sensitivity Use SolverTable from Add-Ins 89
analysis to any inputs and reports ribbon
results similar to an Excel data table
Selecting multiple ~ Useful when changing cells, e.g., are Press Ctrl key, drag ranges, 90

ranges

in noncontiguous ranges

one after the other

PROBLEMS

Skill-Building Problems
Leary Chemical manufactures three chemicals: A, B,

25.

122 Chapter 3

and C. These chemicals are produced via two produc-

tion processes: 1 and 2. Running process 1 for an hour

costs $4 and yields 3 units of A, 1 unit of B, and 1 unit
of C. Running process 2 for an hour costs $1 and
yields 1 unit of A and 1 unit of B. To meet customer

demands, at least 10 units of A, 5 units of B, and 3

units of C must be produced daily.

a. Use Solver to determine a daily production plan
that minimizes the cost of meeting Leary’s daily
demands.

b. Confirm graphically that the daily production plan
from part a minimizes the cost of meeting Leary’s
daily demands.

c. Starting with the optimal solution, use SolverTable
to see what happens to the decision variables and
the total cost when the hourly processing cost for
process 2 increases in increments of $0.50. How
large must this cost increase be before the decision
variables change? What happens when it continues
to increase beyond this point?

Furnco manufactures desks and chairs. Each desk uses

4 units of wood, and each chair uses 3 units of wood.

A desk contributes $40 to profit, and a chair con-

tributes $25. Marketing restrictions require that the

number of chairs produced be at least twice the num-

ber of desks produced. There are 20 units of wood

available.

a. Use Solver to maximize Furnco’s profit.

b. Confirm graphically that the solution in part a max-
imizes Furnco’s profit.
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c. Starting with the optimal solution, use SolverTable
to see what happens to the decision variables and
the total profit when the availability of wood varies
from 10 to 30 in 1-unit increments. Based on your
findings, how much would Furnco be willing to
pay for each extra unit of wood over its current
20 units? How much profit would Furnco lose if
it lost any of its current 20 units?

26. A farmer in Iowa owns 45 acres of land. He is going to

plant each acre with wheat or corn. Each acre planted

with wheat yields $200 profit, requires 3 workers, and

requires 2 tons of fertilizer; each with corn yields $300
profit, requires 2 workers, and requires 4 tons of fertil-
izer. The farmer has 100 workers and 120 tons of fer-
tilizer available.

a. Use Solver to help the farmer maximize the profit
from his land.

b. Confirm graphically that the solution from part a
maximizes the farmer’s profit from his land.

c. Starting with the optimal solution, use SolverTable
to see what happens to the decision variables and
the total profit when the availability of fertilizer
varies from 20 tons to 220 tons in 10-ton incre-
ments. When does the farmer discontinue produc-
ing wheat? When does he discontinue producing
corn? How does the profit change for each 10-ton
increment? Make this more obvious by creating a
line chart of profit (vertical axis) versus fertilizer
availability.

A customer requires during the next 4 months, respec-

tively, 50, 65, 100, and 70 units of a commodity, and
no backlogging is allowed (that is, the customer’s



28.

29.

requirements must be met on time). Production costs

are $5, $8, $4, and $7 per unit during these months.

The storage cost from one month to the next is $2 per

unit (assessed on ending inventory). It is estimated

that each unit on hand at the end of month 4 can be
sold for $6.

a. Determine how to minimize the net cost incurred in
meeting the demands for the next 4 months.

b. Starting with the optimal solution, use SolverTable
to see what happens to the decision variables and
the total cost when the initial inventory varies from
0 (the implied value in the problem) to 100 in
10-unit increments. How much lower would the
total cost be if the company started with 10 units
in inventory, rather than none? Would this same
cost decrease occur for every 10-unit increase in
initial inventory?

A company faces the following demands during the
next three weeks: week 1, 20 units; week 2, 10 units;
week 3, 15 units. The unit production costs during
each week are as follows: week 1, $13; week 2, $14;
week 3, $15. A holding cost of $2 per unit is assessed
against each week’s ending inventory. At the begin-
ning of week 1, the company has 5 units on hand. In
reality, not all goods produced during a month can be
used to meet the current month’s demand. To model
this fact, assume that only half of the goods produced
during a week can be used to meet the current week’s
demands.

a. Determine how to minimize the cost of meeting the
demand for the next 3 weeks.

b. Revise the model so that the demands are of the
form D, + kA, where D, is the original demand in
month ¢, k is a factor, and A, is an amount of
change in month ¢ demand. (The Greek symbol A
is typically used to indicate change.) Formulate the
model in such a way that you can use SolverTable
to analyze changes in the amounts produced and
the total cost when k varies from O to 10 in 1-unit
increments, for any fixed values of the A,’s. For
example, try this when A; = 2, A, = 5, and A, =
3. Describe the behavior you observe in the table.
Can you find any “reasonable” A,’s that induce
positive production levels in week 3?

Bloomington Brewery produces beer and ale. Beer

sells for $5 per barrel, and ale sells for $2 per barrel.

Producing a barrel of beer requires 5 pounds of malt

and 2 pounds of hops. Producing a barrel of ale re-

quires 2 pounds of corn and 1 pound of hops. The

brewery has 60 pounds of corn and 25 pounds of hops.

a. Use Solver to maximize Bloomington Brewery’s
revenue.

b. Confirm graphically that the solution in part a max-
imizes Bloomington Brewery’s revenue.

c. Starting with the optimal solution, use SolverTable
to either substantiate or refute the following

statements: The availability of corn can decrease
by any amount (up to 60 pounds), and each unit
decrease will cost Bloomington Brewery the same
amount in terms of lost revenue. On the other hand,
increases in the availability of corn do not have a
constant effect on total revenue; the first few extra
units have a larger effect than subsequent units.

For a telephone survey, a marketing research group

31.

32.

needs to contact at least 150 wives, 120 husbands, 100
single adult males, and 110 single adult females. It
costs $2 to make a daytime call and (because of higher
labor costs) $5 to make an evening call. The file
P03_30.xlIsx lists the results that can be expected. For
example, 30% of all daytime calls are answered by
wives, and 15% of all evening calls are answered by
single males. Because of a limited staff, at most half of
all phone calls can be evening calls.

a. Determine how to minimize the cost of completing
the survey.

b. Starting with the optimal solution, use SolverTable
to investigate changes in the unit cost of either type
of call. Specifically, investigate changes in the cost
of a daytime call, with the cost of an evening call
fixed, to see when (if ever) 50% of all calls will be
evening calls. Then repeat the analysis by changing
the cost of an evening call and keeping the cost of
a daytime call fixed.

Woodco manufactures tables and chairs. Each table
and chair must be made entirely out of oak or entirely
out of pine. A total of 150 board feet of oak and 210
board feet of pine are available. A table requires either
17 board feet of oak or 30 board feet of pine, and a
chair requires either 5 board feet of oak or 13 board
feet of pine. Each table can be sold for $40, and each
chair for $15.
a. Determine how Woodco can maximize its revenue.
b. Suppose you want to investigate the effects of si-
multaneous changes in the selling prices of the
products. Specifically, you want to see what hap-
pens to the total revenue when the selling prices of
oak products change by a factor 1 + k,, and the
selling prices of pine products change by a factor
1 + k,. Revise your model so that you can use
SolverTable to investigate changes in total
revenue as k, and k, both vary from —0.3 to 0.3
in increments of 0.1. Would you conclude that total
revenue changes /inearly within this range?

Alden Enterprises produces two products. Each prod-
uct can be produced on either of two machines. The
time (in hours) required to produce each product on
each machine is listed in the file P03_32.xlsx. Each
month, 500 hours of time are available on each
machine. Each month, customers are willing to buy up
to the quantities of each product at the prices also
given in the file PO3_32.xIsx. The company’s goal is
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to maximize the revenue obtained from selling units

during the next 2 months.

a. Determine how it can meet this goal. Assume that
Alden will not produce any units in either month
that it cannot sell in that month.

b. Suppose Alden wants to see what will happen if
customer demands for each product in each month
simultaneously change by a factor 1+ k. Revise the
model so that you can use SolverTable to investigate
the effect of this change on total revenue as & varies
from —0.3 to 0.3 in increments of 0.1. Does revenue
change in a linear manner over this range? Can you
explain intuitively why it changes in the way it does?

There are three factories on the Momiss River: 1, 2,
and 3. Each emits two types of pollutants, labeled P,
and P,, into the river. If the waste from each factory is
processed, the pollution in the river can be reduced. It
costs $15 to process a ton of factory 1 waste, and each
ton processed reduces the amount of P, by 0.10 ton
and the amount of P, by 0.45 ton. It costs $10 to
process a ton of factory 2 waste, and each ton
processed will reduce the amount of P, by 0.20 ton
and the amount of P, by 0.25 ton. It costs $20 to
process a ton of factory 3 waste, and each ton
processed will reduce the amount of P, by 0.40 ton
and the amount of P, by 0.30 ton. The state wants to
reduce the amount of P, in the river by at least 30 tons
and the amount of P, by at least 40 tons.

a. Use Solver to determine how to minimize the cost
of reducing pollution by the desired amounts.

b. Are the LP assumptions (proportionality, additivity,
divisibility) reasonable in this problem?

c. Suppose you want to investigate the effects of
increases in the minimal reductions required by the
state. Specifically, you want to see what happens to
the amounts of waste processed at the three facto-
ries and the total cost if both requirements
(currently 30 and 40 tons, respectively) are
increased by the same percentage. Revise your
model so that you can use SolverTable to investi-
gate these changes when the percentage increase
varies from 10% to 100% in increments of 10%.
Do the amounts processed at the three factories and
the total cost change in a linear manner?

Skill-Extending Problems

34.
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Truckco manufactures two types of trucks, types 1

and 2. Each truck must go through the painting shop
and the assembly shop. If the painting shop were
completely devoted to painting type 1 trucks, 800 per
day could be painted; whereas if the painting shop
were completely devoted to painting type 2 trucks,
700 per day could be painted. If the assembly shop
were completely devoted to assembling truck 1
engines, 1500 per day could be assembled, and if the
assembly shop were completely devoted to assembling
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truck 2 engines, 1200 per day could be assembled. It is
possible, however, to paint both types of trucks in the
painting shop. Similarly, it is possible to assemble
both types in the assembly shop. Each type 1 truck
contributes $300 to profit; each type 2 truck con-
tributes $500. Use Solver to maximize Truckco’s
profit. (Hint: One approach, but not the only approach,
is to try a graphical procedure first and then deduce the
constraints from the graph.)

U.S. Labs manufactures mechanical heart valves from
the heart valves of pigs. Different heart operations
require valves of different sizes. U.S. Labs purchases
pig valves from three different suppliers. The cost and
size mix of the valves purchased from each supplier
are given in the file P03_35.xlsx. Each month, U.S.
Labs places an order with each supplier. At least 500
large, 300 medium, and 300 small valves must be
purchased each month. Because of the limited
availability of pig valves, at most 500 valves per
month can be purchased from each supplier.
a. Use Solver to determine how U.S. Labs can
minimize the cost of acquiring the needed valves.
b. Suppose U.S. Labs wants to investigate the effect
on total cost of increasing its minimal purchase
requirements each month. Specifically, it wants to
see how total cost changes as the minimal purchase
requirements of large, medium, and small valves all
increase from their values in the problem by the
same percentage. Revise your model so that
SolverTable can be used to investigate these
changes when the percentage increase varies from
2% to 20% in increments of 2%. Explain intuitively
what happens when this percentage is at least 16%.

Sailco Corporation must determine how many
sailboats to produce during each of the next 4 quarters.
The demand during each of the next four quarters is as
follows: first quarter, 40 sailboats; second quarter, 60
sailboats; third quarter, 75 sailboats; fourth quarter, 25
sailboats. Sailco must meet demands on time. At the
beginning of the first quarter, Sailco has an inventory
of 10 sailboats. At the beginning of each quarter,
Sailco must decide how many sailboats to produce
during that quarter. For simplicity, assume that sail-
boats manufactured during a quarter can be used to
meet demand for that quarter. During each quarter,
Sailco can produce up to 40 sailboats with regular-
time labor at a total cost of $400 per sailboat. By
having employees work overtime during a quarter,
Sailco can produce additional sailboats with overtime
labor at a total cost of $450 per sailboat. At the end of
each quarter (after production has occurred and the
current quarter’s demand has been satisfied), a holding
cost of $20 per sailboat is incurred.
a. Determine a production schedule to minimize the
sum of production and inventory holding costs
during the next 4 quarters.
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b. Suppose Sailco wants to see whether any changes
in the $20 holding cost per sailboat could induce
the company to carry more or less inventory.
Revise your model so that SolverTable can be used
to investigate the effects on ending inventory
during the 4-month interval of systematic changes
in the unit holding cost. (Assume that even though
the unit holding cost changes, it is still constant
over the 4-month interval.) Are there any (nonneg-
ative) unit holding costs that would induce Sailco
to hold more inventory than it holds when the hold-
ing cost is $20? Are there any unit holding costs
that would induce Sailco to hold less inventory
than it holds when the holding cost is $20?

During the next 2 months, General Cars must meet (on
time) the following demands for trucks and cars: month
1, 400 trucks and 800 cars; month 2, 300 trucks and
300 cars. During each month, at most 1000 vehicles
can be produced. Each truck uses 2 tons of steel, and
each car uses 1 ton of steel. During month 1, steel costs
$400 per ton; during month 2, steel costs $600 per ton.
At most 2500 tons of steel can be purchased each
month. (Steel can be used only during the month in
which it is purchased.) At the beginning of month 1,
100 trucks and 200 cars are in the inventory. At the end
of each month, a holding cost of $150 per vehicle is
assessed. Each car gets 20 mpg, and each truck gets

10 mpg. During each month, the vehicles produced by

the company must average at least 16 mpg.

a. Determine how to meet the demand and mileage
requirements at minimum total cost.

b. Check how sensitive the total cost is to the 16-mpg
requirement by using SolverTable. Specifically, let
this requirement vary from 14 mpg to 18 mpg in
increments of 0.25 mpg, and write a short report of
your results. In your report, explain intuitively
what happens when the requirement is greater than
17 mpg.

The Deckers Clothing Company produces shirts and
pants. Each shirt requires 2 square yards of cloth, and
each pair of pants requires 3 square yards of cloth.
During the next 2 months the following demands for
shirts and pants must be met (on time): month 1, 1000
shirts and 1500 pairs of pants; month 2, 1200 shirts
and 1400 pairs of pants. During each month, the fol-
lowing resources are available: month 1, 9000 square
yards of cloth; month 2, 6000 square yards of cloth.
(Cloth that is available and not used during month 1
can be used during month 2.) During each month, it
costs $4 to make an article of clothing with regular-
time labor and $8 with overtime labor. During each
month, a total of at most 2500 articles of clothing can
be produced with regular-time labor, and an unlimited
number of articles of clothing can be produced with
overtime labor. At the end of each month, a holding
cost of $3 per article of clothing is assessed.

39.

40.

a. Determine how to meet demands for the next 2
months (on time) at minimum cost. Assume that, at
the beginning of month 1, 100 shirts and 200 pairs
of pants are available.

b. Use SolverTable to investigate the effect on total

cost of two simultaneous changes. The first change
is to allow the ratio of overtime to regular-time
production cost (currently $8/$4 =2) to decrease
from 20% to 80% in increments of 20%, while
keeping the regular-time cost at $4. The second
change is to allow the production capacity each
month (currently 2500) to decrease from 10% to
50% in increments of 10%. The idea here is that
less regular-time capacity is available, but overtime
is becoming relatively cheaper. Is the net effect on
total cost positive or negative?

Each year, Comfy Shoes faces demands (which must

be met on time) for pairs of shoes as shown in the file

P03_39.xIsx. Employees work 3 consecutive quarters

and then receive 1 quarter off. For example, a worker

might work during quarters 3 and 4 of one year and
quarter 1 of the next year. During a quarter in which

an employee works, he or she can produce up to 500

pairs of shoes. Each worker is paid $5000 per quarter.

At the end of each quarter, a holding cost of $10 per

pair of shoes is assessed.

a. Determine how to minimize the cost per year
(labor plus holding) of meeting the demands for
shoes. To simplify matters, assume that at the end
of each year, the ending inventory is 0. (Hint: You
may assume that a given worker will get the same
quarter off during each year.)

b. Suppose Comfy Shoes can pay a flat fee for a

training program that will increase the productivity
of all of its workers. Use SolverTable to see how
much the company would be willing to pay for a
training program that increases worker productivity
from 500 pairs of shoes per quarter to P pairs of
shoes per quarter, where P varies from 525 to 700
in increments of 25.

A company must meet (on time) the following
demands: quarter 1, 3000 units; quarter 2, 2000 units;
quarter 3, 4000 units. Each quarter, up to 2700 units
can be produced with regular-time labor, at a cost of
$40 per unit. During each quarter, an unlimited
number of units can be produced with overtime
labor, at a cost of $60 per unit. Of all units produced,
20% are unsuitable and cannot be used to meet
demand. Also, at the end of each quarter, 10% of
all units on hand spoil and cannot be used to meet
any future demands. After each quarter’s demand is
satisfied and spoilage is accounted for, a cost of
$15 per unit is assessed against the quarter’s ending
inventory.
a. Determine how to minimize the total cost of meet-
ing the demands of the next 3 quarters. Assume
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that 1000 usable units are available at the begin-
ning of quarter 1.

b. The company wants to know how much money it
would be worth to decrease the percentage of un-
suitable items and/or the percentage of items that
spoil. Write a short report that provides relevant in-
formation. Base your report on three uses of
SolverTable: (1) where the percentage of unsuit-
able items decreases and the percentage of items
that spoil stays at 10%; (2) where the percentage of
unsuitable items stays at 20% and the percentage
of items that spoil decreases; and (3) where both
percentages decrease. Does the sum of the separate
effects on total cost from the first two tables equal
the combined effect from the third table? Include
an answer to this question in your report.

41. A pharmaceutical company manufactures two drugs at

Los Angeles and Indianapolis. The cost of manufactur-
ing a pound of each drug depends on the location, as
indicated in the file P0O3_41.xlsx. The machine time
(in hours) required to produce a pound of each drug at

42.

b. Use SolverTable to determine how much the
company would be willing to pay to purchase a
combination of A extra hours of machine time at
Indianapolis and B extra hours of machine time at
Los Angeles, where A and B can be any positive
multiples of 10 up to 50.

A company manufactures two products on two ma-
chines. The number of hours of machine time and
labor depends on the machine and product as shown in
the file P03_42.xlsx. The cost of producing a unit of
each product depends on which machine produces it.
These unit costs also appear in the file P03_42.xIsx.
There are 200 hours available on each of the two ma-
chines, and there are 400 labor hours available. This
month at least 200 units of product 1 and at least 240
units of product 2 must be produced. Also, at least half
of the product 1 requirement must be produced on ma-
chine 1, and at least half of the product 2 requirement
must be made on machine 2.
a. Determine how the company can minimize the cost
of meeting this month’s requirements.

Use SolverTable to see how much the “at least
half” requirements are costing the company. Do
this by changing both of these requirements from
“at least half *“ to “at least x percent,” where x can
be any multiple of 5% from 0% to 50%.

each city is also shown in this table. The company b.
must produce at least 1000 pounds per week of
drug 1 and at least 2000 pounds per week of drug 2.
It has 500 hours per week of machine time at
Indianapolis and 400 hours per week at Los Angeles.
a. Determine how the company can minimize the cost
of producing the required drugs.

APPENDIX INFORMATION ON SOLVERS

Office (or Excel) ships with a built-in version of Solver. This version and all other versions
of Solver are developed by Frontline Systems, not Microsoft. When you install Office (or
Excel), you have the option of installing or not installing Solver. In most cases, a “typical”
install should install Solver. To check whether Solver is installed on your system, open
Excel, select the Office Button, select Excel Options, select Add-Ins, and click on Go. If
there is a Solver item in the list, then Solver has been installed. (To actually add it in, make
sure this item is checked.) Otherwise, you need to run the Office Setup program with the
Add/Remove feature to install Solver. For users of previous versions of Excel (2003 or ear-
lier), the actual Solver add-in file is a different one in Excel 2007. In previous versions, it
was Solver.xla; now it is Solver.xlam. However, the functionality hasn’t changed.

The built-in version of Solver is able to solve most problems you are likely to en-
counter. However, it does have one important limitation you should be aware of: It allows
only 200 changing cells. This might sound like plenty, but many real-world problems go
well beyond 200 changing cells. If you want to solve larger problems, you need to purchase
one of Frontline’s commercial versions of Solver. For more information, check Frontline
Systems’ Web site at http://www.solver.com.
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3.1 SHELBY SHELVING

helby Shelving is a small company that manufac-

tures two types of shelves for grocery stores.
Model S is the standard model, and model LX is a
heavy-duty model. Shelves are manufactured in three
major steps: stamping, forming, and assembly. In the
stamping stage, a large machine is used to stamp
(i.e., cut) standard sheets of metal into appropriate
sizes. In the forming stage, another machine bends
the metal into shape. Assembly involves joining the
parts with a combination of soldering and riveting.
Shelby’s stamping and forming machines work on
both models of shelves. Separate assembly depart-
ments are used for the final stage of production.

The file Shelby Shelving.xlsx contains rele-

vant data for Shelby (see Figure 3.38). The hours re-
quired on each machine for each unit of product are
shown in the range B5:C6 of the Accounting Data
sheet. For example, the production of one model S
shelf requires 0.25 hour on the forming machine.
Both the stamping and forming machines can operate
for 800 hours each month. The model S assembly
department has a monthly capacity of 1900 units.
The model LX assembly department has a monthly
capacity of only 1400 units. Currently Shelby is
producing and selling 400 units of model S and
1400 units of model LX per month.

Model S shelves are sold for $1800, and model
LX shelves are sold for $2100. Shelby’s operation is
fairly small in the industry, and management at Shelby
believes it cannot raise prices beyond these levels
because of the competition. However, the marketing
department feels that Shelby can sell as much as it
can produce at these prices. The costs of production
are summarized in the Accounting Data sheet. As
usual, values in blue borders are given, whereas other
values are calculated from these.

Management at Shelby just met to discuss next
month’s operating plan. Although the shelves are
selling well, the overall profitability of the company is
a concern. The plant’s engineer suggested that the
current production of model S shelves be cut back.
According to him,“Model S shelves are sold for
$1800 per unit, but our costs are $1839. Even though
we're only selling 400 units a month, we're losing
money on each one. We should decrease production
of model S’ The controller disagreed. He said that
the problem was the model S assembly department
trying to absorb a large overhead with a small
production volume. “The model S units are making a
contribution to overhead. Even though production
doesn’t cover all of the fixed costs, we'd be worse off
with lower production.”

Figure 3.38 Accounting Data for Shelby

A [ B [ ¢ D E F G H |
1 [Shelby Shelving Data for Current Production Schedule
2 |
3 [Machine requirements (hours per unit) Given monthly overhead cost data
4 ‘ Model S| Model LX| Available Fixed Variable S| Variable LX
5 |Stamping 0.3 0.3 800 Stamping $125,000 $80 $90
6 |Forming 0.25 0.5 800 Forming $95,000 $120 $170
7 | | | Model S Assembly $80,000 $165 $0
8 | Model S| Model LX| Model LX Assembly $85,000 $0 $185
9 [Current monthly production 400 1400 ‘ ‘
10 Standard costs of the shelves -- based on the current production levels
11 [Hours spent in departments ‘ Model S‘ Model LX
12 Model S| Model LX Totals Direct materials $1,000 $1,200
13 [Stamping 120 420 540 Direct labor: ‘ ‘
14 |Forming 100 700 800 Stamping $35 $35
15 Forming $60 $90
16 |Percentages of time spent in departments Assembly $80 $85
17 Model S| Model LX Total direct labor $175 $210
18 [Stamping 22.2% 77.8% Overhead allocation
19 [Forming 12.5% 87.5% Stamping $149 $159
20 Forming $150 $229
21 [Unit selling price $1,800 $2,100 Assembly $365 $246
22 | | ‘ Total overhead $664 $635
23 |Assembly capacity 1900 1400 Total cost $1,839 $2,045
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Your job is to develop an LP model of Shelby’s
problem, then run Solver; and finally make a recom-
mendation to Shelby management, with a short
verbal argument supporting the engineer or the
controller.

Notes on Accounting Data Calculations

The fixed overhead is distributed using activity-based
costing principles. For example, at current produc-
tion levels, the forming machine spends 100 hours on
model S shelves and 700 hours on model LX shelves.
The forming machine is used 800 hours of the
month, of which 12.5% of the time is spent on model
S shelves, and 87.5% is spent on model LX shelves.

128 Chapter 3 Introduction to Optimization Modeling

The $95,000 of fixed overhead in the forming de-
partment is distributed as $11,875 (= 95,000 X
0.125) to model S shelves and $83,125 (= 95,000 X
0.875) to model LX shelves. The fixed overhead per
unit of output is allocated as $29.69 (= 11,875/400)
for model S and $59.38 (= 83,125/1400) for model
LX. In the calculation of the standard overhead cost,
the fixed and variable costs are added together, so
that the overhead cost for the forming department
allocated to a model S shelf is $149.69 (= 29.69 +
120, shown rounded up to $150). Similarly, the over-
head cost for the forming department allocated to a
model LX shelf is $229.38 (= 59.38 + 170, shown
rounded down to $229).



3.2 SONOMA VALLEY WINEs'é

fter graduating from business school, George

Clark went to work for a Big Six accounting firm
in San Francisco. Because his hobby has always been
wine making, when he had the opportunity a few
years later, he purchased 5 acres plus an option to
buy 35 additional acres of land in Sonoma Valley in
Northern California. He plans eventually to grow
grapes on that land and make wine with them.
George knows that this is a big undertaking and that
it will require more capital than he has at the
present. However, he figures that, if he persists, he
will be able to leave accounting and live full-time
from his winery earnings by the time he is 40.

Because wine making is capital-intensive and
growing commercial-quality grapes with a full yield
of 5 tons per acre takes at least 8 years, George is
planning to start small. This is necessitated by both
his lack of capital and his inexperience in wine making
on a large scale, although he has long made wine at
home. His plan is first to plant the grapes on his land
to get the vines started. Then he needs to set up a
small trailer where he can live on weekends while he
installs the irrigation system and does the required
work to the vines, such as pruning and fertilizing. To
help maintain a positive cash flow during the first few
years, he also plans to buy grapes from other nearby
growers so he can make his own label wine. He pro-
poses to market it through a small tasting room that
he will build on his land and keep open on weekends
during the spring—summer season.

To begin, George is going to use $10,000 in
savings to finance the initial purchase of grapes from
which he will make his first batch of wine. He is also
thinking about going to the Bank of Sonoma and
asking for a loan. He knows that if he goes to the
bank, the loan officer will ask for a business plan; so
he is trying to pull together some numbers for
himself first. This way he will have a rough notion of
the profitability and cash flows associated with his
ideas before he develops a formal plan with a pro
forma income statement and balance sheet. He has
decided to make the preliminary planning horizon
two years and would like to estimate the profit over
that period. His most immediate task is to decide

16 This case was written by William D. Whisler, California State
University, Hayward.

how much of the $10,000 should be allocated to
purchasing grapes for the first year and how much to
purchasing grapes for the second year. In addition,
each year he must decide how much he should
allocate to purchasing grapes to make his favorite
Petite Syrah and how much to purchasing grapes to
make the more popular Sauvignon Blanc that seems
to have been capturing the attention of a wider
market during the past few years in California.

In the first year, each bottle of Petite Sirah
requires $0.80 worth of grapes and each bottle of
Sauvignon Blanc uses $0.70 worth of grapes. For the
second year, the costs of the grapes per bottle are
$0.75 and $0.85, respectively.

George anticipates that his Petite Sirah will
sell for $8.00 a bottle in the first year and for $8.25 in
the second year, whereas his Sauvignon Blanc’s price
remains the same in both years at $7.00 a bottle.

Besides the decisions about the amounts of
grapes purchased in the 2 years, George must make
estimates of the sales levels for the two wines during
the 2 years. The local wine-making association has
told him that marketing is the key to success in
any wine business; generally, demand is directly
proportional to the amount of effort spent on
marketing. Thus, because George cannot afford to
do any market research about sales levels due to
his lack of capital, he is pondering how much
money he should spend to promote each wine each
year. The wine-making association has given him a
rule of thumb that relates estimated demand to
the amount of money spent on advertising. For
instance, they estimate that, for each dollar spent
in the first year promoting the Petite Sirah, a
demand for 5 bottles will be created;and for each
dollar spent in the second year, a demand for 6 bot-
tles will result. Similarly, for each dollar spent on ad-
vertising for the Sauvignon Blanc in the first year, up
to 8 bottles can be sold;and for each dollar spent in
the second year, up to 10 bottles can be sold.

The initial funds for the advertising will come
from the $10,000 savings. Assume that the cash
earned from wine sales in the first year is available
in the second year.

A personal concern George has is that he main-
tain a proper balance of wine products so that he
will be well positioned to expand his marketing
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capabilities when he moves to the winery and makes
it his full-time job. Thus, in his mind, it is important
to ensure that the number of bottles of Petite Sirah
sold each year falls in the range between 40% and
70% of the overall number of bottles sold.

Questions

2.

George needs help to decide how many grapes
to buy, how much money to spend on adver-
tising, how many bottles of wine to sell, and how
much profit he can expect to earn over the
2-year period. Develop a spreadsheet LP model
to help him.

Solve the linear programming model formulated
in Question |.

The following questions should be attempted only after
Questions | and 2 have been answered correctly.

3.
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After showing the business plan to the Bank of
Sonoma, George learns that the loan officer is
concerned about the market prices used in
estimating the profits; recently it has been
forecasted that Chile and Australia will be
flooding the market with high-quality, low-priced
white wines over the next couple of years. In par-
ticular, the loan officer estimates that the price
used for the Sauvignon Blanc in the second year
is highly speculative and realistically might be only
half the price George calculated. Thus, the bank
is nervous about lending the money because of
the big effect such a decrease in price might have
on estimated profits. What do you think?

Another comment the loan officer of the Bank
of Sonoma has after reviewing the business plan
is:“l see that you do have an allowance in your
calculations for the carryover of inventory of
unsold wine from the first year to the second
year, but you do not have any cost associated
with this. All companies must charge something
for holding inventory, so you should redo your
plans to allow for this.” If the holding charges are
$0.10 per bottle per year, how much, if any, does
George’s plan change!?

The president of the local grape growers’
association mentions to George that there is
likely to be a strike soon over the unionization
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of the grape workers (currently they are not
represented by any union). This means that the
costs of the grapes might go up by anywhere
from 50% to 100%. How might this affect
George’s plan?

Before taking his business plan to the bank,
George had it reviewed by a colleague at the
accounting firm where he works. Although his
friend was excited about the plan and its
prospects, he was dismayed to learn that George
had not used present value in determining his
profit. “George, you are an accountant and must
know that money has a time value; and although
you are only doing a 2-year planning problem, it
still is important to calculate the present value
profit”” George replies,“Yes, | know all about
present value. For big investments over long
time periods, it is important to consider. But in
this case, for a small investment and only a
2-year time period, it really doesn’t matter.”
Who is correct, George or his colleague? Why?
Use an 8% discount factor in answering this
question. Does the answer change if a 6% or
10% discount rate is used? Use a spreadsheet
to determine the coefficients of the objective
function for the different discount rates.

Suppose that the Bank of Sonoma is so excited
about the prospects of George’s wine-growing
business that they offer to lend him an extra
$10,000 at their best small business rate—28%
plus a 10% compensating balance.'” Should he
accept the bank’s offer? Why or why not?

Suppose that the rule of thumb George was given
by the local wine-making association is incorrect.
Assume that the number of bottles of Petite
Sirah sold in the first and second years is at most
4 for each dollar spent on advertising. And like-
wise for the Sauvignon Blanc, assume that it can
be at most only 5 in years | and 2.

How much could profits be increased if
George’s personal concerns (that Petite Sirah
sales should account for between 40% and 70%
of overall sales) are ignored? ®

'7 The compensating balance requirement means that only $9,000 of
the $10,000 loan is available to George; the remaining $1,000 re-
mains with the bank.



CHAPTER

Linear Programming Models

PRODUCTION, INVENTORY, AND
DISTRIBUTION AT KELLOGG

he Kellogg Company is the largest cereal producer in the world and is a

leading producer of convenience foods. Its worldwide sales in 1999 were
nearly $7 billion. Kellogg’s first product in 1906 was Corn Flakes, and it
developed a variety of ready-to-eat cereals over the years, including Raisin
Bran, Rice Krispies, Corn Pops, and others. Although the company continues
to develop and market new cereals, it has recently gone into convenience
foods, such as Pop-Tarts and Nutri-Grain cereal bars, and has also entered
the health-food market. Kellogg produces hundreds of products and sells
thousands of stock-keeping units (SKUs). Managing production, inventory,
and distribution of these—that is, the daily operations—in a cost-effective
manner is a challenge.

By the late 1980s, Kellogg realized that the increasing scale and
complexity of its operations required optimization methods to coordinate
its daily operations in a centralized manner. As described in Brown et al.
(2001), a team of management scientists developed an optimization software
system called KPS (Kellogg Planning System). This system was originally in-
tended for operational (daily and weekly) decisions, but it expanded into a
system for making tactical (longer-range) decisions about issues such as plant
budgets, capacity expansion, and consolidation. By the turn of the century,
KPS had been in use for about a decade. Operational decisions made by
KPS reduced production, inventory, and distribution costs by approximately
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$4.5 million per year. Better yet, the tactical side of KPS recently suggested a
consolidation of production capacity that saved the company approximately
$35 to $40 million annually.

Kellogg operates 5 plants in the United States and Canada, has 7 distribu-
tion centers (DCs) in such areas as Los Angeles and Chicago, and has about
|5 co-packers, companies that contract to produce or pack some of
Kellogg’s products. Customer demands are seen at the DCs and the plants.
In the cereal business alone, Kellogg has to coordinate the packaging,
inventorying, and distributing of 600 SKUs at about 27 locations with a total
of about 90 productions lines and 180 packaging lines. This requires a
tremendous amount of day-to-day coordination to meet customer demand
at a low cost. The KPS operational system that guides operational decisions
is essentially a large linear programming model that takes as its inputs the
forecasted customer demands for the various products and specifies what
should be produced, held, and shipped on a daily basis. The resulting model is
similar to the model of football production discussed in the previous chapter,
except that it's much larger.

Specifically, for each week of its 30-week planning horizon, the model
specifies (1) how much of each product to make on each production line at
each facility; (2) how much of each SKU to pack on each packaging line at
each facility; (3) how much inventory of each SKU to hold at each facility; and
(4) how much of each SKU to ship from each location to other locations. In
addition, the model has to take constraints into account. For example, the
production within a given plant in a week cannot exceed the processing line
capacity in that plant. Linear programming models such as Kellogg’s tend to
be very large—thousands of decision variables and hundreds or thousands of
constraints—but the algorithms Kellogg uses are capable of optimizing such
models very quickly. Kellogg runs its KPS model each Sunday morning and
uses its recommendations in the ensuing week.

The KPS system illustrates a common occurrence when companies turn
to management science for help. As stated earlier, the system was originally
developed for making daily operational decisions. Soon, however, the com-
pany developed a tactical version of KPS for long-range planning on the
order of 12 to 24 months. The tactical model is similar to the operational
model except that time periods are now months, not days or weeks, and
other considerations must be handled, such as limited product shelf lives.
The point is, however, that when companies such as Kellogg become com-
fortable with management science methods in one part of their operations,
they often look for other areas to apply similar methods. As with Kellogg,
such methods can save the company millions of dollars. B

4.1 INTRODUCTION

In a recent survey of Fortune 500 firms, 85% of those responding said that they used linear
programming. In this chapter, we discuss some of the LP models that are most often ap-
plied to real applications. In the chapter’s examples, you will discover how to build
optimization models to

m purchase television ads.
schedule postal workers.

m create an aggregate labor and production plan at a shoe company.
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create a blending plan to transform crude oils into end products.
plan production of interdependent products at a drug company.
choose an investment strategy at a financial investment company.

manage a pension fund.

determine which of several hospitals use their inputs “efficiently.”

The two basic goals of this chapter are to illustrate the wide range of real applications
that can take advantage of LP and to increase your facility in modeling LP problems on a
spreadsheet. We present a few principles that will help you model a wide variety of prob-
lems. The best way to learn, however, is to see many examples and work through numer-
ous problems. In short, mastering the art of LP spreadsheet modeling takes hard work and
practice, which you will find plenty of in this chapter.

Before continuing, remember that all of the models in this chapter are linear models as
described in the previous chapter. This means that the target cell is ultimately (possibly
through a series of formulas in intervening cells) a sum of products of constants and chang-
ing cells, where a “constant” is defined by the fact that it does not depend on changing cells.
Similarly, each side of each constraint is either a constant or a sum of products of constants
and changing cells. Also, each changing cell (except in a few cases where it’s specified oth-
erwise) is allowed to contain a continuous range of values, not just integer values. These
properties allow us to check the Assume Linear Model option in Solver, which in turn al-
lows Solver to use its very efficient simplex method to find the optimal solution.'

4.2 ADVERTISING MODELS

Many companies spend enormous amounts of money to advertise their products. They
want to ensure that they are spending their money wisely. Typically, they want to reach
large numbers of various groups of potential customers and keep their advertising costs as
low as possible. The following example illustrates a simple model—and a reasonable ex-
tension of this model—for a company that purchases television ads.

EXAMPLE 4.1 PURCHASING TELEVISION ADS

he General Flakes Company sells a brand of low-fat breakfast cereal that appeals to

people of all age groups and both genders. The company advertises this cereal in a va-
riety of 30-second television ads, and these ads can be placed in a variety of television
shows. The ads in different shows vary by cost—some 30-second slots are much more ex-
pensive than others—and by the types of viewers they are likely to reach. The company has
segmented the potential viewers into six mutually exclusive categories: males age 18 to 35,
males age 36 to 55, males over 55, females age 18 to 35, females age 36 to 55, and females
over 55. A rating service can supply data on the numbers of viewers in each of these cate-
gories who will watch a 30-second ad on any particular television show. Each such viewer
is called an exposure. The company has determined the required number of exposures it
wants to obtain for each group. It wants to know how many ads to place on each of several
television shows to obtain these required exposures at minimum cost. The data on costs per
ad, numbers of exposures per ad, and minimal required exposures are listed in Table 4.1,
where numbers of exposures are expressed in millions, and costs are in thousands of
dollars. What should the company do?

! In the special cases where we impose integer constraints on some changing cells, we can still check the
Assume Linear Model box. However, Solver uses another algorithm, not the simplex method, to optimize when
there are integer-constrained changing cells. This is covered in more depth in Chapter 6.
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Table 4.1 Data for Advertising Problem

Viewer “Monday ‘“Malcolm “The Real Lifetime “Law Minimal
Group/ “Desperate Night in the “Sports World”  Evening & Required
TV Show Housewives” Football” Middle” Center” (MTYV) Movie CNN Order” Exposures
Men 18-35 5 6 5 0.5 0.7 0.1 0.1 3 60
Men 36-55 3 5 2 0.5 0.2 0.1 0.2 5 60
Men over 55 1 3 0 0.3 0 0 0.3 4 28
Women 18-35 6 1 4 0.1 0.9 0.6 0.1 3 60
Women 36-55 4 1 2 0.1 0.1 1.3 0.2 5 60
‘Women over 55 2 1 0 0 0 0.4 0.3 4 28
Cost per Ad 0 100 80 9 13 15 8 140

This list is a small
subset of shows from
which a company
could choose, but it is
a good representation
of the types of shows
favored by various age
groups and genders.

Objective To develop an LP spreadsheet model that relates the numbers of ads on vari-
ous television shows to the exposures to various viewer groups, and to use Solver to find
the minimum cost advertising strategy that meets minimum exposure constraints.

WHERE DO THE NUMBERS COME FROM?
The data for this problem would probably be straightforward to obtain, as suggested here:

m The advertising costs per ad are the going rates for 30-second slots for the various
types of shows.

m The exposures per ad on the various shows are typically supplied by the media
planning departments of advertising agencies. (However, see the “Modeling Issues”
section at the end of this example.)

m The required numbers of exposures are probably determined internally by the
company. The company’s marketing department knows which population groups are
its best customers and probably has some sense of the numbers of exposures the
company should obtain for a general level of advertising.

Solution

This problem is straightforward to model. As indicated in Table 4.2, we need to decide on
the number of ads to place on each television show. This determines the total advertising
cost, which we want to minimize, and the total number of exposures to each viewer group.
The only constraint, other than nonnegativity, is that there must be at least the required
number of exposures for each group.

Table 4.2 Variables and Constraints for Advertising Model

Input variables

Decision variables (changing cells)
Objective (target cell)

Other calculated variables
Constraints

Cost per ad, exposures per ad, minimal required exposures

Numbers of ads to place on various types of shows

Total advertising cost

Total exposures to each viewer group

Actual exposures must be greater than or equal to Required
exposures

Comparison to Product Mix Model

Before continuing, note that this model is essentially the opposite of the product mix model
in the previous chapter. With that model, we tried to make the values of the decision vari-
ables (numbers of frames to produce) as large as possible to make a large profit. The
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LP models tend to

fall into “types,” at
least from a structural
point of view, even
though their actual
contexts might be
very different.The two
types mentioned here
are among the most
common.

constraints on resource availability restricted us from making these values as large as we
would like. In contrast, we now want to make the values of the decision variables as small
as possible to minimize cost. This time, the constraints on required exposures prevent us
from making these values as small as we would like. These two prototype LP models—
maximizing profit subject to “less than or equal to” constraints, and minimizing cost sub-
ject to “greater than or equal to” constraints—are certainly not the only types of LP mod-
els that exist, but they are very common.

DEVELOPING THE SPREADSHEET MODEL

The spreadsheet model for the advertising problem appears in Figure 4.1.% (See the file
Advertising 1.xlsx.) The model can be created by following these steps:

Figure 4.1 Optimal Solution for the Advertising Model
A B 3 D | E | F G H |
1 |Advertising model -
BY Note: All monetary velues are in $1000s, and all
exposures to ads are in millions of exposures.
1 3] Inputs
4 |Exposures to various groups per ad
5 Desperate Housewives MNF  Malcolmin Middle ~ Sports Center The Real World Lifetime movie CNN Law & Order
6 [Men 18-35 5 6 5 0.5 0.7 0.1 0.1 B
7 |Men 36-55 Bl 5 2 0.5 0.2 0.1 0.2 5
| 8 [Men>55 1 8 0 0.3 0 0 0.3 4
| 9 |[Women 18-35 6 1 4 0.1 0.9 0.6 0.1 3
|10 |Women3655 4 1 2 0.1 0.1 13 02 5
lWomen >55 2 1 0 0 0 0.4 03 4
1_2Tota| viewers 21 17 13 1.5 19| 2.5 12 24
13 ‘ |
14 [Cost per ad 140 100 80 9 13 15 8 140
15 [Cost per million exposures 6.667 5.882 6.154 6.000 6.842 6.000 6.667 5.833
16
17 |Advertising plan
18 Desperate Housewives MNF  Malcolmin Middle ~ Sports Center The Real World Lifetime movie CNN Law & Order
19 [Number ads purchased 0.000 0.000 8719 20.625 0.000 6.875 0.000 6.313;

Constraints on numbers of exposures

Men 18-35

Actual exposures

Required exposures

Range names used:
Actual_exposures

=Model!$B$23:5B5$28

23 73.531 >= 60 Number_ads_purchased =Model!$B$19:51$19
24 |Men 36-55 60.000 >= 60 Required_exposures =Model!$D$23:5D$28
25 |Men >55 31.438 >= 28 Total_cost =Model!$B$31

26 [Women 18-35 60.000 >= 60

27 |Women 36-55 60.000 >= 60

28 [Women >55 28.000 >= 28

A

| 30 |Objective to minimize

31 [Total cost $1,870.000

c Input values and range names. Enter the inputs from Table 4.1 in the shaded ranges,
and name the ranges as shown.

Excel Tip: Range Name Shortcut

We’ve said it before, but we’ll say it again. Whenever possible, use “nice” labels such
as in cells A19 and B22. Then you can take advantage of these labels, along with the Create
from Selection shortcut, to name as many desired ranges as possible.

9 Ads purchased. Enter any values in the Number_ads_purchased range. These are the
only changing cells for this model.

2 From here on, to save space we typically show only the optimal solution. However, remember that when you
develop a spreadsheet optimization model, you can enter any values in the changing cells initially. Solver will
eventually find the optimal solution.
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9 Exposures obtained. The numbers of ads purchased determine the numbers of expo-
sures to the various viewer groups. To calculate these exposures, enter the formula

=SUMPRODUCT (B6:16,Number_ads_purchased)

in cell B23 and copy it down to cell B28.

e Total cost. The quantities of ads purchased also determine the total cost of advertising.
Calculate this cost in cell B31 with the formula

=SUMPRODUCT (B14:114,Number_ads_purchased)

$OuveR |  USING SOLVER

) 4

The main Solver dialog box appears in Figure 4.2. After filling it out as shown and check-
ing the usual Assume Linear Model and Assume Non-Negative options, click on the Solve
button to obtain the solution shown earlier in Figure 4.1.

Figure 4.2 Solver Parameters i 2 x|
Solver Dialog Set Target Cell: |T0ta|_cost =|'6]

Box for the Equal To: C Max Mo O Yalueof: IU

) Close |
Advertlsmg By Changing Cells:
Model Mumnber_ads_purchased _'-‘;] Guess |
-Subject to the Constraints: Sptions

Actual_exposures == Required_exposures ;I &dd |

b |

Help

Discussion of the Solution

The optimal solution is probably not the one you would have guessed. With a set of ads that
cost very different amounts and reach very different mixes of viewers, it’s difficult to guess
the optimal strategy. For comparison, however, we calculated the total number of viewers
from each type of ad in row 12 and divided the costs in row 14 by the numbers of viewers
in row 12 to obtain the cost per million viewers in row 15. You might expect the ads with
low cost per million viewers to be chosen most frequently. However, this is not necessarily
the case. For example, “Monday Night Football” (MNF) has the second-lowest cost per
million viewers, but the optimal solution includes no ads for this show.

Sensitivity Analysis
Solver’s sensitivity report, shown in Figure 4.3, is enlightening for this solution. Here is a
sample of the information it provides.

m  The company is not currently purchasing any ads on “Desperate Housewives.” The
reduced cost for this show implies that the cost per ad would have to decrease by at
least 10 ($10,000) before it would be optimal to purchase any ads on this show.

m  The company is currently purchasing about 20 ads on “Sports Center.” The allowable
increase and decrease for this show indicate how much the cost per ad would have to
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Figure 4.3  Sensitivity Report for the Advertising Model

Al B ] C D 3 F G H
6 |Adjustable Cells
7 Final | Reduced | Objective Allowable Allowable
8 Cell Name Value Cost Coefficient Increase Decrease
9 $BS$19 |Number ads purchased Desperate Housewives 0.000 10.000 140 1E+30 10
10 [ |$C$19 |Number ads purchased MNF 0.000 7.500 100 1E+30 7.5
11 SD$19 [Number ads purchased Malcolm in Middle 8.719 0.000 80 1.744 29.091
12 SES19 |Number ads purchased Sports Center 20.625 0.000 9 0.762 0.451
13 $FS19 |Number ads purchased The Real World 0.000 0.500 13 1E+30 0.5
14 $GS$19 [Number ads purchased Lifetime movie 6.875 0.000 15 2.286 1.103
15 SHS19 |Number ads purchased CNN 0.000 2.250 8 1E+30 2.25
16 $I1$19 |Number ads purchased Law & Order 6.313 0.000 140 11.034 6.957
17
18 |Constraints
19 Final | Shadow | Constraint | Allowable Allowable
20 Cell Name Value Price R.H. Side Increase Decrease
21 $BS$23 |Men 18-35 Actual exposures 73.531 0.000 60 13.531 1E+30
22 | |$B$24 |Men 36-55 Actual exposures 60.000|  15.000 60 44 5.116
23 $BS$25 |Men >55 Actual exposures 31.438 0.000 28 3.4375 1E+30
24 $BS$26 |Women 18-35 Actual exposures 60.000 10.000 60 11 14.931
25 | |SB$27 |Women 36-55 Actual exposures 60.000 5.000 60 44.889 4.889
26 $BS$28 |Women >55 Actual exposures 28.000 2.500 28 6.286 7.586

We refer to this as

a dual-objective
optimization model.
Typically, the two
objectives are pulling
in different directions,
as they are here.

change before the optimal number of ads on the show would change. For example, if
the price per ad increased above 9 + 0.762 ($9762), the company might purchase
fewer than 20 ads. How many fewer? We must rerun Solver to know.

m The constraint on exposures to men in the 36-55 age range has the largest shadow
price, 15.000. If the company relaxed this constraint to require only 59 million
exposures, it would save $15,000 in total advertising cost. On the other side, if the
company required 61 million exposures to this group, rather than 60 million, its cost
would increase by $15,000.

A Dual-Objective Extension of the Model

This advertising model can be extended in a very natural way. General Flakes really has
two competing objectives: (1) obtain as many exposures as possible, and (2) keep the total
advertising cost as low as possible. In the original model, we decided to minimize total cost
and constrain the exposures to be at least as large as a required level. An alternative is to
maximize the total number of excess exposures and put a budget constraint on total cost.
Here, “excess exposures” are those above the minimal required level.

To implement this alternative, only minor modifications to the original model are
necessary, as shown in Figure 4.4. (See the file Advertising 2.xlsx.) We can do this with
the following steps:

c Excess exposures. For each viewer group, calculate the number of excess exposures
by entering the formula

=B23-D23
in cell F23 and copying it down. Then sum these in cell B35 with the SUM function. This
cell becomes the new target cell to maximize.

e Budget constraint. Calculate the total cost exactly as before, but now constrain it to be
less than or equal to a given budget in cell D32.

9 Solver dialog box. Modify the Solver dialog box as shown in Figure 4.5.
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Figure 4.4 Spreadsheet Model for Extension to the Advertising Problem

A | B C D | E | F G H |
1 |Two-objective advertising model
T Note: All monetary values are in $1000s, and all
posures to ads are in millions of exposures.
| 3| Inputs
| 4 [Exposurestovariousgroupsperad
5 T Desperate Housewives MNF  Malcolmin Middle,  Sports Center The Real World | Lifetime movie CNN Law & Order
| 6 | Men 18-35 5 6 5 0.5 0.7 0.1 0.1 3
| 7 |Men 36-55 8] 5 2 0.5 0.2 0.1 0.2 5
8 |Men >55 i, 3 0 0.3 0 0 0.3 4
| 9| Women 18-35 6 1 4 0.1 0.9 0.6 0.1 B
| 10 |Women 36-55 4 1 2 0.1 0.1 1.3 0.2 5
11 (Women >55 2 1 0 0 0 0.4 03 4
| 12 |Total viewers 21 17 13 15 1.9 25 12 24
] I
14 |Cost per ad 140 100 80 9 13 15 8 140
1 15 | Cost per million exposures 6.667 5.882 6.154 6.000 6.842 6.000 6.667 5.833
i
17 |Advertising plan
|18 | Desperate Housewives MNF  Malcolm in Middle ~ Sports Center The Real World | Lifetime movie CNN Law & Order
| 19 |Number ads purchased 0.000 0.000 6.030 0.000 0.000 12.060 0.000 9.548
20
| 21 |Constraints on numbers of exposures Range names used:
| 22 | Actual exposures Required exposures Excess exposures Actual_exposures =Model!$B$23:5B$28
23 |Men 18-35 60.000 >= 60 0.000 Budget =Model!$D$32
| 24 |Men 36-55 61.005 >= 60 1.005 Excess_exposures =Model!$F$23:5F$28
| 25 |Men >55 38.191 >= 28 10.191 Number_ads_purchased =Model!$B$19:$1$19
26 [Women 18-35 60.000 >= 60 | 0.000 Required_exposures =Model!$D$23:5D5$28
| 27 |Women 36-55 75.477 >= 60 15.477 Total_cost =Model!$B$32
28 [Women >55 43.015 >= 28 | 15.015 Total_excess_exposures  |=Model!$B$35
29
| 30 |Budget constrain on total cost
31 Total cost Budget
|32 | $2,000 <= $2,000
i
34 |Objective to
35 |Total excess exposures 41.688

Figure 4.5

Modified Solver
Dialog Box for
Extension to the
Advertising
Problem

Solver Parameters ). ﬂﬁl
Set Target Cell; |Tota|_e><ce =k]

Equal To:  Max Mo © Valueof: IU
By Changing Cells:

Mumber_ads_purchased _"‘;J Guess |

—Subject bo the Constraints: Jptions

Actual_exposures »= Required_sxposures ;I add |
Tatal_cast <= Budget
Change |
Reset all |
LI Delete |
Help |

At this point, you are probably wondering where the budget of $2 million in Figure 4.4
comes from. This requires some explanation of the solution strategy in this extension of the
original model. The basic assumption is that the company has two objectives: to maximize
total excess exposures and minimize total cost. Unfortunately, it’s impossible to do both
because they are pulling in different directions. Whenever we have a multi objective prob-
lem such as this, we typically must use one of the objectives as the target cell and constrain
the other(s). Here, we are asking how many excess exposures we can get for a given bud-
get. There is no natural budget to use, and it makes perfect sense to ask questions such as
these: How many exposures can we get for $1.9 million? How many for $2.0 million? How
many for $2.1 million?

Fortunately, SolverTable is the precise tool we need to answer all of these questions
in one step. We develop the model as in Figure 4.4, using any budget such as $2.0 million
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For two-objective
models, we optimize
one objective and put
a constraint on the
other.Then we can
use SolverTable to
vary the right-hand

side of this constraint.

The result is a
trade-off curve.

in cell D32, and use Solver in the usual way. Then we run a one-way SolverTable, allow-
ing the budget to vary over some desired range and keeping track of selected output
variables. Typical results appear in Figure 4.6, which are based on the SolverTable settings
in Figure 4.7. For low budget levels, the problem is infeasible—there is no way with this
budget to obtain the minimal required exposures. Above a certain budget level, the prob-
lem becomes feasible, and the optimal solutions are shown. As the budget increases, the
company can clearly obtain larger numbers of excess exposures, but the optimal advertis-
ing strategy in columns B through I changes in a somewhat unpredictable way.

Figure 4.6 Sensitivity of Optimal Solution to the Advertising Budget

A | B | C | D | E F G | H | | | 1

[37] itivity of optimal solution to budget
[38] Desperate Housewives MNF  Malcolmin Middle|  Sports Center The Real World  Lifetime movie CNN Law & Order  Total excess exposures
[39] $BS$19 $C$19 $D$19 SES19 SF$19 $G$19 SHS$19 $1S19 $B$35!
[40] 1800|Not feasible
[41 | 1850|Not feasible
[42] 1900 0.000 0.000 8.208 0.000 0.000 1.887 0.000 8.679 23.717
[43] 1950 0.000 0.000 6.934 0.000 0.000 8.491 0.000 9.057 32.726
[ 44 ] 2000 0.000 0.000 6.030 0.000 0.000 12.060 0.000 9.548 41.688
[45 ] 2050 0.000 0.000 5.653 0.000 0.000 11.307 0.000 10.201 50.583
[ 46 | 2100 0.000 0.000 5.276 0.000 0.000 10.553 0.000 10.854 59.477
[47] 2150 0.000 0.000 4.899 0.000 0.000 9.799 0.000 11.508 68.372
[ 48 | 2200 0.000 0.000 4.523 0.000 0.000 9.045 0.000 12.161 77.266
[ 49 2250 0.000 0.000 4.146 0.000 0.000 8.291 0.000 12.814 86.161
[50] 2300 0.000 0.000 3.769 0.000 0.000 7.538 0.000 13.467 95.055
|51 ] 2350 0.000 0.000 3.392 0.000 0.000 6.784 0.000 14.121 103.950
|52 | 2400 0.000 0.000 3.015 0.000 0.000 6.030 0.000 14.774 112.844
|53 | 2450 0.000 0.000 2638 0.000 0.000 5.276 0.000 15.427 121.739

54 2500 0.000 0.000 2.261 0.000 0.000 4.523 0.000 16.080 130.633

Figure 4.7
SolverTable
Settings for
Sensitivity Analysis

Parameters for oneway table p ]

1f you already ran a oneway SolverTable on this
sheet, the previous settings are shown, OF course,

you can enter new values if wau like.
Cancel

Input: cell; I$D$32 _._J

Walues of input to use For kable

¢ Base input values on Following:

Minimurn walue: 1800
Macinurm walue: 2500
Increment: 50

" Use the values below (separate with commas)

Input values: ]

Cutput cell{s): [$B19: 51419, 48435 =
Location of table: 48439 _ | (upper left cell of table)

Mote: Be careful. The table will write over anvthing in its waw! You
might want to delete any old tables before creating any new ones,

The results of this sensitivity analysis can be shown graphically in a trade-off curve,
as in Figure 4.8. To create this, highlight the numbers in columns A and J of Figure 4.6
(from row 43 down) and insert a chart of the Scatter type with the “dots connected.” This
chart illustrates the rather obvious fact that when the company is allowed to spend more on
advertising, it will get more total excess exposures.
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Figure 4.8 Trade-Off Curve Between Total Excess Exposures and Total Cost

Total Excess Exposures
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Use the int option in
the Solver constraint
dialog box to constrain
changing cells to be
integers.

Figure 4.9
Specifying an
Integer Constraint

Using Integer Constraints

The two advertising models to this point have allowed noninteger values in the chang-
ing cells. In reality, this is not allowed; the company cannot purchase, say, 6.313 ads on
“Law & Order.” It must purchase integer numbers of ads. Given this, your first instinct is
probably to round the optimal values in the changing cells to the nearest integers to obtain
the optimal integer solution. Unfortunately, this can have unpredictable results. First,
the rounded solution might not be feasible. Second, even if it’s feasible, it might not be the
optimal integer solution.

Although all of Chapter 6 is spent on special types of integer programming models—
those with integer constraints on at least some of the changing cells—we can preview the
topic here. In fact, from a user’s standpoint, there isn’t much to it. To force the changing
cells to have integer values, we simply add another constraint in the Solver dialog box, as
shown in Figure 4.9. In the left text box, select the changing cell range. In the middle text box,
select int (for integer). The right text box then automatically contains the word Integer. When
we eventually click on Solve, we get the optimal integer solution shown in Figure 4.10.

Cell Reference: Constraint:

INumber_adSJ:urchasedj‘J Iint j Iinteger :k_!

QK I Cancel | add | Help |

Consider the following about this integer solution:

m The total cost in the target cell is now worse (larger) than before. This illustrates the
general rule that when any additional constraints are imposed, including integer con-
straints, the objective can only get worse or remain the same; it can never get better.
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Figure 4.10 Optimal Integer Solution to the Advertising Problem

A

B [ C [ D [ E [ F [ G H |

1 |Advertising model -
T Note: All monetary values are in $1000s, and all
— exposures to ads are in millions of exposures.
3 |Inputs
T Exposures to various groups per ad
| 5| Desperate Housewives MNF  Malcolm in Middle  Sports Center| The Real World Lifetime movie CNN Law & Order:
6 |Men 18-35 5 6 5 0.5 0.7 0.1 0.1 3
| 7 |Men 36-55 3 5 2 0.5 0.2 0.1 0.2 5
| 8 |Men >55 1 3 0 0.3 0 0 0.3 4
"9 |Women 18-35 6 1 4 0.1 0.9 0.6 0.1 3
| 10 |Women 36-55 4 1 2 0.1 0.1 13 0.2 5
11 |Women >55 2 1 0 0 0 0.4 0.3 4
| 12 |Total viewers 21 17 13| 1.5 1.9 2.5 1.2 24
ETY | |
| 14 |Cost per ad 140 100 80 9 13 15 8 140
15 |Cost per million exposures 6.667 5.882 6.154 | 6.000 6.842 6.000 6.667 5.833
e |
?Adverﬁsing plan
|18 | Desperate Housewives MNF Malcolm in Middle| Sports Center| The Real World Lifetime movie CNN Law & Order:
| 19 |Number ads purchased 0 0 7 28 6 10 0 6

21 |Constraints on numbers of exposures

22 Actual exposures | Required exposures,
| 23 |Men 18-35 72.200 >= 60
24 |Men 36-55 60.200 >= 60
25 |Men >55 32.400 >= 28
| 26 |Women 18-35 60.200 >z 60
27 [Women 36-55 60.400 >z 60
| 28 |Women >55 28.000 >= 28
29
| 30 |Objective to minimize
31 |Total cost $1,880.000

Specifying integer
constraints in the
Solver dialog box is
easy. Be aware,
however, that Solver

must typically do a lot

more work to solve

problems with integer

constraints.

Unfortunately, many
marketing models,

including this one, are

inherently nonlinear.

m  The optimal integer solution is not the rounded noninteger solution. In fact, it isn’t
even close. (Compare the before and after “The Real World” and “Sports Center”
values, for example.) Rounding noninteger solutions sometimes works, and some-
times it doesn’t. Using Solver with explicit integer constraints is always safer.

m  When there are integer constraints, Solver uses an algorithm—called branch and
bound—that is significantly different from the simplex method. Integer-constrained
models are typically much harder to solve than models without any integer con-
straints. Although this small model still solves in a fraction of a second, larger integer
models can take minutes or even hours of solution time.

m If the model is linear except for the integer constraints, that is, it satisfies the propor-
tionality and additivity assumptions of linear models, you should still check the
Assume Linear Model box under Solver Options. =

MODELING ISSUES

The advertising model has one weakness, at least for realistic applications. Perhaps you’ve
already spotted it: double-counting. Suppose a company runs 3 ads for the same product on
a “Monday Night Football” telecast. Also, let’s suppose that the rating service claims that
an ad reaches, say, 6 million men age 18-35. How many fotal exposures do these 3 ads
reach for this viewer group? Our model claims that it reaches 3(6) = 18 million. However,
the “effective” number of exposures is probably much lower than 18, for the simple reason
that the same men are watching all 3 ads.

This presents two difficulties for the modeler. First, it is probably difficult to estimate
the effective number of exposures to any viewer group when an ad is run multiple times on
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the same show. Second, even if a company can obtain such estimates, it faces a nonlinear
model, as discussed in Chapter 7. This is because the proportionality assumption of LP no
longer holds. Specifically, each extra ad on a given show reaches a decreasing number of
“new” exposures. (We revisit this model in Chapter 7.) =

PROBLEMS

Solutions for problems whose numbers appear within a
color box can be found in the Student Solutions Files.

Order your copy today at the Winston/Albright product Web

site, academic.cengage.com/decisionsciences/winston.

Skill-Building Problems

1. Suppose, as a matter of corporate policy, that General

Flakes decides not to advertise on the Lifetime
channel. Modify the original advertising model

appropriately and find the new optimal solution. How

much has it cost the company to make this policy
decision?

least 160 million exposures to women. Does the
current optimal solution satisfy these constraints? If

not, modify the model as necessary, and rerun Solver

to find the new optimal solution.

3. Suppose, in addition to the shows already listed,
General Flakes wants to open the possibility of pur-

chasing ads on the “Good Morning America” show on
ABC. Make up any reasonable input data you need to

include this possibility in the (original) model, and
find the optimal solution.

4. Suppose that General Flakes decides that it shouldn’t

place any more than 10 ads on any given show.

In addition to the constraints already in the (original)
advertising model, suppose General Flakes also wants
to obtain at least 180 million exposures to men and at

Modity the (original) advertising model appropriately
to incorporate this constraint, and then reoptimize
(with integer constraints on the numbers of ads).
Finally, run SolverTable to see how sensitive the
optimal solution is to the maximum number of ads per
show allowed. You can decide on a reasonable range
for the sensitivity analysis.

Skill-Extending Problems

5.

In the two-objective advertising model, we put a
budget constraint on the total advertising cost and then
maximized the total number of excess exposures. Do
it the opposite way, reversing the roles of the two
objectives. That is, model it so that you put a lower
limit on the total number of excess exposures and
minimize the total advertising cost. Then run a sensi-
tivity analysis on this lower limit, and create a trade-
off curve from the results of the sensitivity analysis.

Suppose we consider three objectives, not just two:
the total advertising cost, the total number of excess
exposures to men, and the total number of excess
exposures to women. Continuing the approach sug-
gested in the previous problem, how might you
proceed? Take it as far as you can, including a
sensitivity analysis and a trade-off curve.

4.3 WORKFORCE SCHEDULING MODELS

Many organizations must determine how to schedule employees to provide adequate ser-
vice. The following example illustrates how LP can be used to schedule employees.

EXAMPLE 4.2 PostAL EMPLOYEE SCHEDULING

must be hired.
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post office requires different numbers of full-time employees on different days of the
week. The number of full-time employees required each day is given in Table 4.3.
Union rules state that each full-time employee must work five consecutive days and then
receive two days off. For example, an employee who works Monday to Friday must be off
on Saturday and Sunday. The post office wants to meet its daily requirements using only
full-time employees. Its objective is to minimize the number of full-time employees that



In real employee
scheduling problems,
much of the work
involves forecasting
and queueing analysis
to obtain worker
requirements. This
must be done before
any schedule
optimizing can be
accomplished.

The key to this model
is choosing the correct
changing cells.

Table 4.3 Employee Requirements for Post Office

Day of Week Minimum Number of Employees Required
Monday 17
Tuesday 13
Wednesday 15
Thursday 19
Friday 14
Saturday 16
Sunday 11

Objective To develop an LP spreadsheet model that relates five-day shift schedules to
daily numbers of employees available, and to use Solver on this model to find a schedule
that uses the fewest number of employees and meets all daily workforce requirements.

WHERE DO THE NUMBERS COME FROM?

The only inputs we need for this problem are the minimum employee requirements in
Table 4.3, but these are not necessarily easy to obtain. They would probably be obtained
through a combination of two quantitative techniques discussed in later chapters: forecast-
ing (Chapter 16) and queueing analysis (Chapter 14). The postal office would first use his-
torical data to forecast customer and mail arrival patterns throughout a typical week. It
would then use queueing analysis to translate these arrival patterns into worker require-
ments on a daily basis. Actually, we have kept the problem relatively simple by consider-
ing only daily requirements. In a realistic setting, the organization might forecast worker
requirements on an hourly or even a 15-minute basis.

Solution

The variables and constraints for this problem appear in Table 4.4. The trickiest part is
identifying the appropriate decision variables. Many people think the decision variables
should be the numbers of employees working on the various days of the week. Clearly, we
need to know these values. However, it is not enough to specity, say, that 18 employees are
working on Monday. The problem is that we don’t know when these 18 employees start
their five-day shifts. Without this knowledge, it is impossible to implement the five-
consecutive-day, two-day-off requirement. (If you don’t believe this, try developing your
own model with the “wrong” decision variables. You will eventually reach a dead end.)

The trick is to define the decision variables as the numbers of employees working each
of the seven possible five-day shifts. For example, we need to know the number of
employees who work Monday through Friday. By knowing the values of these decision
variables, we can calculate the other output variables we need. For example, the number
working on Thursday is the total of those who begin their five-day shifts on Sunday,
Monday, Tuesday, Wednesday, or Thursday.

Table 4.4 Variables and Constraints for Postal Scheduling Problem

Input variables
Decision variables (changing cells)

Minimum required number of workers each day

Number of employees working each of the five-day shifts
(defined by their first day of work)

Total number of employees on the payroll

Number of employees working each day

Employees working must be greater than or equal to
Employees required

Objective (target cell)
Other calculated variables
Constraints
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FUNDAMENTAL INSIGHT

Choosing the Changing Cells

The changing cells, which are really just the decision
variables, should always be chosen so that their values
determine all required outputs in the model. In other
words, their values should tell the company exactly
how to run its business. Sometimes the choice of
changing cells is fairly obvious, but in many cases (as in

this workforce scheduling model), the proper choice
of changing cells takes some deeper thinking about
the problem. An improper choice of changing cells
typically leads to a dead end, where their values do
not supply enough information to calculate required
outputs or implement certain constraints.

DEVELOPING THE SPREADSHEET MODEL

Note that this is a “wrap-around” problem. We assume that the daily requirements in
Table 4.3 and the worker schedules continue week after week. So, for example, if we find
that eight employees are assigned to the Thursday—Monday shift, then these employees
always wrap around from one week to the next on their five-day shift.

The spreadsheet model for this problem is shown in Figure 4.11. (See the file
Worker Scheduling.xlsx.) To form this spreadsheet, proceed as follows:

Figure 4.11

Postal Scheduling Model with Optimal Solution

A [ B C D E F G H I J K
| 1 |Worker scheduling model Range names used
2 } Employees_available  =Model!$B$23:SHS$23|
3 |Decision variables: number of employees starting their five-day shift on various days Employees_required =Model!SB$25:SHS25)
4 [Mon 6.33 Employees_Starting =Model!$B$4:5BS$10
5 [Tue 3.33 Total_employees =Model!$B$28
6 |Wed 2.00
7 |Thu 7.33
| 8 |Fri 0.00
9 |[Sat 3.33
| 10 |Sun 0.00
11
| 12 |Result of decisions: number of employees working on various days (along top) who started their shift on various days (along side)
13 Mon Tue Wed Thu Fri Sat Sun
14 |Mon 6.33 6.33 6.33 6.33 6.33
15 |[Tue 3.33 3.33 3.33 3.33 3.33
16 (Wed 2.00 2.00 2.00 2.00 2.00
17 |Thu 7.33 7.33 7.33 7.33 7.33
18 |Fri 0.00 0.00 0.00 0.00 0.00!
| 19 |Sat 3.33 3.33 3.33 3.33 3.33
20 |Sun 0.00 0.00 0.00 0.00 0.00
[ 21]
22 |Constraint on worker availabilities
23 |[Employees available 17.00 13.00 15.00 19.00 19.00 16.00 12.67
24| >= >= >= >= >= >= >=
25 [Employees required 17 13 15 19 14 16 11
26
27 |Objective to maximize
28 |Total employees 22.33

‘ c Inputs and range names. Enter the number of employees needed on each day of the
week (from Table 4.3) in the shaded range, and create the range names shown.
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Figure 4.12
Solver Dialog
Box for the

Postal Model

o Employees beginning each day. Enter any trial values for the number of employees
beginning work on each day of the week in the Employees_starting range. These beginning
days determine the possible five-day shifts. For example, the employees in cell B4 work
Monday through Friday.

e Employees on hand each day. The key to this solution is to realize that the numbers
in the Employees_starting range—the changing cells—do not represent the number of
workers who will show up each day. As an example, the number in B4 who start on Monday
work Monday through Friday. Therefore, enter the formula

=$B$4

in cell B14 and copy it across to cell F14. Proceed similarly for rows 15-20, being careful
to take wrap arounds into account. For example, the workers starting on Thursday work
Thursday through Sunday, plus Monday. Then calculate the total number of workers who
show up on each day by entering the formula

=SUM(B14:B20)
in cell B23 and copying it across to cell H23.

Excel Tip: Ctrl+Enter Shortcut
You will enter a “typical” formula into a cell and then copy it many times throughout this
book. To do this efficiently, highlight the entire range, here B23:H23. Then enter the typi-
cal formula, here =SUM(B14:B20), and press Ctrl+Enter. This has the same effect as
copying, but it is slightly quicker.

o Total employees. Calculate the total number of employees in cell B28 with the
formula

=SUM(Employees_starting)

Note that there is no double counting in this sum. For example, the employees in cells B4
and BS5 are different people.

At this point, you might want to try experimenting with the numbers in the changing
cell range to see whether you can guess an optimal solution (without looking at
Figure 4.11). It is not that easy! Each worker who starts on a given day works the next four
days as well, so when you find a solution that meets the minimal requirements for the vari-
ous days, you usually have a few more workers available on some days than are needed.

USING SOLVER

Invoke Solver and fill out its main dialog box as shown in Figure 4.12. Also, check the
Assume Linear Model and Assume Non-Negativity options in the Options dialog box.

Solver Parameters

Set Target Cell: |Tota|_

Equal To: CiMax &mn O Yalue of: IU |

By Chanaging Cells: akzc
Employees_Starting Guess

Subject to the Constraints: Options
Employess_available == Emplovess_required add

Reset Al

Help
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Figure 4.13
Solver Dialog
Box with Integer
Constraint

Discussion of the Solution

The optimal solution shown in Figure 4.11 has one drawback: It requires the number of em-
ployees starting work on some days to be a fraction. Because part-time employees are not
allowed, this solution is unrealistic. However, as we discussed in Example 4.1, adding in-
teger constraints on the changing cells is simple. We need to fill in a new constraint as
shown in Figure 4.13 and then reoptimize. This produces the optimal integer solution

shown in Figure 4.14.

Solver Parameters L
Set Target Cell: |T0ta|_empl: =k]

2]

Equal To: CMax  *mn O yalueof: IU

Close |

By Changing Cells:

|Employees_starting

_'-‘;] Guess |

=l e |
Change |
ﬂ Delete |

-Subject to the Constraints:

Emplovees_available == Emplovess_reguired
Emplovees_starting = inteqger

Opkions

Reset Al |
Help |

Figure 4.14 Optimal Integer Solution to Postal Scheduling Model

A [ B C D E F G H I J K
| 1 |Worker scheduling model Range names used
2 | Employees_available  =Model!$B$23:SHS$23|
| 3 |Decision variables: number of employees starting their five-day shift on various days Employees_required  =Model!$B$25:5HS$25|
4 [Mon 6 Employees_Starting =Model!$B$4:$BS$10
5 [Tue 6 Total_employees =Model!$B$28
6 |Wed 0
7 |Thu 7
| 8 |Fri 0
9 |Sat 4
| 10 |Sun 0
11 |
| 12 |Result of decisions: number of employees working on various days (along top) who started their shift on various days (along side)
13 Mon Tue Wed Thu Fri Sat Sun
| 14 |Mon 6 6 6 6 6
15 [Tue 6 6 6 6 6
16 |Wed 0 0 0 0 0
17 [Thu 7 7 7 7 7
18 [Fri 0 0 0 0 0
19 [sat 4 4 4 4 4
20 [Sun 0 0 0 0 0
[ 21]
22 |Constraint on worker availabilities
23 |Employees available 17 16 16 19 19 17 11
24| >= >= >= >= >= >= >=
| 25 [Employees required 17 13 15 19 14 16 11
26
27 |Objective to maximize
28 [Total employees 23
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Multiple optimal
solutions have
different values in the
changing cells, but
they all have the same
objective value.

Set Solver’s Tolerance
to O to ensure that
you get the optimal
integer solution. Be
aware, however, that
this can incur signifi-
cant extra computing
time for larger models.

To run some sensitivity
analyses with
SolverTable, you need
to modify the original
model slightly to
incorporate the effect
of the input being
varied.

The changing cells in the optimal solution indicate the numbers of workers who start
their five-day shifts on the various days. We can then look at the columns of the B14:H20
range to see which employees are working on any given day. This optimal solution is
typical in scheduling problems. Due to a labor constraint—each employee must work
five consecutive days and then have two days off—it is typically impossible to meet the
minimum employee requirements exactly. To ensure that enough employees are available
on busy days, companies often must have more than enough on hand on light days.

Another interesting aspect of this problem is that if you solve this problem on your
own PC, you might get a different schedule that is still optimal—that is, it still uses a total
of 23 employees and meets all constraints. This is a case of multiple optimal solutions
and is not at all uncommon in LP problems. In fact, it is typically good news for a manager,
who can then choose among the optimal solutions using other, possibly nonquantitative
criteria.’

Technical Note: Solver Tolerance Setting

When there are integer constraints, you should be aware of Solver’s Tolerance setting. As
Solver searches for the best integer solution, it often finds a “good” solution fairly quickly,
but it then has to spend a lot of time finding slightly better solutions (or confirming that the
best solution so far is optimal). A nonzero tolerance setting allows it to quit early. The de-
fault tolerance setting is 0.05. This means that if Solver finds a feasible solution that is
guaranteed to have an objective value no more than 5% from the optimal value, it will quit
and report this “good” solution (which might even be the optimal solution). Therefore, if
you keep this default tolerance value, your integer solutions will sometimes not be optimal,
but they will be close. If you want to ensure that you get an optimal solution, you can
change the Solver tolerance value to 0. (For the standard Solver that accompanies Excel,
this setting is directly under the Solver Options. If you happen to use Premium Solver, you
can find the setting by clicking on the Solver Options button and then on the Integer
Options button.)

Sensitivity Analysis
The most obvious type of sensitivity analysis involves examining how the work schedule
and the total number of employees change as the number of employees required each day
changes. Suppose the number of employees needed on each day of the week increases by
two, four, or six. How does this change the total number of employees needed? We can an-
swer this by using SolverTable, but we first have to alter the model slightly, as shown in
Figure 4.15. The problem is that we want to increase each of the daily minimal required
values by the same amount. Therefore, move the original requirements up to row 12, enter
a trial value for the extra number required per day in cell K12, enter the formula
=B12+$K$12 in cell B27, and then copy this formula across to cell H27. Now we can use
the one-way SolverTable option, using cell K12 as the single input, letting it vary from 0 to
6 in increments of 2, and specifying the Total_employees cell as the single output cell.
The results appear in rows 34 through 37 of Figure 4.15. When the requirement in-
creases by two each day, only two extra employees are necessary (scheduled appropri-
ately). However, when the requirement increases by four each day, more than four extra
employees are necessary. The same is true when the requirement increases by six each day.
This might surprise you at first, but there is an intuitive explanation: Each extra worker
works only five days of the week.

*1t’s usually difficult to tell whether there are multiple optimal solutions. We typically discover this by rerunning
Solver from different starting solutions.

4.3 Workforce Scheduling Models 147



Figure 4.15 Sensitivity Analysis for the Postal Model

A [ B | ¢ [ o T E F G H | J K
[ 1] Worker scheduling model |
[2 ]
| 3 |Decision variables: number of employees starting their five-day shift on various days|
4 [Mon 6 I
[ 5 |Tue 6
6 |Wed 0
[ 7 [Thu 7
[ 8 [Fri 0
9 |Sat 4
[ 10 |Sun 0
11 |
12 |Employees required (original values) 17 13 15 19 14 16 11 Extra required each day 0
13 | |
7 Result of : number of employ working c;n various days (along ‘top) who s&arted their: shift on various days ialong side)
[ 15 | Mon Tue Wed Thu Fri Sat Sun
16 |[Mon 6 6 6 6 6
17 |Tue 6 6 6 6 6
[ 18 [wed 0 0 0 0 0
19 |Thu 7 7 7 7 7
[ 20 |Fri 0 0 0 0 0
| 21 |sat 4 4 4 4 4
22 [Sun 0 0 0 0 0
[23 ]
24 |Constraint on worker
25 |Employees available 17 16 16 19 19 17 11
7 I >= >= i >= [ >= >= | >= >=
27 |Employees required 17 13 15 19 14 16 11
[28 |
29 |Objective to
[ 30 |Total employees 23
31 [
32 itivity of total employees to extra required each day
[33] $B$30
34 0 23
[35 | 2 25
36 4 28
37 6 31

Heuristic solutions are
often close to optimal,
but they are never
guaranteed to be
optimal.

Note that we did not use Solver’s sensitivity report here for two reasons. First, Solver
does not offer a sensitivity report for models with integer constraints. Second, even if we
delete the integer constraints, Solver’s sensitivity report is not suited for questions about
multiple input changes. It is used only for questions about one-at-a-time changes to inputs,
such as a change to a specific day’s worker requirement. In this sense, SolverTable is a
more flexible tool. =

MODELING ISSUES

1. The postal employee scheduling example is called a static scheduling model, be-
cause we assume that the post office faces the same situation each week. In reality,
demands change over time, workers take vacations in the summer, and so on, so the
post office does not face the same situation each week. Dynamic scheduling models
are discussed in the next section.

2. If we wanted to develop a weekly scheduling model for a supermarket or a fast-food
restaurant, the number of variables could be very large, and optimization software
such as Solver could have difficulty finding an exact solution. In such cases, heuristic
methods (essentially clever trial-and-error algorithms) can often be used to find a
good solution to the problem. Love and Hoey (1990) indicate how this can be done
for a particular staff-scheduling example.

3. Our model can easily be expanded to handle part-time employees, the use of over-
time, and alternative objectives such as maximizing the number of weekend days off
received by employees. You will have a chance to explore such extensions in the
“Problems” section. m
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ADDITIONAL APPLICATIONS

Scheduling Employees in Quebec’s Liquor Stores

The SAQ is a public corporation of the Province of Quebec that is responsible for distribu-
ting and selling alcohol-based products through a large network of more than 400 stores
and warehouses. Every week, the SAQ has to schedule more than 3000 employees. Until
2002, the scheduling of these employees was done manually, incurring an annual expense
of about $1,300,000 (CAN). Gendron (2005) developed an integer programming model
that is estimated to have saved the SAQ about $1,000,000 (CAN) annually. The model has
to deal with complex union rules. For example, there is a rule that shifts of six hours or
more can be split between two employees, but it must be coupled with another rule that
forces employees to take one-hour unpaid lunch or dinner breaks. =

PROBLEMS

Skill-Building Problems
Modify the post office model so that employees are

paid $10 per hour on weekdays and $15 per hour on
weekends. Change the objective so that you now mini-
mize the weekly payroll. (You can assume that each
employee works eight hours per day.) Is the previous
optimal solution still optimal?

How much influence can the worker requirements for
one, two, or three days have on the weekly schedule in
the post office example? Explore this in the following
questions:

a. Let Monday’s requirements change from 17 to 25
in increments of 1. Use SolverTable to see how the
total number of employees changes.

b. Suppose the Monday and Tuesday requirements
can each, independently of one another, increase
from 1 to 8 in increments of 1. Use a two-way
SolverTable to see how the total number of
employees changes.

¢. Suppose the Monday, Tuesday, and Wednesday
requirements each increase by the same amount,
where this increase can be from 1 to 8 in
increments of 1. Use a one-way SolverTable to
investigate how the total number of employees
changes.

In the post office example, suppose that each full-time
employee works 8 hours per day. Thus, Monday’s
requirement of 17 workers can be viewed as a require-
ment of 8(17) = 136 hours. The post office can meet
its daily labor requirements by using both full-time
and part-time employees. During each week, a full-
time employee works 8 hours a day for 5 consecutive
days, and a part-time employee works 4 hours a day
for 5 consecutive days. A full-time employee costs the

post office $15 per hour, whereas a part-time
employee (with reduced fringe benefits) costs the post
office only $10 per hour. Union requirements limit
part-time labor to 25% of weekly labor requirements.
a. Modify the model as necessary, and then use Solver
to minimize the post office’s weekly labor costs.
b. Use SolverTable to determine how a change in
the part-time labor limitation (currently 25%)
influences the optimal solution.

Skill-Extending Problems

10.

11.

In the post office example, suppose the employees
want more flexibility in their schedules. They want

to be allowed to work five consecutive days followed
by two days off or to work three consecutive days
followed by a day off, followed by two consecutive
days followed by another day off. Modify the original
model (with integer constraints) to allow this flexibil-
ity. Might this be a good deal for management as well
as labor? Explain.

In the post office example, suppose that the post office
can force employees to work one day of overtime each
week on the day immediately following this five-day
shift. For example, an employee whose regular shift is
Monday to Friday can also be required to work on
Saturday. Each employee is paid $100 a day for each
of the first five days worked during a week and $124
for the overtime day (if any). Determine how the post
office can minimize the cost of meeting its weekly
work requirements.

Suppose the post office has 25 full-time employees
and is not allowed to hire or fire any of them.
Determine a schedule that maximizes the number of
weekend days off received by these employees.
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4.4 AGGREGATE PLANNING MODELS

In this section, the production planning model discussed in Example 3.3 of the previous
chapter is extended to include a situation where the number of workers available influences
the possible production levels. The workforce level is allowed to change each period
through the hiring and firing of workers. Such models, where we determine workforce
levels and production schedules for a multiperiod time horizon, are called aggregate
planning models. There are many versions of aggregate planning models, depending on
the detailed assumptions we make. The following example is a fairly simple version that
you will have a chance to modify in the “Problems” section.

EXAMPLE 4.3 WORKER AND PRODUCTION PLANNING AT SURESTEP

uring the next 4 months, the SureStep Company must meet (on time) the following

demands for pairs of shoes: 3000 in month 1; 5000 in month 2; 2000 in month 3; and
1000 in month 4. At the beginning of month 1, 500 pairs of shoes are on hand, and SureStep
has 100 workers. A worker is paid $1500 per month. Each worker can work up to 160 hours
a month before he or she receives overtime. A worker can work up to 20 hours of overtime
per month and is paid $13 per hour for overtime labor. It takes 4 hours of labor and $15 of
raw material to produce a pair of shoes. At the beginning of each month, workers can be
hired or fired. Each hired worker costs $1600, and each fired worker costs $2000. At the
end of each month, a holding cost of $3 per pair of shoes left in inventory is incurred. All
of the production in a given month can be used to meet that month’s demand. SureStep
wants to use LP to determine its optimal production schedule and labor policy.

Objective To develop an LP spreadsheet model that relates workforce and production
decisions to monthly costs, and to use Solver to find the minimum cost solution that meets
forecasted demands on time and stays within limits on overtime hours and production
capacity.

WHERE DO THE NUMBERS COME FROM?

This type of problem requires a number of inputs. Some, including initial inventory,
holding costs, and demands, are similar to requirements for Example 3.3 in the previous
chapter, so we won’t discuss them again here. Others might be obtained as follows:

m The data on the current number of workers, the regular hours per worker per month,
the regular hourly wage rates, and the overtime hourly rate, should be well known.
The maximum number of overtime hours per worker per month is probably either the
result of a policy decision by management or a clause in the workers’ contracts.

m  The costs for hiring and firing a worker are not trivial. The hiring cost includes train-
ing costs and the cost of decreased productivity due to the fact that a new worker
must learn the job (the “learning curve” effect). The firing cost includes severance
costs and costs due to loss of morale. Neither the hiring nor the firing cost would be
simple to estimate accurately, but the human resources department should be able to
estimate their values.

m The unit production cost is a combination of two inputs, the raw material cost per
pair of shoes and the labor hours per pair of shoes. The raw material cost is the going
rate from the supplier(s). The labor hours per pair of shoes represents the “production
function”—the average labor required to produce a unit of the product. The opera-
tions managers should be able to supply this number.
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The key to this model
is choosing the correct
changing cells—the

decision variables that
determine all outputs.

This is common in
multiperiod problems.
We usually have to
relate a beginning
value in one period to
an ending value from
the previous period.

Solution

The variables and constraints for this aggregate planning model are listed in Table 4.5.
As you can see, there are many variables to keep track of. In fact, the most difficult aspect
of modeling this problem is knowing which variables the company gets to choose—the
decision variables—and which variables are determined by these decisions. It should be
clear that the company gets to choose the number of workers to hire and fire and the num-
ber of shoes to produce. Also, because management sets only an upper limit on overtime
hours, it gets to decide how many overtime hours to use within this limit. But after it
decides the values of these variables, everything else is determined. We show how these
are determined through detailed cell formulas, but you should mentally go through the list
of “Other output variables” in the table and deduce how they are determined by the deci-
sion variables. You should also recognize that the three constraints listed are the only ones
required.

Table 4.5 Variables and Constraints for the Aggregate Planning Problem

Initial inventory of shoes, initial number of workers,
number and wage rate of regular hours, maximum
number and wage rate of overtime hours, hiring and
firing costs, data for unit production and holding costs,
forecasted demands

Monthly values for number of workers hired and fired,
number of shoes produced, and overtime hours used

Total cost

Monthly values for workers on hand before and after
hiring/firing, regular hours available, maximum
overtime hours available, total production hours
available, production capacity, inventory on hand after
production, ending inventory, and various costs

Overtime labor hours used must be less than or equal to
Maximum overtime hours allowed

Production must be less than or equal to Capacity

Inventory on hand after production must be greater than
or equal to Demand

Input variables

Decision variables (changing cells)

Objective (target cell)
Other calculated variables

Constraints

DEVELOPING THE SPREADSHEET MODEL

The spreadsheet model appears in Figure 4.16. (See the file Aggregate Planning 1.xIsx.)
It can be developed as follows:

o Inputs and range names. Enter the input data in the range B4:B14 and the
Forecasted_demand range. Also, create the range names listed. (As usual, take advantage
of the Create from Selection shortcut.)

o Production, hiring, and firing plan. Enter any trial values for the number of pairs of
shoes produced each month, the overtime hours used each month, the workers hired each
month, and the workers fired each month. These four ranges, in rows 18, 19, 23, and 30,
comprise the changing cells.

e Workers available each month. In cell B17 enter the initial number of workers
available with the formula

=BS5S
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Figure 4.16 SureStep Aggregate Planning Model

A B C D E F G H |

1 |SureStep aggregate planning model

2

3 |Input data Range names used:

4 |Initial inventory of shoes 500 Forecasted_demand =Model!$B$36:SE$36

5 |Initial number of workers 100 Inventory_after_production =Model!$B$34:$E$34

6 |Regular hours/worker/month 160 Maximum_overtime_labor_hours_available =Model!$B$25:$E$25

7 |Maximum overtime hours/worker/month 20 Overtime_labor_hours_used =Model!$B$23:SE$23
8 | Hiring cost/worker $1,600 Production_capacity =Model!$B$32:$E$32

9 |Firing cost/worker $2,000 Shoes_produced =Model!$B$30:SES$30
10| Regular wages/worker/month $1,500 | Total_cost =Model!$F$46

11 |Overtime wage rate/hour $13 Workers_fired =Model!$BS19:SE$19

12 [Labor hours/pair of shoes 4 Workers_hired =Model!$B$18:SE$18

13 |Raw material cost/pair of shoes $15

14 [Holding cost/pair of shoes in inventory/month $3

15

16 |Worker plan Month1  Month2  Month3  Month4
17 [Workers from previous month 100 94 93 50
18 |Workers hired 0 0 0 0
| 19 |Workers fired 6 1 a3 0 Notes: We originally omitted integer constraints on workers
120 Workers available after hiring and firing | 94 93 50 50 hired and fired, and Solver found a noninteger solution with
21 no problems. Then we added these integer constraints and
22 |Regular-time hours available 15040 14880 8000 8000 Solver reported "no feasible solution." So we tried checking
23 |Overtime labor hours used 0 80 0 0 the Automatic Scaling in Solver's Options dialog box, and
7 <= <= <= <= we got the solution shown here.
25 [Maximum overtime labor hours available 1880 1860 1000 1000
26
27 |Total hours for production 15040 14960 8000 8000
| 28 |
29 |Production plan Month 1 Month 2 Month 3 Month 4
30 |Shoes produced 3760 3740 2000 1000
31 <= <= <= <=
|32 | Production capacity 3760 3740 2000’ 2000
33
34 |Inventory after production 4260 5000 2000 1000
; >= >= >= >=
| 36 |Forecasted demand 3000 5000 2000 1000
37 |Ending inventory 1260 0 0 0
o I R . )
39 y outputs Month 1 Month 2 Month 3 Month 4 Totals
| 40 |Hiring cost $0 $0 $0 $0 $0
41 |Firing cost $12,000 $2,000 $86,000 $0| $100,000
| 42 |Regular-time wages $141,0000  $139,500 $75,000 $75,000, $430,500
43 [Overtime wages 30 $1,040 $0 30 $1,040
| 44 |Raw material cost $56,400 $56,100 $30,000’ $15,000 $157,500
45 [Holding cost $3,780 S0 S0 $0 $3,780
46 [Totals $213,180  $198,640  $191,000 $90,000 $692,820 Objective to

In Example 3.3 from
the previous chapter,
production capacities
were given inputs.
Now they are based
on the size of the
workforce, which itself
is under the decision
maker’s control.

Because the number of workers available at the beginning of any other month (before hiring
and firing) is equal to the number of workers from the previous month, enter the formula

=B20

in cell C17 and copy it to the range D17:E17. Then in cell B20, calculate the number of
workers available in month 1 (after hiring and firing) with the formula

=B17+B18-B19
and copy this formula to the range C20:E20 for months 2 through 4.

O Overtime capacity. Because each available worker can work up to 20 hours of over-
time in a month, enter the formula

=$B$7+B20

in cell B25 and copy it to the range C25:E25.

e Production capacity. Because each worker can work 160 regular-time hours per
month, calculate the regular-time hours available in month 1 in cell B22 with the formula

=$B$6+B20
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SOLVER

A4

//

and copy it to the range C22:E22 for the other months. Then calculate the total hours avail-
able for production in cell B27 with the formula

=SUM(B22:B23)

and copy it to the range C27:E27 for the other months. Finally, because it takes 4 hours of
labor to make a pair of shoes, calculate the production capacity in month 1 by entering the
formula

=B27/$B$12

in cell B32 and copy it to the range C32:E32.

G Inventory each month. Calculate the inventory after production in month 1 (which is
available to meet month 1 demand) by entering the formula

=B4+B30

in cell B34. For any other month, the inventory after production is the previous month’s end-
ing inventory plus that month’s production, so enter the formula

=B37+C30

in cell C34 and copy it to the range D34:E34. Then calculate the month 1 ending inventory
in cell B37 with the formula

=B34-B36

and copy it to the range C37:E37.

o Monthly costs. Calculate the various costs shown in rows 40 through 45 for month 1
by entering the formulas

=$B$8*B18

=$B$9*B19

=$B$10+*B20

=$B$11*B23

=$B$13*B30

=$B$14+*B37

in cells B40 through B45. Then copy the range B40:B45 to the range C40:E45 to calculate
these costs for the other months.

9 Totals. In row 46 and column F, use the SUM function to calculate cost totals, with the
value in F46 being the overall total cost.

Excel Tip: Calculating Row and Column Sums Quickly

A common operation in spreadsheet models is to calculate row and column sums for a rec-
tangular range, as we did for costs in step 8. You can do this quickly by highlighting the
row and column where the sums will go (remember to press the Ctrl key to highlight non-
adjacent ranges) and clicking on the summation (Z) button. (You can find this on the Home
ribbon and on the Formula ribbon.) This enters all the sums automatically and even cal-
culates the “grand sum” in the corner (cell F46 in the example) if you highlight this cell.

USING SOLVER

The Solver dialog box should be filled in as shown in Figure 4.17. Note that the changing
cells include four separate named ranges. To enter these in the dialog box, drag the four
ranges while keeping your finger on the Ctrl key. (Alternatively, you can drag a range, type
a comma, drag a second range, type another comma, and so on.) As usual, you should also
check the Assume Linear Model and Assume Non-Negative options before optimizing.
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Figure 4.17

Solver Dialog Box
for the SureStep
Model

Because integer
constraints make a
model harder to solve,
use them only when
they are really needed.

Solver Parameters - 2 x|
Set Target Cell: lTntaI_cost =k] .

Equal Ta: CMax Mo O ¥aueoh: |0
By Changing Cells:

iWDrkers_hired,Workers_ﬁred,Overtime_labnr_f;'k_] Guess |

-subject to the Constraints: Cpkions

Inventory _after_production == Forecasted_der;l Add |

Overtime_labor_hours_used <= Maximum_over

Shoes_produced <= Production_capacity Change |
workers_fired = integer = Reset Al |
Warkers_hired = inkeger | Delete | —
= D
Help |

Note that we entered integer constraints on the numbers hired and fired. We could
also constrain the numbers of shoes produced to be integers. However, integer constraints
typically require longer solution times. Therefore, it is often best to omit such constraints,
especially when the optimal values are fairly large, such as the production quantities in this
model. If the solution then has noninteger values, we can usually round them to integers for
a solution that is at least close to the optimal integer solution.

Discussion of the Solution

The optimal solution was given earlier in Figure 4.16. Observe that SureStep should never
hire any workers, and it should fire 6 workers in month 1, 1 worker in month 2, and 43
workers in month 3. Concerning overtime, 80 hours are used, but only in month 2. The
company produces more than 3700 pairs of shoes during each of the first 2 months, 2000
pairs in month 3, and 1000 pairs in month 4. A total cost of $692,820 is incurred. The model
recommends overtime hours only when regular-time production capacity is exhausted
because overtime labor is more expensive.

Again, we probably shouldn’t force the number of pairs of shoes produced each month
to be an integer. It makes little difference whether the company produces 3760 or 3761
pairs of shoes during a month, and forcing each month’s shoe production to be an integer
can greatly increase the time Solver needs to find an optimal solution. On the other hand, it
is somewhat more important to ensure that the numbers of workers hired and fired each
month are integers, given the small numbers of workers involved.

Finally, if we want to ensure that Solver finds the optimal solution in a problem where
some or all of the changing cells must be integers, it is a good idea to go into Options (in
the Solver dialog box) and set the tolerance to 0. Otherwise, Solver might stop when it finds
a solution that is close to optimal.

Sensitivity Analysis

There are many sensitivity analyses we could perform on this final SureStep model. One is
illustrated with SolverTable, where we see how the overtime hours used and the total cost
varies with the overtime wage rate.* The results appear in Figure 4.18. As we can see, when
the wage rate is really low, considerably more overtime hours are used, whereas when the
wage rate is sufficiently large, we use no overtime hours. It is not surprising that the com-
pany uses much more overtime when the overtime rate is $7 or $9 per hour. The regular-
time wage rate is $9.375 per hour (=1500/160). Of course, it is not likely that the company
would pay less per hour for overtime than for regular-time!

*As mentioned in Example 4.2, Solver’s sensitivity report isn’t even available here because of the integer
constraints.
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Figure 4.18
Sensitivity to
Overtime Wage
Rate

The term backlogging
means that the
customer’s demand
will be met at a later
date.The term
backordering means
the same thing.

A [ B [ 3 [ D [ E [ F
| 48 [Sensitivity of overtime hours used and total cost to overtime wage rate
49 | $BS$23 $CS$23 $DS23 SES23 SFS46
50 | 7 1620 1660 0 0 $684,755
51 9 80 1760 0 0 $691,180
152 | 11 0 80 0 0 $692,660
153 | 13 0 80 0 0 $692,820
| 54 | 15 0 80 0 0 $692,980
55 | 17 0 80 0 0 $693,140
56 | 19 0 0 0 0 $693,220
57 21 0 0 0 0 $693,220

The Rolling Planning Horizon Approach

In reality, an aggregate planning model is usually implemented via a rolling planning
horizon. To illustrate, assume that SureStep works with a 4-month planning horizon. To
implement the SureStep model in the rolling planning horizon context, we can view the
“demands” as forecasts and solve a 4-month model with these forecasts. However, we
implement only the month 1 production and work scheduling recommendation. Thus
(assuming that the numbers of workers hired and fired in a month must be integers and that
shortages are not allowed) SureStep should hire no workers, fire 6 workers, and produce
3760 pairs of shoes with regular-time labor in month 1. Next, we observe month 1’s actual
demand. Suppose it is 2950. Then SureStep begins month 2 with 1310 (= 4260 — 2950)
pairs of shoes and 94 workers. We would now enter 1310 in cell B4 and 94 in cell BS (refer
to Figure 4.16). Then we would replace the demands in the Demand range with the updated
forecasts for the next 4 months. Finally, we would rerun Solver and use the production lev-
els and hiring and firing recommendations in column B as the production level and work-
force policy for month 2.

Model with Backlogging Allowed

In many situations, backlogging of demand is allowed—that is, customer demand can
be met later than it occurs. To include the option of backlogging demand in the
SureStep model, assume that at the end of each month a cost of $20 is incurred for each
unit of demand that remains unsatisfied at the end of the month. This is easily modeled by
allowing a month’s ending inventory to be negative. For example, if month 1’s ending in-
ventory is —10, a shortage cost of $200 (and no holding cost) is incurred. To ensure that
SureStep produces any shoes at all, we constrain month 4’s ending inventory to be non-
negative. This implies that all demand is eventually satisfied by the end of the 4-month
planning horizon. We now need to modify the monthly cost computations to incorporate
costs due to shortages.

There are actually several modeling approaches to this backlogging problem. The
most natural approach is shown in Figure 4.19. (See the file Aggregate Planning 2.xIsx.)
To begin, we enter the per-unit monthly shortage cost in cell B15. (We inserted a new row
for this cost input.) Note in row 38 how the ending inventory in months 1 to 3 can be posi-
tive (leftovers) or negative (shortages). We can account correctly for the resulting costs
with IF functions in rows 46 and 47. For holding costs, enter the formula

=IF(B38>0,$B$14*B38,0)
in cell B46 and copy it across. For shortage costs, enter the formula
=IF(B38<0,-$B$15*B38,0)

in cell B47 and copy it across. (The minus sign makes this a positive cost.)
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Figure 4.19 Nonlinear SureStep Model with Backlogging Using IF Functions

A [ B [ C [ D [ E [ F [ G [ H
| 1 |SureStep aggregate planning model with backlogging: a nonsmooth model Solver might not handle correctly
[ 2]
3 |Input data Range names used:
4 |initial inventory of shoes 500 Forecasted_demand_4 =Modell$ES37
5_[Initial number of workers 100 Inventory_after_production_4 =Model!$E$35
6 _[Regular hours/worker/month 160 _overtime_labor_hours_available =Model!$B$26:5E526
7 overtime hours/worker/month 20 Overtime_labor_hours_used =Model!$B$24:$E$24
[ 8 |Hiring cost/worker $1,600 Production_capacity =Model!$B$33:$E$33
[ 9_|Firing cost/worker $2,000 Shoes_produced =Model!$B$31:SE$31
10 |Regular wages/worker/month $1,500 Total_cost =Model!SF$48
[ 11 |Overtime wage rate/hour $13 Workers_fired =Model!$B$20:$E$20
12 |Labor hours/pair of shoes 4 Workers_hired =Model!$B$19:$E$19
[ 13 |Raw material cost/pair of shoes $15 |
14 |Holding cost/pair of shoes in inventory/month $3
15 [Shortage cost/pair of shoes/month $20
[ 16|
iWorker plan Month 1 Month 2 Month 3 Month 4
iWorkers from previous month 100 94 93 38
19 |Workers hired 0 0 0 0
[ 20 |Workers fired 6 i =5 0
21 |Workers available after hiring and firing 94 93 38 38
[22]
| 23 |Regular-time hours available 15040 14880 6080 6080
24 |Overtime labor hours used [ 0 () 0
25 <= <= <= <=
26 overtime labor hours available 1880 1860 760 760!
27
28 |Total hours for production 15040 14880 6080 6080
29
[ 30 |Production plan Month 1 Month 2 Month 3 Month 4
31 |Shoes produced 3760 3720 1520 1500
1 <= P < <
[33] Production capacity 3760 3720 1520 1520
[34]
35 |Inventory after production 4260 4980 1500/ 1000
[36] >=
[ 37 |Forecasted demand 3000 5000 2000 1000
38 |Ending inventory 1260 220 -500 0 Note that we use IF functions in rows 46 and 47 to capture the
39 holding and sho”rtage costs‘l:rhese IF function? make the model
E Monetary outputs Month 1 Month 2 Month 3 Month 4 Totals‘ :fnncht?oe:; i(:r;dpr:;ir::st;nt::ia';\j:rd. ;7??;5::‘): I':iis':;:‘:!siw
| 41 |Hiring cost $0 $0 $0 $0 $0|  [changing the unit shortage cost in cell B15 to $40 and rerun
42 |Firing cost $12,000 $2,000  $110,000 S0 $124,000 |solver. Then you won't be so lucky -- Solver will converge to a
[ 43 |Regular-time wages $141,000  $139,500, $57,000 $57,000 $394,500 [solution that s pretty far from optimal.
| 44 |Overtime wages S0 S0 S0 S0 S0/
45 |Raw material cost $56,400  $55,800  $22,800  $22,500 $157,500
46 |Holding cost $3,780 $0 50 50 $3,780
47 |shortage cost $0 $400,  $10,000 $0 $10,400
48 |Totals $213,180  $197,700  $199,800 $79,500 $690,180 +—— Objective to minimi;

IF functions involving
changing cells make
a model nonlinear.

Although these formulas accurately compute holding and shortage costs, the IF func-
tions make the target cell a nonlinear function of the changing cells, and we must use
Solver’s GRG (generalized reduced gradient) nonlinear algorithm, as indicated in Fig-
ure 4.20, where the Assume Linear Model box is nor checked.’ (How do we know the
model is nonlinear? Although there is a mathematical reason, it is easier to try running
Solver with the Assume Linear Model box checked. Solver will then inform you that the
model is not linear.)

We ran Solver with this setup from a variety of initial solutions in the changing cells,
and it always found the solution shown previously in Figure 4.19. It turns out that this is in-
deed the optimal solution, but we were lucky. When certain functions, including IF, MIN,
MAX, and ABS, are used to relate the target cell to the changing cells, the resulting model
becomes not only nonlinear but also nonsmooth. Essentially, nonsmooth functions have
sharp edges or discontinuities. Solver’s GRG nonlinear algorithm can handle smooth non-
linearities, as we see in Chapter 7, but it has trouble with nonsmooth functions. Sometimes
it gets lucky, as it did here, and other times it finds a nonoptimal solution that is not even
close to the optimal solution. For example, we changed the unit shortage cost from $20 to
$40 and reran Solver. Starting from a solution where all changing cells contain 0,
Solver stopped at a solution with total cost $725,360, even though the optimal solution has
total cost $692,820. In other words, we weren’t so lucky on this problem.

> GRG is a technical term for the mathematical algorithm used.
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Figure 4.20
Setup for GRG Max Time: IIDEI seconds
Nonlinear

Algorithm: Assume
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The moral is that you should avoid these non-
smooth functions in optimization models if at all

Nonsmooth Functions and Solver

Excel’s Solver, as well as most other commercial opti-
mization software packages, has trouble with nonlin-
ear functions that are not smooth. These nonsmooth
functions typically have sharp edges or discontinuities
that make them difficult to handle in optimization
models, and (in Excel) they are typically implemented
with functions such as IF; MAX, MIN, ABS, and a few
others. There is nothing wrong with using such func-
tions to implement complex logic in Excel optimiza-
tion models. The only problem is that Solver cannot
handle models with these functions predictably.
This is not really the fault of Solver. Such problems
are inherently difficult.

possible. If you do use them, as we have done here,
then you should run Solver several times, starting
from different initial solutions. There is still ab-
solutely no guarantee that you will get the optimal
solution, but you will get more evidence of how
Solver is progressing.

Sometimes alternatives to using IF, MIN,
MAX, and ABS functions make a model linear.
Unfortunately, these alternatives are often far from
intuitive, as illustrated next. Alternatively, non-
smooth functions can be handled with a totally
different kind of algorithm, called a genetic
algorithm, and Frontline’s® Premium Solver in-
cludes an Evolutionary Solver that implements a
genetic algorithm. Genetic algorithms are discussed
in Chapter 8.

Linearizing the Backlogging Model

Although this nonlinear model with IF functions is “natural,” the fact that it is not guaran-
teed to find the optimal solution is disturbing. Fortunately, we can handle shortages and
maintain a linear formulation. The method is illustrated in Figure 4.21. (See the file
Aggregate Planning 3.xlsx.) To develop this modified spreadsheet model, starting from
the original model in the Aggregate Planning 1.xlsx file, follow these steps:

c Enter shortage cost. Insert a new row below row 14 and enter the shortage cost per
pair of shoes per month in cell B15.

e Rows for amounts held and short. Insert 5 new rows (which will now be rows 38
through 42) between the Demand and Ending inventory rows. The range B39:E40 will be
changing cells. The Leftover range in row 39 contains the amounts left in inventory (if any),
whereas the Shortage range in row 40 contains the shortages (if any). Enter any values in
these ranges.

® The educational version of Premium Solver is included with this book.
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Figure 4.21

Linear Formulation of SureStep Model with Backlogging

A B [ C D E F [ G [ H |
1 |SureStep aggregate planning model with backlogging: a nonsmooth model Solver might not handle correctly
B T
3 |Input data : Range names used:
| 4 [Initial inventory of shoes 500 Ending_inventory |=Modell$B$43:5E$43
| 5 |Initial number of workers 100 Forecasted_demand_4 =Model!$E$S37
| 6 |Regular hours/worker/month 160 Inventory_after_production_4 =Model!$SE$S35 |
|_7_|Maximum overtime hours/worker/month 20 Maximum_overtime_labor_hours_available =Model!$B$26:SES$26
8 |Hiring cost/worker $1,600 Overtime_labor_hours_used =Model!$B$24:SES24
9 |Firing cost/worker $2,000 Production_capacity =Model!$B$33:SES33
10 |Regular wages/worker/month $1,500 Shoes_produced =Model!$B$31:SE$31
11 [Overtime wage rate/hour $13 Total_cost =Model!$F$53
12 |Labor hours/pair of shoes 4 Units_left_over =Model!$B$39:$E$39
13 |Raw material cost/pair of shoes $15 Units_left_over_minus_units_short =Model!$B$41:SE$41
| 14 |Holding cost/pair of shoes in inventory/month $3 Units_short ‘=ModeI!$B$40:$E$4O
15 |Shortage cost/pair of shoes/month $20 Workers_fired ‘=ModeI!$B$20:$E$20
| 16 | 'Workers_hired ‘=ModeI!$B$19:$E$19
17 |Worker plan Month 1 Month 2 Month3 ~ Month 4
| 18 [Workers from previous month 100 94 93 38
| 19 [Workers hired 0 0 0 0
| 20 [Workers fired 6 1 55 0
| 21 | Workers available after hiring and firing 94 93 38 38
| 22 |
23 |Regular-time hours available 15040 14880 6080 6080
24 |Overtime labor hours used 0 0 0 0
25 <= <= <= <=
26 overtime labor hours available 1880 1860 760 760
27
| 28 |Total hours for production 15040 14880 6080 6080
29 |
30 |Production plan Month 1 Month 2 Month 3 Month 4
31 |Shoes produced 3760 3720 1520 1500
E <= <= <= <=
| 33 |Production capacity 3760 3720 1520, 1520, There is a somewhat unintuitive trick to making this backlogging model linear,
| 34 | | | without using any IF functions. The trick is to create new changing cells in rows 39
35 |Inventory after production 4260 4980 1500 1000 and 40 for the amounts leftover and short. The purpose of these is to enable
36 5= simple linear formulas in rows 51 and 52 for the holding and shortage costs.
37 |Forecasted demand 3000 5000 2000 1000 However, because they are changing cells, they can freely vary. To make sure they
8 | | ———|have "sensible" values, we need to constrain them. This is done by equating rows
41 and 43. these two rows evaluate ending inventory in two different
39 fLeftover 1260 0 0 0 ways: (1) as Leftover minus Shortage (row 41) and (2) as Inventory after production
| 40 |Shortage 0 20 500 0 minus Forecasted demand (row 43). These two should be the same, so we add a
41 |Leftover minus shortage 1260 -20 -500 0 constraint to force them to be equal.
42 = = = =
143 | Ending inventory 1260 -20 -500 0
144 ] I
| 45 |Monetary outputs Month 1 Month 2 Month3 ~ Month4 Totals
| 46 [Hiring cost $0 $0 $0. $0 $0
47 |Firing cost $12,000 $2,000  $110,000 $0 $124,000
48 |Regular-time wages $141,000  $139,500 $57,000 $57,000 $394,500
49 |Overtime wages $0 $0 $0 $0 $0
50 |Raw material cost $56,400 $55,800 $22,800 $22,500  $157,500
51 |Holding cost $3,780 S0 S0 $0 $3,780
52 |Shortage cost S0 $400 $10,000 S0 $10,400
53 [Totals $213,180]  $197,700  $199,800 $79,500 $690,180 <+ Objective to

e Ending inventory (positive or negative). The key observation is the following. Let L,
be the amount of leftover inventory at the end of month ¢, and let S, be the amount short at
the end of month 7. Then L, = 0if §, = 0, and §, = 0 if L, = 0. So if we allow ending
inventory to be negative (meaning that there is a shortage), then for each month we have

It:Lt_St

For example, if I, = 6, then L, = 6 and S, = 0, indicating that SureStep has 6 pairs of shoes
left over at the end of month 2. But if I, = —3, then L, = 0 and S, = 3, indicating that
SureStep has a shortage of 3 pairs of shoes at the end of month 2. To incorporate this into the

spreadsheet, enter the formula

=B39-B40

in cell B41 and copy it to the range C41:E41.
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o Monthly costs. Insert a new row (which will be row 52) below the holding cost row.
Modify the holding cost for month 1 by entering the formula

=$B$14*B39
in cell B51. Calculate the shortage cost for month 1 in cell B52 with the formula
=$B$15+*B40

Then copy the range B51:B52 to the range C51:E52 for the other months. Make sure the to-
tals in row 53 and column F are updated to include the shortage costs.

USING SOLVER FOR THE BACKLOG MODEL

The changes from the original Solver setup are as follows.

0 Extra changing cells. Add the Leftover and Shortage ranges as changing cells. This
allows Solver to adjust each month’s amount leftover and amount short to be consistent
with the desired ending inventory for the month.

e Constraint on last month’s inventory. Change the constraints that were
previously listed as Inventory_after_production>=Forecasted_demand to Inven-
tory_after_ production_4>=Forecasted_demand_4. This allows months 1 through
3 to have negative ending inventory, but it ensures that all demand is met by the end of
month 4.

o Logical constraint on ending inventory. Add the constraint Leftover_minus_
shortage=Ending_inventory. If you study the model closely, you will notice that ending
inventory is calculated in two different ways (in rows 41 and 43). This constraint ensures
that both ways produce the same values.

o Optimize. Make sure the LP algorithm is selected, and click on Solve to obtain the
optimal solution shown in Figure 4.21.

Note that this solution is the same as the one in Figure 4.19 that was obtained with the “IF
function” model. So this time, Solver handled the IF function correctly, but it might not al-
ways do so. Although the linearized version in Figure 4.21 admittedly involves a somewhat
unintuitive trick, it does guarantee a linear model, which means that Solver will find the op-
timal solution. m

MODELING ISSUES

1. Silver et al. (1998) recommend that when demand is seasonal, the planning horizon
should extend beyond the next seasonal peak.

2. Beyond a certain point, the cost of using extra hours of overtime labor increases
because workers become less efficient. We haven’t modeled this type of behavior, but
it would make the model nonlinear. =
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PROBLEMS

Skill-Building Problems

13.

15.

16.

Extend SureStep’s original no-backlogging aggregate
planning model from 4 to 6 months. Try several
different values for demands in months 5 and 6,

and run Solver for each. Is your optimal solution

for the first 4 months the same as the one in the
book?

The current solution to SureStep’s no-backlogging
aggregate planning model does a lot of firing. Run a
one-way SolverTable with the firing cost as the input
variable and the numbers fired as the outputs. Let the
firing cost increase from its current value to double
that value in increments of $400. Do high firing
costs eventually induce the company to fire fewer
workers?

SureStep is currently getting 160 regular-time hours
from each worker per month. This is actually
calculated from 8 hours per day times 20 days per
week. For this, they are paid $9.375 per hour
(=1500/160). Suppose workers can change their
contract so that they only have to work 7.5 hours per
day regular-time—everything above this becomes
overtime—and their regular-time wage rate increases
to $10 per hour. They will still work 20 days per
month. Will this change the optimal no-backlogging
solution?

Suppose SureStep could begin a machinery upgrade
and training program to increase its worker
productivity. This program would result in the
following values of labor hours per pair of shoes over
the next 4 months: 4, 3.9, 3.8, and 3.8. How much
would this new program be worth to SureStep, at least
for this 4-month planning horizon with no backlog-
ging? How might you evaluate the program’s worth
beyond the next 4 months?

Skill-Extending Problems

17.

In the current no-backlogging problem, SureStep
doesn’t hire any workers and uses almost no overtime.

18.

19.

This is evidently because of low demand. Change the
demands to 6000, 8000, 5000, and 3000, and reopti-
mize. Is there now hiring and overtime? With this new
demand pattern, explore the trade-off between hiring
and overtime by running a two-way SolverTable.

As inputs, use the hiring cost per worker and the
maximum overtime hours allowed per worker per
month, varied as you see fit. As outputs, use the total
number of workers hired over the 4 months and the
total number of overtime hours used over the 4 months.
Write up your results in a short memo to SureStep
management.

In the SureStep no-backlogging problem, change the
demands so that they become 6000, 8000, 5000, 3000.
Also, change the problem slightly so that newly hired
workers take 6 hours to produce a pair of shoes during
their first month of employment. After that, they take
only 4 hours per pair of shoes. Modify the model
appropriately, and use Solver to find the optimal
solution.

We saw that the “natural” way to model SureStep’s
backlogging model, with IF functions, leads to a
nonsmooth model that Solver has difficulty handling.
Another version of the problem is also difficult for
Solver. Suppose SureStep wants to meet all demand
on time (no backlogging), but it wants to keep its
employment level as constant across time as possible.
To induce this, it charges a cost of $1000 each month
on the absolute difference between the beginning
number of workers and the number after hiring and
firing—that is, the absolute difference between the
values in rows 17 and 20 of the original spreadsheet
model. Implement this extra cost in the model in the
“natural” way, using the ABS function. Using
demands of 6000, 8000, 5000, and 3000, see how
well Solver does in trying to solve this nonsmooth
model. Try several initial solutions, and see whether
Solver gets the same optimal solution from each

of them.

4.5 BLENDING MODELS

In many situations, various inputs must be blended together to produce desired outputs. In
many of these situations, linear programming can find the optimal combination of outputs
as well as the “mix” of inputs that are used to produce the desired outputs. Some examples
of blending problems are given in Table 4.6.
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Table 4.6 Examples of Blending Problems

Inputs Outputs

Meat, filler, water Different types of sausage

Various types of oil Heating oil, gasolines, aviation fuels
Carbon, iron, molybdenum Different types of steel

Different types of pulp Different kinds of recycled paper

The following example illustrates how to model a typical blending problem in a
spreadsheet. Although this example is small relative to blending problems in real applica-
tions, it is still fairly complex. If you can guess the optimal solution, your intuition is much
better than ours!

EXAMPLE 4.4 BLENDING AT CHANDLER OIL

In typical blending
models, the correct
decision variables are
the amounts of each
input blended into
each output.

handler Oil has 5000 barrels of crude oil 1 and 10,000 barrels of crude oil 2 available.

Chandler sells gasoline and heating oil. These products are produced by blending to-
gether the two crude oils. Each barrel of crude oil 1 has a “quality level” of 10 and each
barrel of crude oil 2 has a quality level of 5.7 Gasoline must have an average quality level
of at least 8, whereas heating oil must have an average quality level of at least 6. Gasoline
sells for $25 per barrel, and heating oil sells for $20 per barrel. We assume that demand for
heating oil and gasoline is unlimited, so that all of Chandler’s production can be sold.
Chandler wants to maximize its revenue from selling gasoline and heating oil.

Objective To develop an LP spreadsheet model that relates a detailed blending plan to
relevant quantities on crude oil inputs and gasoline/heating oil outputs, and to use Solver to
find the revenue-maximizing plan that meets quality constraints and stays within limits on
crude oil availabilities.

WHERE DO THE NUMBERS COME FROM?
Most of the inputs for this problem should be easy to obtain:

The selling prices for outputs are dictated by market pressures.
The availabilities of inputs are based on crude supplies from the suppliers.

The quality levels of crude oils are known from chemical analysis, whereas the
required quality levels for outputs are specified by Chandler, probably in response
to competitive pressures.

Solution

The variables and constraints required for this blending model are listed in Table 4.7. The
key to a successful model of this problem is selecting the appropriate decision variables.
Many people, when asked what decision variables should be used, specify the amounts of
the two crude oils used and the amounts of the two products produced. However, this is not
enough! The problem is that this information doesn’t tell Chandler how to make the outputs
from the inputs. What we need instead is a blending plan: how much of each input to use
in the production of a barrel of each output. After you understand that this blending plan is
the basic decision, then all other output variables follow in a straightforward manner.

" To avoid getting into an overly technical discussion, we use the generic term quality level. In real oil blending,
qualities of interest might be octane rating, viscosity, and others.
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Table 4.7 Variables and Constraints for the Blending Model

Input variables Unit selling prices, availabilities of inputs, quality levels of
inputs, required quality levels of outputs
Decision variables (changing cells)  Barrels of each input used to produce each output

Objective (target cell) Revenue from selling gasoline and heating oil

Other calculated variables Barrels of inputs used, barrels of outputs produced (and
sold), quality obtained, and quality required for outputs

Constraints Barrels of inputs used must be less than or equal to Barrels
available

Quality of outputs obtained must be greater than or equal
to Quality required

A secondary, but very important, issue in typical blending problems is how to
implement the “quality” constraints. (The constraints here are in terms of quality. In
other blending problems they are often expressed in terms of percentages of some ingredi-
ent. For example, a typical quality constraint might be that some output can contain no
more than 2% sulfur. Such constraints are typical of blending problems.) When we explain
how to develop the spreadsheet model, we’ll indicate the preferred way to implement
quality constraints.

DEVELOPING THE SPREADSHEET MODEL

The spreadsheet model for this problem appears in Figure 4.22. (See the file Blending
Oil.xlsx.) To set it up, proceed as follows:

Figure 4.22 Chandler Oil Blending Model

A | B | C | D E | F | G H
1 |Chandler oil blending model Range names used
2 Barrels_available =ModellSF$16:5FS17
3 |Monetary inputs Gasoline  Heating oil Barrels_used =Model!$D$16:5D$17
4 | Selling price/barrel $25.00 $20.00 Blending_plan =Model!$B$16:5CS17
5 Quality_points_obtained  =Model!$B$22:5C$22
6 [Quality level per barrel of crudes Quality_points_required ~ =Model!SB$24:5C$24
7 |Crude oil 1 10 Revenue =Model!$BS$27
8 |Crude oil 2 5
9
10 |Required quality level per barrel of product
|11 Gasoline:  Heating oil
12 8 6
13|
14 |Blending plan (barrels of crudes in each product)
15 Gasoline  Heating oil| Barrels used Barrels available
16 |Crude oil 1 3000 2000 5000 <= 5000
|17 [crude oil 2 2000 8000 10000 <= 10000
18 |Barrels sold 5000 10000
19
20 |Constraints on quality
| 21| Gasoline.  Heating oil
22 |Quality points obtained 40000 60000
23 >= >=
24 |Quality points required 40000 60000
25
| 26 Objective to maximize
| 27 [Revenue $325,000
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o Inputs and range names. Enter the unit selling prices, quality levels for inputs, re-
quired quality levels for outputs, and availabilities of inputs in the blue ranges. Then name
the ranges as indicated.

e Inputs blended into each output. As we discussed, the quantities Chandler must
specify are the barrels of each input used to produce each output. Therefore, enter any trial
values for these quantities in the Blending_plan range. For example, the value in cell B16
is the amount of crude oil 1 used to make gasoline, and the value in cell C16 is the amount
of crude oil 1 used to make heating oil. The Blending_plan range contains the changing
cells.

9 Inputs used and outputs sold. We need to calculate the row sums (in column D) and
column sums (in row 18) of the Blending_plan range. As noted in an earlier Excel tip, just
highlight both the row and column where the sums will go (highlight one, then hold down
the Ctrl key and highlight the other), and click on the Summation (¥) button on the main
Excel toolbar. This creates SUM formulas in the highlighted cells.

o Quality achieved. Keeping track of the quality level of gasoline and heating oil in the
Quality_points_obtained range is tricky. Begin by calculating for each output the number of
quality points (QP) in the inputs used to produce this output:

QP in gasoline = 10 (Oil 1 in gasoline) + 5 (Oil 2 in gasoline)
QP in heating oil = 10 (Oil 1 in heating oil) + 5 (Oil 2 in heating oil)

For the gasoline produced to have a quality level of at least 8, we must have
QP in gasoline = 8§ (Gasoline sold) “4.1)
For the heating oil produced to have a quality level of at least 6, we must have
QP in heating oil = 6 (Heating oil sold) 4.2)

To implement inequalities (4.1) and (4.2), calculate the QP for gasoline in cell B22 with the
formula

=SUMPRODUCT(B16:B17, $B$7:$B$8)

Then copy this formula to cell C22 to generate the QP for heating oil.

6 Quality required. Calculate the required quality points for gasoline and heating oil in
cells B24 and C24. Specifically, determine the required quality points for gasoline in cell
B24 with the formula

=B12*B18

Then copy this formula to cell C24 for heating oil.
@ Revenue. Calculate the total revenue in cell B27 with the formula

=SUMPRODUCT(B4:C4,B18:C18)

USING SOLVER

To solve Chandler’s problem with Solver, fill out the main Solver dialog box as shown in
Figure 4.23. As usual, check the Assume Linear Model and Assume Non-Negative options
before optimizing. We obtain the optimal solution shown in Figure 4.22.
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Figure 4.23 Solver Parameters X
Solver Dialog Box SetTarget Call:  [Revene [ES] ]
i Equal To: i : 0
i(/)[z;l:l: Blendmg qu s Cgl)s:\_ﬂax OmMo O valueof: | |
iBIendinngan Guess
Subiect to the Constraints:
IBarreIs_used <= Barrels_available add
| Quality_paints_obtained == Quality_points_req
o
Discussion of the Solution
The optimal solution implies that Chandler should make 5000 barrels of gasoline with
3000 barrels of crude oil 1 and 2000 barrels of crude oil 2. The company should also make
10,000 barrels of heating oil with 2000 barrels of crude oil 1 and 8000 barrels of crude
oil 2. With this blend, Chandler obtains a revenue of $325,000. As stated previously, this
problem is sufficiently complex to defy intuition. Clearly, gasoline is more profitable per
barrel than heating oil, but given the crude availability and the quality constraints, it turns
out that Chandler should sell twice as much heating oil as gasoline. This would have been
very difficult to guess ahead of time.
Sensitivity Analysis
We perform two typical sensitivity analyses on the Chandler blending model. In each, we’ll
see how revenue and the amounts of the outputs produced (and sold) vary. In the first analy-
sis, we use the unit selling price of gasoline as the input and let it vary from $20 to $80 in
increments of $5. The SolverTable results appear in Figure 4.24. Two things are of interest.
First, as the price of gasoline increases, Chandler produces more gasoline and less heating
oil, exactly as we would expect. Second, the revenue always increases, as the changes in
column E indicate.
Figure 4.24 A | 8 | ¢ [ © E
e . 29 |Sensitivity of outputs sold and revenue to selling price of gasoline
Sensitivity to the
Selling Price of 30 $BS18 $CS518 S$B$27|  Increase
N 31 20 5000 10000 $300,000
Gasoline 32 25 5000 10000]  $325,000]  $25,000
33 30 5000 10000 $350,000 $25,000
34 35 5000 10000 $375,000 $25,000
35 40 5000 10000 $400,000 $25,000
36 45 5000 10000 $425,000 $25,000
37 50 5000 10000 $450,000 $25,000
38 55 5000 10000 $475,000 $25,000
39 60 8333 0 $500,000 $25,000
40 65 8333 0 $541,667 $41,667
41 70 8333 0 $583,333 $41,667
42 75 8333 0 $625,000 $41,667
43 80 8333 0 $666,667 $41,667
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In the second sensitivity analysis, we vary the availability of crude 1 from 2000 barrels
to 20,000 barrels in increments of 1000 barrels. The resulting SolverTable output appears
in Figure 4.25. These results make sense if we analyze them carefully. First, the revenue in-
creases, but at a decreasing rate, as more crude 1 is available. This is a common occurrence
in LP models. As more of a resource is made available, revenue can only increase or remain
the same; however, each extra unit of the resource produces less (or at least no more) reve-
nue than the previous unit. Second, the amount of gasoline produced increases, whereas the
amount of heating oil produced decreases. The reason is that crude 1 has a higher quality
than crude 2, and gasoline requires higher quality. Gasoline also sells for a higher price.
Therefore, as more crude 1 is available, Chandler can produce more gasoline, receive more
revenue, and still meet quality standards.

Figure 4.25 — G [ n | L] J' _l, (S
29 |Sensitivity of outputs sold and revenue to availability of crude 1
Sensitivity to the 30 $BS18 $cs18 $BS$27| Increase
Availability of 31 2000 0|  10000| $200,000
Crude 1 32 3000 1000/  12000| $265,000| $65,000
33 4000 3000/  11000| $295,000 $30,000
34 5000 5000/  10000| $325,000| $30,000
35 6000 7000 9000| $355,000] $30,000
36 7000 9000 8000| $385,000] $30,000
37 8000 11000 7000 $415,000[ $30,000
38 9000 13000 6000 $445,000[ $30,000
39 10000/ 15000 5000 $475,000[ $30,000
40 11000 17000 4000| $505,000( $30,000
41 12000/ 19000 3000 $535,000[ $30,000
42 13000 21000 2000| $565,000] $30,000
43 14000/ 23000 1000| $595,000] $30,000
44 15000 25000 0| $625,000] $30,000
45 16000/ 26000 0| $650,000] $25,000
46 17000 27000 0| $675,000] $25,000
47 18000/ 28000 0| $700,000] $25,000
48 19000 29000 0| $725,000] $25,000
49 20000 30000 0| $750,000] $25,000
Could these sensitivity questions also be answered with Solver’s sensitivity report,
shown in Figure 4.26? Consider the sensitivity to the change in the price of gasoline. The first
and third rows of the top table in this report are for sensitivity to the objective coefficients of
decision variables involving gasoline. The problem is that when we change the price of gaso-
line, we automatically change both of these coefficients. The reason is that we sum these two
decision variables to calculate the amount of gasoline sold, which we then multiply by the
unit price of gasoline in the objective. However, Solver’s sensitivity report is valid only for
one-at-a-time coefficient changes. Therefore, it cannot answer the question posed.
Figure 4.26 Al B | < [o] e | F | S | H
6 |Adjustable Cells
Sensitivity Report z Final Reduced Objective Allowable  Allowable
for the Blending i Cell Name Value Cost Coefficient Increase Decrease
Model | 9| $B$16 Crude oil 1 Gasoline 3000 0 25 58.333 8.333
10| $C$16 Crude oil 1 Heating oil 2000 0 20 8.333 58.333
11| $BS17 Crude oil 2 Gasoline 2000 0 25 87.5 6.25
12| $C$17 Crude oil 2 Heating oil 8000 0 20 6.25 14.583
13
W Constraints
15| Final Shadow Constraint Allowable  Allowable
| 16| Cell Name Value Price R.H. Side Increase Decrease
T $DS$16 Crude oil 1 Barrels used 5000 30 5000 10000 2500
18| '$D317 Crude oil 2 Barrels used 10000 17.5 10000 10000  6666.667
19| $BS22 Quality points obtained Gasoline 40000 -2.5 0 5000 20000
| 20] $C$22 Quality points obtained Heating oil 60000 -2.5 0 10000 6666.667
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In contrast, the first row of the bottom table in Figure 4.26 complements the
SolverTable sensitivity analysis on the availability of crude 1. It shows that if the avail-
ability increases by no more than 10,000 barrels or decreases by no more than 2500 barrels,
then the shadow price stays at $30 per barrel—that is, the same $30,000 increase in profit
per 1000 barrels we saw in Figure 4.25. Beyond that range, the sensitivity report indicates
only that the shadow price will change. The SolverTable results indicate how it changes.
For example, when crude 1 availability increases beyond 15,000 barrels, the SolverTable
results indicate that the shadow price decreases to $25 per barrel.

A Caution About Blending Constraints

Before concluding this example, let’s consider why the model is linear. The key is the im-
plementation of the quality constraints, as shown in inequalities (4.1) and (4.2). To keep a
model linear, each side of an inequality constraint must be a constant, the product of a con-
stant and a variable, or a sum of such products. If we implement the quality constraints as
in inequalities (4.1) and (4.2), we get linear constraints. However, it is arguably more nat-
ural to rewrite this type of constraint by dividing through by the amount sold. For example,
the modified gasoline constraint is

QP in gasoline _

Gasoline Sold ~— 4.3)

Although this form of the constraint is perfectly valid—and is possibly more natural to
many users—it suffers from two drawbacks. First, it makes the model nonlinear because
the left-hand side is no longer a sum of products; it involves a quotient. We prefer linear
models whenever possible. Second, suppose it turned out that Chandler’s optimal solution
called for no gasoline at all. Then we would be dividing by 0 in inequality (4.3), and this
would cause an error in Excel. Because of these two drawbacks, you should clear denomi-
nators in all such blending constraints. m

FUNDAMENTAL INSIGHT

Clearing Denominators perfectly valid way to express the constraint, but it
has the undesirable property of making the model
nonlinear. The fix is simple.To make the model linear,
multiply through by the denominator of the ratio.This
has the added benefit of ensuring that there will be no
division by 0.

Some constraints, particularly those that arise in
blending models, are most naturally expressed in
terms of ratios. For example, the percentage of sulfur
in a product is the ratio (amount of sulfur in product)/
(total amount of product), which could then be con-
strained to be less than or equal to 6%, say. This is a

MODELING ISSUES

In reality, a company using a blending model would run the model periodically (each day,
say) and set production on the basis of the current inventory of inputs and the current fore-
casts of demands and prices. Then the forecasts and the input levels would be updated, and
the model would be run again to determine the next day’s production. =
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ADDITIONAL APPLICATIONS

Blending at Texaco

Texaco, in DeWitt et al., (1989), uses a nonlinear programming model (OMEGA) to plan
and schedule its blending applications. Texaco’s model is nonlinear because blend volatil-
ities and octanes are nonlinear functions of the amount of each input used to produce a par-
ticular gasoline.

Blending in the Oil Industry

Many oil companies use LP to optimize their refinery operations. Magoulas and Marinos-
Kouris (1988) discuss one such blending model that has been used to maximize a refinery’s
profit. m

PROBLEMS

Skill-Building Problems to incorporate the constraints on CI, and then
optimize. Don’t forget to clear denominators.

20. Use SolverTable in Chandler’s blending model to see

whether, by increasing the selling price of gasoline, 24. As we have formulated Chandler’s blending model, a
you can get an optimal solution that produces only barrel of any input results in a barrel of output. How-
gasoline, no heating oil. Then use SolverTable again to ever, in a real blending problem, there can be losses.
see whether, by increasing the selling price of heating Suppose a barrel of input results in only a fraction of a
oil, you can get an optimal solution that produces only barrel of output. Specifically, each barrel of either
heating oil, no gasoline. crude oil used for gasoline results in only 0.95 barrel of

gasoline, and each barrel of either crude used for heat-
ing oil results in only 0.97 barrel of heating oil. Modify
the model to incorporate these losses, and reoptimize.

Use SolverTable in Chandler’s blending model to find
the shadow price of crude oil 1—that is, the amount
Chandler would be willing to spend to acquire more
crude oil 1. Does this shadow price change as
Chandler keeps getting more of crude oil 1? Answer Skill—Extending Problem

the same questions for crude oil 2.
25. We warned you about clearing denominators in the

quality constraints. This problem indicates what

happens if you don’t do so.

a. Implement the quality constraints as indicated in
inequality (4.3) of the text. Then run Solver with
Assume Linear Model checked. What happens?

22. How sensitive is the optimal solution (barrels of each
output sold and profit) to the required quality points?
Answer this by running a two-way SolverTable with
these three outputs. You can choose the values of the
two inputs to vary.

23. In Chandler’s blending model, suppose a chemical What if you uncheck the Assume Linear Model
ingredient called CI is needed by both gasoline and option?
heating oil. At least 3% of every barrel of gasoline b. Repeat part a, but increase the selling price of
must be CI, and at least 5% of every barrel of heating heating oil to $40 per barrel. What happens now?
oil must be CI. Suppose that 4% of all crude oil 1 is Does it matter whether you check or uncheck the
CI, and 6% of all crude oil 2 is CI. Modify the model Assume Linear Model option? Why?

_—

4.6 PRODUCTION PROCESS MODELS

LP is often used to determine the optimal method of operating a production process. In
particular, many oil refineries use LP to manage their production operations. The models
are often characterized by the fact that some of the products produced are inputs to the pro-
duction of other products. The following example is typical.
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EXAMPLE 4.5 DRruG PropucTtioN AT REPCO

The decision
variables should be
the smallest set of
variables that deter-
mines everything else.
After the company
decides how much of
each drug to produce,
there is really nothing
left to decide.

Repco produces three drugs, A, B, and C, and can sell these drugs in unlimited quanti-
ties at unit prices $8, $70, and $100, respectively. Producing a unit of drug A requires
1 hour of labor. Producing a unit of drug B requires 2 hours of labor and 2 units of drug A.
Producing 1 unit of drug C requires 3 hours of labor and 1 unit of drug B. Any drug A that
is used to produce drug B cannot be sold separately, and any drug B that is used to produce
drug C cannot be sold separately. A total of 4000 hours of labor are available. Repco wants
to use LP to maximize its sales revenue.

Objective To develop an LP spreadsheet model that relates production decisions to
amounts required for production and amounts available for selling, and to use Solver to
maximize sales revenue, subject to limited labor hours.

WHERE DO THE NUMBERS COME FROM?
The inputs for this problem should be easy to obtain:

m The company sets its selling prices, which are probably dictated by the market.

m The available labor hours are based on the size of the current workforce assigned to
production of these drugs. These might be flexible quantities, depending on whether
workers could be diverted from other duties to work on these drugs and whether new
labor could be hired.

m The labor and drug usage inputs for producing the various drugs are probably well
known, based on productivity levels and chemical requirements.

Solution

The variables and constraints required to model this problem are listed in Table 4.8. The
key to the model is understanding which variables can be chosen—the decision variables—
and which variables are determined by this choice. It is probably clear that Repco must de-
cide how much of each drug to produce. However, it might not be clear why the amounts
used for production of other drugs and the amounts sold are not decision variables. The
idea is that as soon as Repco decides to produce, say, 10 units of drug B, it automatically
knows that it must produce at least 20 units of drug A. In fact, it cannot decide to produce
just any quantities of the three drugs. For example, it can’t produce 10 units of drug B and
only 15 units of drug A. Therefore, the drugs required for producing other drugs put auto-
matic constraints on the production quantities. Of course, any drugs left over, that is, not
used in production of other drugs, are sold.

Table 4.8 Variables and Constraints for the Production Process Model

Input variables Labor inputs to drug production, drugs required for
production of other drugs, selling prices of drugs, labor
hours available

Decision variables (changing cells)  Units of drugs to produce

Objective (target cell) Revenue from sales

Other calculated variables Units of drugs used to make other drugs, units of drugs left
over to sell

Constraints Drugs produced must be greater than or equal to Drugs

required for production of other drugs
Labor hours used must be less than or equal to Labor hours
available
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DEVELOPING THE SPREADSHEET MODEL

The key to the spreadsheet model is that everything produced is used in some way. Either
it’s used as an input to the production of some other drug, or it’s sold. Therefore, the fol-
lowing “balance” equation holds for each product:

Amount produced = Amount used to produce other drugs + Amount sold “4.4)

This balance equation can be implemented in three steps:

c Specify the amounts produced in changing cells.

o Calculate the amounts used to produce other drugs based on the way the production
process works.

e Calculate the amounts sold from equation (4.4) by subtraction. Then impose a con-
straint that equation (4.4) must be satisfied.

The spreadsheet model for Repco appears in Figure 4.27. (See the file Production
Process.xlsx.) To proceed, carry out the following steps:

Figure 4.27 Repco Production Process Model

A [ B C D 3 F G [ H )
1 [Repco production process model Range names used: ‘
2 ‘ Hours_available =Model!$SDS23
3 |Inputs used (along side) to make one unit of product (along top) Hours_used =Model!$B$23
4 ‘ Drug A‘ Drug B‘ Drug C Revenue_from_sales =Model!$B$25
5 |Labor hours 1 2 3 Units_produced =Model!$B$16:5D$16|
6 | | | \ Units_sold =Model!$BS$19:5D$19
7 |Drug A 0 2 0 Units_used_in_production |=Model!$B$18:5D$18|
8 [DrugB 0 0 1
9 [DrugC 0 0 0
10
11 |Unit selling prices Drug A Drug B Drug C
12 S8 $70 $100
13
14 |Production and sales plan Units of products used (along side) to make products (along top)
15 Drug A Drug B Drug C Drug A Drug B Drug C|Total used
16 |Units produced 2000 1000 0 Drug Al 0 2000 0 2000
17 >= >= >= Drug B 0 0 0 0
18 |Units used in production 2000 0 0 Drug C 0 0 0 0
19 |Units sold 0 1000 0
20
21 |Labor hour constraint
22 Hours used Hours available
23 4000 <= 4000
24
25 |Revenue from sales $70,000 <«——— |Objective to maximize

Inputs and range names. Enter the inputs in the shaded blue ranges. For example,
the 2 in cell C7 indicates that 2 units of drug A are needed to produce each unit of drug B,
and the 0’s in this range indicate which drugs are not needed to produce other drugs. (Note,
however, the 0 in cell D7, which could be misleading. Drug A is required to make drug B,
and drug B is required to make drug C. Therefore, drug A is required indirectly to make
drug C. However, this indirect effect is accounted for by the values in cells C7 and DS, so
the 0 in cell D7 is appropriate.) Then create the range names indicated.

Q Units produced. Enter any trial values for the number of units produced in the
Units_produced range. This range contains the only changing cells.
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9 Units used to make other products. In the range G16:118, calculate the total number
of units of each product that are used to produce other products. Begin by calculating the
amount of A used to produce A in cell G16 with the formula

=B7*B$16

and copy this formula to the range G16:118 for the other combinations of products. For ex-
ample, in the solution shown, 10 units of drug B are produced, so 2000 units of drug A are
required, as calculated in cell H16. Then calculate the row totals in column J with the SUM
function. Then it’s convenient to “transfer” these sums in column J to the B18:D18 range.
There are two ways to do this, that is, to make a column into a row or vice versa. The easi-
est way is to copy the range J16:J18, then select cell B18, select the Edit/Paste Special menu
item, and check the Transpose option. Unfortunately, this method doesn’t copy formulas
correctly. The second way uses Excel’s TRANSPOSE function. To copy the formulas cor-
rectly, highlight the B18:D18 range, type the formula

=TRANSPOSE(J16:J18)
and press Ctrl+Shift+Enter (all three keys at once).

Excel Tool: Paste Special Transpose

To copy a row range to a column range, copy the row range, select the first cell in the col-
umn range, and select Transpose from the Paste dropdown on the Home ribbon. The same
method can be used to copy a column range to a row range. However, this method doesn’t
copy formulas correctly.

Excel Function: TRANSPOSE and Other Array Functions

The TRANSPOSE function is useful for linking a row to a column or vice versa. It has the
syntax =TRANSPOSE(Range). To implement it, highlight the row or column range where
the results will go, type the formula, and press Ctrl+Shift+Enter. This function is one of
several array functions in Excel, which means that it fills up an entire range, not just a sin-
gle cell, all at once. All array formulas require you to highlight the entire range where the
results will go, type the formula, and then press Ctrl+Shift+Enter. After you do this, you
will notice curly brackets around the formula in the Formula Bar. You should not actually
type these curly brackets. They simply indicate the presence of an array function.

O Units sold. Referring to equation (4.4), determine the units sold of each drug by sub-
traction. Specifically, enter the formula

=B16-B18

in cell B19 and copy it to the range C19:D19.
e Labor hours used. Calculate the total number of labor hours used in cell B23 with the
formula

=SUMPRODUCT (B5:D5,Units_produced)
0 Total revenue. Calculate Repco’s revenue from sales in cell B25 with the formula

=SUMPRODUCT(B12:D12,Units_sold)

USING SOLVER

To use Solver to maximize Repco’s revenue, fill in the main Solver dialog box as shown in
Figure 4.28. As usual, check the Assume Linear Model and Assume Non-Negative options
before optimizing. Note that we have constrained the drugs produced to be greater than
or equal to the drugs used in production of other drugs. An equivalent alternative is to
constrain the units sold to be nonnegative.
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Figure 4.28 Solver Parameters

Solver Dialog Box Sef Target Cell: !Evenue___ﬁ

S [
for Repco Model EqualTe: @ Max OMn  Ovalueoh [0 |
By Chanaing Cells:

E Units_produced Guess

Subject to the Conskraints: Options

|Hours_used <= Hours_available add
Units_produced == Units_used_in_production

Discussion of the Solution

The optimal solution in Figure 4.27 indicates that Repco obtains a revenue of $70,000 by
producing 2000 units of drug A, all of which are used to produce 1000 units of drug B. All
units of drug B produced are sold. Even though drug C has the highest selling price, Repco
produces none of drug C, evidently because of the large labor requirement for drug C.

Sensitivity Analysis

Drug C is not produced at all, even though its selling price is by far the highest. How high
would this selling price have to be to induce Repco to produce any of drug C? We can use
SolverTable to answer this, using drug C selling price as the input variable, letting it vary
from $100 to $200 in increments of $10, and keeping track of the total revenue, the units
produced of each drug, and the units used (row 18) of each drug. The results are shown in
Figure 4.29.

Figure 4.29  Sensitivity to Selling Price of Drug C

A [ B [ C [ D [ E [ F G H

28 |Sensitivity of revenue, units produced, and units used as inputs to drug C selling price

29 Drug C selling price| A produced| B produced C produced A used B used Cused| Revenue
30 $BS16 $C$16 $DS16 $BS18 $C$18 $DS18 $BS$25
31 100 2000.0 1000.0 0.0 2000.0 0.0 0.0 $70,000
32 110 2000.0 1000.0 0.0 2000.0 0.0 0.0/ $70,000
33 120 2000.0 1000.0 0.0 2000.0 0.0 0.0 $70,000
34 130 11429 571.4 571.4 11429 571.4 0.0| $74,286
35 140 11429 571.4 571.4 11429 571.4 0.0/ $80,000
36 150 11429 571.4 571.4 11429 571.4 0.0| $85,714
37 160 11429 571.4 571.4 11429 571.4 0.0| $91,429
38 170 11429 571.4 571.4 11429 571.4 0.0| $97,143
39 180 11429 571.4 571.4 11429 571.4 0.0 $102,857
40 190 11429 571.4 571.4 11429 571.4 0.0/ $108,571
41 200 11429 571.4 571.4 1142.9 571.4 0.0 $114,286

As we can see, until the drug C selling price reaches $130, Repco uses the same solu-
tion as before.® However, when it increases to $130 and beyond, 571.4 units of drug C
are produced. This in turn requires 571.4 units of drug B, which requires 1142.9 units of
drug A, but only drug C is actually sold. Of course, Repco would like to produce even more
of drug C (which would require more production of drugs A and B), but the labor hour con-
straint does not allow it. Therefore, further increases in the selling price of drug C have no
effect on the solution—other than increasing revenue.

8 If you obtain Solver’s sensitivity report, you’ll see that the change actually occurs when the price of drug C
reaches $122.50. Our SolverTable grid of prices is too coarse to detect this exact changeover point.
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Because available labor imposes an upper limit on the production of drug C even when
it is very profitable, it is very profitable, it is interesting to see what happens when the sell-
ing price of drug C and the labor hours available both increase. Here we can use a two-way
SolverTable, selecting selling price of drug C and labor hour availability as the two inputs
with reasonable values, and selecting the amount produced of drug C as the single output.
The results from SolverTable appear in Figure 4.30.

Figure 4.30 Sensitivity to Price of Drug C and Labor Hour Availability

A [ B [ c [ D [ E [ F G H

43 |Sensitivity of amount of C produced to selling price of C (along side) and labor hour availability (along top)

44 $DS16 4000 5000 6000 7000 8000 9000 10000
45 100 0.0 0.0 0.0 0.0 0.0 0.0 0.0
46 110 0.0 0.0 0.0 0.0 0.0 0.0 0.0
47 120 0.0 0.0 0.0 0.0 0.0 0.0 0.0
48 130 571.4 714.3 857.1 1000.0 11429 1285.7 1428.6
49 140 571.4 714.3 857.1 1000.0 11429 1285.7 1428.6
50 150 571.4 714.3 857.1 1000.0 11429 1285.7 1428.6
51 160 571.4 714.3 857.1 1000.0 11429 1285.7 1428.6
52 170 571.4 714.3 857.1 1000.0 11429 1285.7 1428.6
53 180 571.4 714.3 857.1 1000.0 11429 1285.7 1428.6
54 190 571.4 714.3 857.1 1000.0 11429 1285.7 1428.6
55 200 571.4 714.3 857.1 1000.0 1142.9 1285.7 1428.6

As this analysis
illustrates, we can
sometimes—but not
always—gain an
intuitive understanding
of the information
obtained by
SolverTable.

PROBLEMS

Skill-Building Problems

26. Run a one-way sensitivity analysis on the optimal so-

This table again shows that no drug C is produced, regardless of labor hour availabil-
ity, until the selling price of drug C reaches $130. (Of course, the actual breakpoint is prob-
ably between $120 and $130. We can’t tell from the grid of input values used in the table.)
The effect of increases in labor hour availability is to let Repco produce more of drug C.
Specifically, Repco produces as much of drug C as possible, given that 1 unit of drug B,
and hence 2 units of drug A, are required for each unit of drug C.

Before leaving this example, we provide further insight into the sensitivity behavior in
Figure 4.29. Specifically, why should Repco start producing drug C when its unit selling
price increases to some value between $120 and $130? There is a straightforward answer
to this question because the model contains a single resource constraint: the labor hour con-
straint. (The analysis would be more complicated with multiple resources.)

Consider the production of 1 unit of drug B, which requires 2 labor hours plus 2 units
of drug A, each of which requires 1 labor hour, for a total of 4 labor hours. It returns $70 in
revenue. Therefore, revenue per labor hour when producing drug B is $17.50. To be eligible
as a “winner,” drug C has to beat this. Note that each unit of drug C requires 7 labor hours
(3 for itself and 4 for the unit of drug B it requires). To beat the $17.50 revenue per labor
hour of drug B, the unit selling price of drug C must be at least $122.50 [= 17.50(7)]. If its
selling price is below this, for example, $121, Repco will sell all drug B and no drug C. If its
selling price is above this, for example, $127, Repco will sell all drug C and no drug B. =

similar one-way sensitivity analysis on the optimal
solution to the price of drug B. If this price gets low
enough, what happens to the optimal solution?

lution to the unit selling price of drug A in the Repco

problem. If this price is high enough, will Repco start 27.
selling drug A in addition to producing it? Then run a

We claimed in the Repco model that we could
either constrain the units produced to be greater than
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or equal to the units used by production or the units sensitivity analysis to see how much lower its selling

sold to be nonnegative. We chose the former. Modify price would have to be before Repco would stop pro-
the model to implement the latter (deleting the ducing it.
former), and verify that you get the same optimal
solution. Skill-Extending Problem

Suppose there is a fourth drug, drug D, that Repco 29. In a production process model such as Repco’s, certain
can produce and sell. Each unit of drug D requires 4 inputs make no sense in the “usage” table (the range
labor hours, 1 unit of drug A, and 1 unit of drug C to B7:D9 of the model). For example, suppose that, in
produce, and it sells for $150 per unit. Modify the addition to current usages, each unit of drug A requires
current model to incorporate drug D and reoptimize. 1 unit of drug C. Why does this result in a nonsensical
If drug D isn’t produced in the optimal solution, use problem? What happens if you run Solver on it any-
sensitivity analysis to see how much higher its selling way? What happens if you run Solver on it after
price would have to be before Repco would produce it. adding a constraint that the sum of the units produced
If drug D is produced in the optimal solution, use (over all three drugs) must be at least 1?

_—

4.7 FINANCIAL MODELS

The majority of optimization examples described in management science textbooks are
in the area of operations: scheduling, blending, logistics, aggregate planning, and others.
This is probably warranted, because many of the most successful management science
applications in the real world have been in these areas. However, optimization and other
management science methods have also been applied successfully in a number of finan-
cial areas, and they deserve recognition. Several of these applications are discussed
throughout this book. In this section, we begin the discussion with two typical applications
of LP in finance. The first involves investment strategy. The second involves pension fund
management.

EXAMPLE | 4.6 FINDING AN OPTIMAL INVESTMENT STRATEGY AT BARNEY-JONES

t the present time, the beginning of year 1, the Barney-Jones Investment Corporation

has $100,000 to invest for the next 4 years. There are five possible investments,
labeled A-E. The timing of cash outflows and cash inflows for these investments is some-
what irregular. For example, to take part in investment A, cash must be invested at the
beginning of year 1, and for every dollar invested, there are returns of $0.50 and $1.00 at
the beginnings of years 2 and 3. Similar information for the other investments is as follows,
where all returns are per dollar invested:

m Investment B: Invest at the beginning of year 2, receive returns of $0.50 and $1.00
at the beginnings of years 3 and 4.

m Investment C: Invest at the beginning of year 1, receive return of $1.20 at the
beginning of year 2.

m Investment D: Invest at the beginning of year 4, receive return of $1.90 at the
beginning of year 5.

m Investment E: Invest at the beginning of year 3, receive return of $1.50 at the
beginning of year 4.
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There are often
multiple equivalent
ways to state a con-
straint.You can choose
the one that is most
natural for you.

We assume that any amounts can be invested in these strategies and that the returns are
the same for each dollar invested. However, to create a diversified portfolio, Barney-Jones
decides to limit the amount put into any investment to $75,000. The company wants an
investment strategy that maximizes the amount of cash on hand at the beginning of year 5.
At the beginning of any year, it can invest only cash on hand, which includes returns from
previous investments. Any cash not invested in any year can be put in a short-term money
market account that earns 3% annually.

Objective To develop an LP spreadsheet model that relates investment decisions to total
ending cash and to use Solver to find the strategy that maximizes ending cash and invests
no more than a given amount in any one investment.

WHERE DO THE NUMBERS COME FROM?

There’s no mystery here. Assuming that the terms of each investment are spelled out,
Barney-Jones knows exactly when money must be invested and what the amounts and tim-
ing of returns will be. Of course, this isn’t the case for many real-world investments, such
as money put into the stock market, where considerable uncertainty is involved. We’ll
illustrate one such example of investing with uncertainty when portfolio optimization is
discussed in Chapter 7.

Solution

The variables and constraints for this investment model are listed in Table 4.9. On the sur-
face, this problem looks very straightforward. We must decide how much to invest in the
available investments at the beginning of each year, and we can use only the cash available.
If you try modeling this problem without our help, however, you might have some diffi-
culty. It took us a few tries to get a “nice” model, one that is easy to read and generalizes to
other similar investment problems. By the way, the second constraint in the table can be ex-
pressed in two ways. It can be expressed as shown, where the cash on hand after investing
is nonnegative, or it can be expressed as “cash on hand at the beginning of any year must
be greater than or equal to cash invested that year.” These are equivalent. The one we
choose is a matter of taste.

Table 4.9 Variables and Constraints for Investment Model

Input variables Timing of investments and returns, initial cash, maximum
amount allowed in any investment, money market rate
on cash

Decision variables (changing cells) Amounts to invest in investments

Objective (target cell) Ending cash at the beginning of year 5

Other calculated variables Cash available at the beginning of years 2 through 4

Constraints Amount in any investment must be less than or equal to

Maximum amount per investment
Cash on hand after investing each year must be greater than
or equal to 0
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DEVELOPING THE SPREADSHEET MODEL

The spreadsheet model for this investment problem appears in Figure 4.31. (See the file
Investing.xlIsx.) To set up this spreadsheet, follow these steps:

Figure 4.31

Spreadsheet Model for Investment Problem

A | B C

H

| [

Investments with irregular timing of returns

Range names used

Cash_after_investing

=Model!$E$32:5E$35

Inputs ‘

Dollars_invested

=Model!$B$26:$F$26

Initial amount to invest $100,000 Final_cash =Model!$BS$38
$75,000 Maximum_per_investment =Model!$B$28:5F$28
Interest rate on cash 3%

Cash outlays on investments (all incurred at beginning of year)

1
2
3
4
5 |Maximum per investment
6
7
8
9

‘ Investment ‘

10 Year Al B c D E
11 1 $1.00 $0.00 $1.00 $0.00 $0.00
12 2 $0.00 $1.00 $0.00 $0.00 $0.00
13 3 $0.00 $0.00 $0.00 $0.00 $1.00
14 4 $0.00 $0.00 $0.00 $1.00 $0.00

16 [Cash returns from investments (all incurred at beginning of year)

‘ Investment ‘

18 Year A‘ B C D E
19 1 $0.00 $0.00 $0.00 $0.00 $0.00
20 2 $0.50 $0.00 $1.20 $0.00 $0.00
21 3 $1.00 $0.50 $0.00 $0.00 $0.00
22 4 $0.00 $1.00 $0.00 $0.00 $1.50
23 5 $0.00 $0.00 $0.00 $1.90 $0.00
2 | | | | |

25 |Investment decisi ‘ ‘ ‘ ‘ ‘

26 |Dollars invested $64,286 $75,000 $35,714 $75,000 $75,000
27 <= <= <= <= <=
28 [Maximum per investment $75,000 $75,000] $75,000 $75,000 $75,000

w
5]

Constraints on cash balance

Returns from Cash after

31 Year Beginning cash investments Cash invested investing

32 1 $100,000 $0 $100,000 $0 >= 0
33 $0 $75,000 $75,000 -$0 >= 0
34 3 -$0 $101,786 $75,000 $26,786 >= 0
35 4 $27,589 $187,500 $75,000 $140,089 >= 0
36 5 $144,292 $142,500

37

38 |Final cash $286,792 <+———— |Objective to final cash at of year 5

The two input tables
at the top of the
spreadsheet allow us
to use and copy the
SUMPRODUCT func-
tion for cash outflows
and inflows. Careful
spreadsheet planning
can often greatly
simplify the necessary
formulas.

o Inputs and range names. As usual, enter the given inputs in the blue ranges and
name the ranges indicated. Pay particular attention to the two blue tables. This is the first
model we have encountered where model development is affected significantly by the way
we enter the inputs, specifically, the information about the investments. We suggest sepa-
rating cash outflows from cash inflows, as shown in the two ranges B11:F14 and B19:F23.
The top table indicates when we invest, where a 0 indicates no possible investment, and a
1 indicates a dollar of investment. The bottom table then indicates the amounts and timing
of returns per dollar invested.

Q Investment amounts. Enter any trial values in the Dollars_invested range. This range
contains the changing cells. Also put a link to the maximum investment amount per invest-
ment by entering the formula

=$B$5
in cell B28 and copying it across.

e Cash balances and flows. The key to the model is the section in rows 32 to 36. For
each year, we need to calculate the beginning cash held from the previous year, the returns
from investments that are due in that year, the investments made in that year, and cash bal-
ance after investments. Begin by entering the initial cash in cell B32 with the formula

=B4
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Always look at the
Solver solution for
signs of implausibility.
This can often lead
you to an error in your
model.

Moving across, calculate the return due in year 1 in cell C32 with the formula
=SUMPRODUCT(B19:F19,Dollars_invested)

Admittedly, no returns come due in year 1, but this formula can be copied down column C
for other years. Next, calculate the total amount invested in year 1 in cell D32 with the
formula

=SUMPRODUCT(B11:F11,Dollars_invested)
Now find the cash balance after investing in year 1 in cell E32 with the formula
=B32+C32-D32

The only other required formula is for the cash available at the beginning of year 2. Because
any cash not invested earns 3% interest, enter the formula

=E32*(1+$B$6)

in cell B33. This formula, along with those in cells C32, D32, and E32, can now be copied
down. (The 0’s in column G are a reminder of the nonnegativity constraint on cash after
investing.)

o Ending cash. The ending cash at the beginning of year 5 is the sum of the amount in
the money market and any returns that come due in year 5. Calculate this sum with the
formula

=SUM(B36:C36)

in cell B38. (Note: Here is the type of error to watch out for. We originally failed to calcu-
late the return in cell C36 and mistakenly used the beginning cash in cell B36 as the target
cell. We realized the error when the optimal solution called for no money in investment D,
which is clearly an attractive investment. The lesson is that you can often catch errors by
looking at the plausibility of your optimal solution.)

Review of the Model

Take a careful look at this model and how it has been set up. There are undoubtedly many
alternative ways to model this problem, but the attractive feature of the model is the way
the tables of inflows and outflows in rows 11 to 14 and 19 to 23 allow us to copy formulas
for returns and investment amounts in columns C and D of rows 32 to 36. In fact, this same
model setup, with only minor modifications, works for any set of investments, regardless
of the timing of investments and their returns. This is a quality you should strive for in your
own spreadsheet models: generalizability.

USING SOLVER

To find the optimal investment strategy, fill in the main Solver dialog box as shown in
Figure 4.32, check the Assume Linear Model and Assume Non-Negative options, and
optimize. Note that the explicit nonnegativity constraint in Figure 4.32 is necessary, even
if the Assume Non-Negative option is checked. Again, this is because the Assume Non-
Negative option covers only the changing cells. If we want other output cells to be
nonnegative, we must add such constraints explicitly.
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Figure 4.32

Solver Dialog Box
for the Investment
Model

Constraints always
have the potential to
penalize the objective
to some extent.
SolverTable is a
perfect tool for finding
the magnitude of this
penalty.

Solver Parameters j
Sek Target Cell: IFinaI_u:ash =k]
ID

Copin T Yalue of;
;-“J Guess |
Cash_after_investing ==0 - add

Dallars_invested <= Maximum_per_investment
Change |
;I Delete |

Equal To: e pax

By Changing Cells:

|Dollars _invested

-Subject to the Conskraints: COptions

Reset Al |
Help |

Discussion of the Results

The optimal solution appears in Figure 4.31. Let’s follow the cash. The company spends
all its cash in year 1 on the two available investments, A and C ($64,286 in A, $35,714 in
O). A total of $75,000 in returns from these investments is available in year 2, and all of
this is invested in investment B. (The minus signs in cells E33 and B34 are due to round-
off error. The values in these cells are very small negative numbers, but they are equal
to O for all practical purposes.) At the beginning of year 3, a total of $101,786 is avail-
able from investment A and B returns, and $75,000 of this invested in investment E.
This leaves $26,786 for the money market, which grows to $27,589 at the beginning of
year 4. In addition, returns totaling $187,500 from investments B and E come due in
year 4. Of this total cash of $215,089, $75,000 is invested in investment D, and the rest,
$140,089, is put in the money market. The return from investment D, $142,500, plus
the money available from the money market, $144,292, equals the final cash in the target
cell, $286,792.

Sensitivity Analysis

A close look at the optimal solution in Figure 4.31 indicates that Barney-Jones is really
penalizing itself by imposing a maximum of $75,000 per investment. This upper limit
is forcing the company to put cash into the money market fund, despite this fund’s low
rate of return. Therefore, a natural sensitivity analysis is to see how the optimal
solution changes as this maximum value changes. We can perform this sensitivity analysis
with a one-way SolverTable, shown in Figure 4.33.° It uses the maximum in cell B5 as the
input cell, varied from $75,000 to $225,000 in increments of $25,000, and keeps track of
the optimal changing cells and target cell. As we can see, the final cash (column G) grows
steadily as we allow the maximum investment amount to increase. This is because the
company can take greater advantage of the attractive investments and put less in the money
market.

° Because Solver’s sensitivity reports do not help answer the specific sensitivity questions in this example or the
next example, we discuss only the SolverTable results.
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Figure 4.33  Sensitivity of Optimal Solution to Maximum Investment Amount

A [ B [ C D E F G

40 |Sensitivity of optimal solution to maximum per investment

41 $BS26 $CS26 SDS$26 SES26 SF$26 $B$38
42 75000 $64,286 $75,000 $35,714 $75,000 $75,000 $285,118
43 100000 $61,538 $76,923 $38,462 $100,000 $100,000 $319,462
44 125000 $100,000 $50,000 S0 $125,000 $125,000 $352,250
45 150000 $100,000 $50,000 S0 $150,000 $125,000 $374,250
46 175000 $100,000 $50,000 S0 $175,000 $125,000 $396,250
47 200000 $100,000 $50,000 $0 $200,000 $125,000 $418,250
48 225000 $100,000 $50,000 S0 $225,000 $125,000 $440,250

To perform sensitivity
on an output variable
not calculated
explicitly in the
spreadsheet model,
calculate it in some
unused portion of the
spreadsheet before
running SolverTable.

We go one step further with the two-way SolverTable in Figure 4.34. Here both the
maximum investment amount and the money market rate are allowed to vary, and the
maximum amount ever put in the money market is tracked. Because this latter amount is
not calculated in the spreadsheet model, we need to calculate it with the formula
=MAX(Cash_after_investing) in cell B51 and then use it as the output cell for
SolverTable. In every case, even with a large maximum investment amount and a low
money market rate, the company puts some money in the money market. The reason is sim-
ple. Even when the maximum investment amount is $225,000, the company evidently has
more cash than this to invest at some point (probably at the beginning of year 4). Therefore,
the company must put some of it in the money market. =

Figure 4.34  Sensitivity of Maximum in Money Market to Two Inputs

A B C D | E | F G
51 [Maximum in money market $140,089 <+——— |Extra output for use in sensitivity analysis below
52 [
53 itivity of maximum placed in money market to interest rate on cash and per i
54 $BS51 75000 100000 125000 150000 175000 200000 225000
55 0.5% $139,420 $126,923 $112,500 $87,500 $62,500 $37,500 $12,500
56 1.0% $139,554 $126,923 $112,500 $87,500 $62,500 $37,500 $12,500
57 1.5% $139,688 $126,923 $112,500 $87,500 $62,500 $37,500 $12,500
58 2.0% $139,821 $126,923 $112,500 $87,500 $62,500 $37,500 $12,500
59 2.5% $139,955 $126,923 $112,500 $87,500 $62,500 $37,500 $12,500
60 3.0% $140,089 $126,923 $112,500 $87,500 $62,500 $37,500 $12,500
61 3.5% $140,223 $126,923 $112,500 $87,500 $62,500 $37,500 $12,500
62 4.0% $140,357 $126,923 $112,500 $87,500 $62,500 $37,500 $12,500
63 4.5% $140,491 $126,923 $112,500 $87,500 $62,500 $37,500 $12,500

The following pension fund example illustrates a common situation where fixed pay-
ments are due in the future and current funds must be allocated and invested so that their
returns are sufficient to make the payments.

EXAMPLE 4.7 MANAGING A PeENsION FunDp AT ARMCO

ames Judson is the financial manager in charge of the company pension fund at Armco
Incorporated. James knows that the fund must be sufficient to make the payments listed
in Table 4.10. Each payment must be made on the first day of each year. James is going to
finance these payments by purchasing bonds. It is currently January 1, 2008, and three
bonds are available for immediate purchase. The prices and coupons for the bonds are as
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proceed?

follows. (All coupon payments are received on January 1 and arrive in time to meet cash
demands for the date on which they arrive.)

m Bond 1 costs $980 and yields a $60 coupon in the years 2009 to 2012 and a $1060
payment on maturity in the year 2013.

m Bond 2 costs $970 and yields a $65 coupon in the years 2009 to 2018 and a $1065
payment on maturity in the year 2019.

m Bond 3 costs $1050 and yields a $75 coupon in the years 2009 to 2021 and a $1075
payment on maturity in the year 2022.

James must decide how much cash to allocate (from company coffers) to meet the initial
$11,000 payment and buy enough bonds to make future payments. He knows that any ex-
cess cash on hand can earn an annual rate of 4% in a fixed-rate account. How should he

Table 4.10 Payments for Pension Problem

Year Payment Year Payment Year Payment
2008 $11,000 2013 $18,000 2018 $25,000
2009 $12,000 2014 $20,000 2019 $30,000
2010 $14,000 2015 $21,000 2020 $31,000
2011 $15,000 2016 $22,000 2021 $31,000
2012 $16,000 2017 $24,000 2022 $31,000

Solution

The Objective as a Changing Cell

In all optimization models, the objective cell has to be
a function of the changing cells, that is, the objective
value should change as values in the changing cells
change. It is perfectly consistent with this re-
quirement to have the objective cell be one of the
changing cells. This doesn’t occur in very many opti-
mization models, but it is sometimes useful, even
necessary.

Objective To develop an LP spreadsheet model that relates initial allocation of money
and bond purchases to future cash availabilities, and to use Solver to minimize the initial-
ize allocation of money required to meet all future pension fund payments.

WHERE DO THE NUMBERS COME FROM?

As in the previous financial example, the inputs are fairly easy to obtain. A pension fund
has known liabilities that must be met in future years, and information on bonds and fixed-
rate accounts is widely available.

The variables and constraints required for this pension fund model are listed in Table 4.11.
When modeling this problem, we’ll see a new twist that involves the money James must al-

FUNDAMENTAL INSIGHT

locate in 2008 for his funding problem. Clearly, he
must decide how many bonds of each type to pur-
chase in 2008 (note that no bonds are purchased
after 2008), but he must also decide how much
money to allocate from company coffers. This
allocated money has to cover the initial pension
payment in 2008 and the bond purchases. In addi-
tion, James wants to find the minimum allocation
that will suffice. Therefore, this initial allocation
serves two roles in the model: it’s a decision vari-
able and the objective to be minimized. In terms
of spreadsheet modeling, it’s perfectly acceptable
to make the target cell one of the changing cells,
as is done here. You might not see this in many
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models—because the objective typically involves a linear combination of several decision
variables—but it is occasionally the most natural way to proceed.

Table 4.11 Variables and Constraints for Pension Model

Input variables

Decision variables
(changing cells)

Objective (target cell)

Other calculated variables

Constraints

Pension payments, information on bonds, fixed interest rate on cash
Money to allocate in 2008, numbers of bonds to purchase in 2008

Money to allocate in 2008 (minimize)

Cash available to meet pension payments each year

Cash available for payments must be greater than or equal to
Payment amounts

DEVELOPING THE SPREADSHEET MODEL

The completed spreadsheet model is shown in Figure 4.35. (See the file Pension Fund
Management.xlsx.) It can be created with the following steps:

Figure 4.35 Spreadsheet Model for Pension Fund Management

A | [ ¢ [ o | E F G [ H | ) K L ™M N [8) P

| 1 |Pension fund management
L
| 3 |Costs (in 2008) and income (in other years) from bonds | |
| 4 |Year 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022
| 5 |Bond 1 $980 $60 $60 $60 $60  $1,060
| 6 |Bond 2 $970 $65 $65 $65 $65 $65 $65 $65 $65 $65 $65  $1,065
| 7 |Bond3 $1,050 $75 $75 $75 $75 $75 $75 $75 $75 $75 $75 $75 $75 $75  $1,075
i
| 9 |Interest rate 4%
i
| 11 |[Number of bonds (allowing fractional values) to purchase in 2008
[ 12 |Bond 1 73.69
[ 13 |Bond 2 77.21

14 (Bond 3 28.84
? The value in cell B16 is the money allocated to make the 2008
16 | Money allocated $197,768 <«—— O to also a ct cell payment and buy bonds in 2008. It is both a changing cell and the
17 | target cell to minimize.
1_8 Constraints to meet payments I
F Year 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022
20 |Amount available $20,376  $21,354 $21,332  $19,228 $16,000 $85298 $77,171 $66,639 $54,646 $41,133 $25000 $84,390 $58,728 $31,000 $31,000
7 >= >= >=. >= >= >=’ >= >= >= >= >= >= >= >= >=
z Amount required $11,000 $12,000 $14,000  $15000 $16,000 $18,000 $20,000 $21,000 $22,000 $24,000 $25000 $30,000 $31,000 $31,000 $31,000
i
| 24 |Range names used:
| 25 |Amount_available =Model!$BS$20:5P$20
| 26 |Amount_required =Model!$BS$22:5P$22
| 27 |Bonds_purchased =Model!$B$12:5BS14

28 |Money_allocated =Model!$BS16

Always document your
spreadsheet conven-
tions as clearly as
possible.

c Inputs and range names. Enter the given data in the blue cells and name the ranges as
indicated. Note that the bond costs in the range B5:B7 are entered as positive quantities.
Some financial analysts might prefer that they be entered as negative numbers, indicating
outflows. It doesn’t really matter, however, as long as we are careful with spreadsheet
formulas later on.

e Money allocated and bonds purchased. As we discussed previously, the money allo-
cated in 2008 and the numbers of bonds purchased are both decision variables, so enter any
values for these in the Money_allocated and Bonds_purchased ranges. Note that the color-
coding convention is modified for the Money_allocated cell. Because it is both a changing
cell and the target cell, we color it red but add a note to emphasize that it is the objective to
maximize.
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Figure 4.36

Solver Dialog Box
for the Pension
Model

9 Cash available to make payments. In 2008, the only cash available is the money ini-
tially allocated minus cash used to purchase bonds. Calculate this quantity in cell B20 with
the formula

=Money_allocated-SUMPRODUCT(Bonds_purchased,B5:B7)

For all other years, the cash available comes from two sources: excess cash invested at the
fixed interest rate the year before and payments from bonds. Calculate this quantity for 2009
in cell C20 with the formula

=(B20-B22)*(1+$B$9)+SUMPRODUCT (Bonds_purchased,C5:C7)

and copy it across row 20 for the other years.

As you see, this model is fairly straightforward to develop after you understand the
role of the amount allocated in cell B16. However, we have often given this problem as an
assignment to our students, and many fail to deal correctly with the amount allocated.
(They usually forget to make it a changing cell.) So make sure you understand what we
have done and why we have done it this way.

USING SOLVER

The main Solver dialog box should be filled out as shown in Figure 4.36. As usual, the
Assume Linear Model and Assume Non-Negative options should be checked before opti-
mizing. Again, notice that the Money_allocated cell is both the target cell and one of the
changing cells.

Solver Parameters . ﬂil
Set Targek Cell: IMnney_aIIn =k]

Equal To: CMax Mo O YalueoR: O
By Changing Cells:

|Bond5jurchased,Money_allocated ;-k_] GlEss |

~subject to the Constraints: Options
Aamount_available == Amount_required ;I Add |
Change |
Reset all |
LI Delete |

Help

Close |

Discussion of the Solution

The optimal solution appears in Figure 4.35. You might argue that the numbers of bonds
purchased should be constrained to integer values. We tried this and the optimal solution
changed very little: The optimal numbers of bonds to purchase changed to 74, 79, and 27,
and the optimal money to allocate increased to $197,887. With this integer solution, shown
in Figure 4.37, James sets aside $197,887 initially. Any less than this would not work—he
couldn’t make enough from bonds to meet future pension payments. All but $20,387 of this
initial allocation (see cell B20) is spent on bonds, and of the $20,387, $11,000 is used to
make the 2008 pension payment. After this, the amounts in row 20, which are always suf-
ficient to make the payments in row 22, are composed of returns from bonds and cash with
interest from the previous year. Even more so than in previous examples, there’s no way to
“guess” this optimal solution. The timing of bond returns and the irregular pension pay-
ments make an optimization model an absolute necessity.
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Figure 4.37 Optimal Integer Solution for the Pension Model

Money allocated

Year
Amount available
Amount required

Amount_available
Amount_required

A [ 8 [ ¢ T o T € T *F T & T w171 [ T x T v T m T ~ T o T »

1 |Pension fund management
2]
| 3 |Costs (in 2008) and income (in other years) from bonds
| 4 |Year 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022
15 | Bond 1 $980 $60 $60 $60 $60 $1,060
| 6 |Bond 2 $970 $65 $65 $65 $65 $65 $65 $65 $65 $65 $65 $1,065
| 7 |Bond 3 $1,050 $75 $75 $75 $75 $75 $75 $75 $75 $75 $75 $75 $75 $75  $1,075
| 8 |
9 |Interest rate 4%
(o]
|11 | Number of bonds (allowing fractional values) to purchase in 2008
12 |Bond 1 74.00

Bond 2 79.00

Bond 3 27.00

Constraints to meet payments

Range names used:

The value in cell B16 is the money allocated to make the 2008
payment and buy bonds in 2008. It is both a changing cell and the
target cell to minimize.

$197,887 <+—— Objective to minimize, also a changing cell

2008 2009‘ 2010 2011 2012 2013‘ 2014‘ 2015 2016 2017 2018 2019 2020‘ 2021 2022
$20,387 $21,363  $21,337 $19,231 $16,000 $85,600 $77,464 $66,923 $54,919 $41,396 $25,252 $86,422 $60,704 $32,917 $31,019
>= >= >= >= >= >= >= >= >= >= >= >= >= >= >=

$11,000 $12,000 $14,000 $15,000 $16,000 $18,000 $20,000 $21,000 $22,000 $24,000 $25,000 $30,000 $31,000 $31,000 $31,000

=Model!$B$20:$P$20
=Model!$B$22:5P$22

Bonds_purchased
Money_allocated

NMNNNMNNNNNNNENENENNE.
S| |G |R[B|IN[R[S|6|e|S|a |G| |6

=Modell$B$12:5B$14
=Model!$BS16

Sensitivity Analysis

Because the bond information and pension payments are evidently fixed, we see only one
promising direction for sensitivity analysis: on the fixed interest rate in cell B9. We tried
this, allowing this rate to vary from 2% to 6% in increments of 0.5%, and we kept track of
the optimal changing cells, including the target cell. The results appear in Figure 4.38.
They indicate that as the interest rate increases, James can get by with fewer bonds of types
1 and 2, and he can allocate less money for the problem. The reason is that he is making
more interest on excess cash.

Figure 4.38

Sensitivity to Fixed
Interest Rate

A [ B C D E

30 |Sensitivity to interest rate

31 $BS12 $BS13 SBS14 $BS16
32 2.0% 77.12 78.71 28.84| $202,010
33 2.5% 76.24 78.33 28.84| $200,930
34 3.0% 75.37 77.95 28.84| $199,863
35 3.5% 74.53 77.58 28.84| $198,809
36 4.0% 73.69 77.21 28.84| $197,768
37 4.5% 72.88 76.84 28.84| $196,741
38 5.0% 72.09 76.49 28.84| $195,727
39 5.5% 71.30 76.13 28.84| $194,725
40 6.0% 70.54 75.78 28.84| $193,737 ™

ADDITIONAL APPLICATIONS

Using LP to Optimize Bond Portfolios

Many Wall Street firms buy and sell bonds. Rohn (1987) developed a bond selection model
that maximizes profit from bond purchases and sales subject to constraints that minimize
the firm’s risk exposure. The method used to model this situation is closely related to the
method used to model the Barney-Jones problem. m
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PROBLEMS

Skill-Building Problems

31.

32.

33.

35.

36.

Modify the Barney-Jones investment problem so that a
minimum amount must be put into any investment,
although this minimum can vary by investment. For
example, the minimum amount for investment A might
be $0, whereas the minimum amount for investment D
might be $50,000. These minimum amounts should be
inputs; you can make up any values you like. Run
Solver on your modified model.

In the Barney-Jones investment problem, increase the
maximum amount allowed in any investment to
$150,000. Then run a one-way sensitivity analysis to
the money market rate on cash. Capture one output
variable: the maximum amount of cash ever put in the
money market. You can choose any reasonable range
for varying the money market rate.

We claimed that our model for Barney-Jones is gener-
alizable. Try generalizing it to the case where there are
two more potential investments, F and G. Investment
F requires a cash outlay in year 2 and returns $0.50 in
each of the next 4 years for every dollar invested.
Investment G requires a cash outlay in year 3 and
returns $0.75 in each of years 5, 6, and 7 for every
dollar invested. Modify the model as necessary,
making the objective the final cash after year 7.

In the Barney-Jones spreadsheet model, we ran invest-
ments across columns and years down rows. Many
financial analysts seem to prefer the opposite. Modify
the spreadsheet model so that years go across columns
and investments go down rows. Run Solver to ensure
that your modified model is correct! (There are two
possible ways to do this, and you can experiment to
see which you prefer. First, you could basically start
over on a blank worksheet. Second, you could use
Excel’s TRANSPOSE function.)

In the pension fund problem, suppose there’s a fourth
bond, bond 4. Its unit cost in 2006 is $1020, it returns
coupons of $70 in years 2007 to 2010 and a payment
of $1070 in 2011. Modify the model to incorporate this
extra bond and reoptimize. Does the solution change—
that is, should James purchase any of bond 4?

In the pension fund problem, suppose there is an upper
limit of 60 on the number of bonds of any particular
type that can be purchased. Modify the model to
incorporate this extra constraint and then reoptimize.
How much more money does James need to allocate
initially?

In the pension fund problem, suppose James has been
asked to see how the optimal solution will change if
the required payments in years 2011 to 2020 all

37.

increase by the same percentage, where this percent-
age could be anywhere from 5% to 25%. Use an ap-
propriate one-way SolverTable to help him out, and

write a memo describing the results.

The pension fund model is streamlined, perhaps too
much. It does all of the calculations concerning cash
flows in row 20. James decides he would like to
“break these out” into several rows of calculations:
Beginning cash (for 2006, this is the amount allocated;
for other years, it is the unused cash, plus interest,
from the previous year), Amount spent on bonds
(positive in 2006 only), Amount received from bonds
(positive for years 2007 to 2020 only), Cash available
for making pension fund payments, and (below the
Amount required row) Cash left over (amount
invested in the fixed interest rate). Modify the model
by inserting these rows, enter the appropriate formu-
las, and run Solver. You should obtain the same result,
but you get more detailed information.

Skill-Extending Problems

38.

39.

40.

Suppose the investments in the Barney-Jones
problem sometimes require cash outlays in more than
one year. For example, a $1 investment in investment
B might require $0.25 to be spent in year 1 and $0.75
to be spent in year 2. Does our model easily accom-
modate such investments? Try it with some cash
outlay data you make up, run Solver, and interpret
your results.

In the pension fund problem, if the amount of money
initially is /ess than the amount found by Solver, then
James will not be able to meet all of the pension fund
payments. Use the current model to demonstrate that
this is true. To do so, enter a value less than the opti-
mal value into cell B16. Then run Solver, but remove
the Money_allocated cell as a changing cell and as the
target cell. (If there is no target cell, Solver simply
tries to find a solution that satisfies all of the con-
straints.) What do you find?

Continuing the previous problem in a slightly different
direction, continue to use the Money_allocated cell

as a changing cell, and add a constraint that it must be
less than or equal to any value, such as $195,000,

that is less than its current optimal value. With this
constraint, James will again not be able to meet all of
the pension fund payments. Create a new target cell to
minimize the total amount of payments not met. The
easiest way to do this is with IF functions. Unfortu-
nately, this makes the model nonsmooth, and Solver
might have trouble finding the optimal solution. Try

it and see.
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4.8 DATA ENVELOPMENT ANALYSIS (DEA)

The data envelopment analysis (DEA) method can be used to determine whether a uni-
versity, hospital, restaurant, or other business is operating efficiently. Specifically, DEA can
be used by inefficient organizations to benchmark efficient and “best-practice” organiza-
tions. According to Sherman and Ladino (1995):

Many managers of service organizations would describe benchmarking and best prac-
tice analysis as basic, widely accepted concepts already used in their businesses.
Closer examination indicates that the traditional techniques used to identify and pro-
mulgate best practices are not very effective, largely because the operations of these
service organizations are too complex to allow them to identify best practices
accurately. DEA provides an objective way to identify best practices in these service
organizations and has consistently generated new insights that lead to substantial pro-
ductivity gains that were not otherwise identifiable.

The following example illustrates DEA and is based on Callen (1991). See also Norton
(1994).

EXAMPLE 4.8 DEA IN THE HosPITAL INDUSTRY

C onsider a group of three hospitals. To simplify matters, assume that each hospital
“converts” two inputs into three different outputs. (In a real DEA, there are typically
many more inputs and outputs.) The two inputs used by each hospital are
input 1 = capital (measured by hundreds of hospital beds)
input 2 = labor (measured by thousands of labor hours used in a month)
The outputs produced by each hospital are
output 1 = hundreds of patient-days during month for patients under age 14
output 2 = hundreds of patient-days during month for patients between 14 and 65

output 3 = hundreds of patient-days for patients over 65

The inputs and outputs for these hospitals are given in Table 4.12. Which of these three
hospitals is efficient in terms of using its inputs to produce outputs?

Table 4.12 Input and Output for the Hospital Example

Inputs Outputs
1 2 1 2 3
Hospital 1 5 14 9 4 16
Hospital 2 8 15 5 7 10
Hospital 3 7 12 4 9 13

Objective To develop an LP spreadsheet model, using the DEA methodology, to deter-
mine whether each hospital is efficient in terms of using its inputs to produce its outputs.
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WHERE DO THE NUMBERS COME FROM?

In a general DEA analysis, the organization’s inputs and outputs must first be defined. Then
for each input or output, a unit of measurement must be selected. Neither of these is neces-
sarily an easy task, because organizations such as hospitals, banks, and schools consume a
variety of inputs and produce a variety of outputs that can be measured in alternative ways.
However, after the list of inputs and outputs has been chosen and units of measurement
have been selected, we can use accounting data to find the required data, as in Table 4.12.

Solution

The idea is that when focusing on any particular hospital, we want to show it in the best
possible light. That is, we want to value the inputs and outputs in such a way that this hos-
pital looks as good as possible relative to the other hospitals. Specifically, to determine
whether a hospital is efficient, we define a price per unit of each output and a cost per unit
of each input. Then the efficiency of a hospital is defined to be

Value of hospital’s outputs
Value of hospital’s inputs

Efficiency of hospital =

The DEA approach uses the following four ideas to determine whether a hospital is
efficient.

m  No hospital can be more than 100% efficient. Therefore, the efficiency of each hospi-
tal is constrained to be less than or equal to 1. To make this a linear constraint, we
express it in this form:

Value of hospital’s outputs = Value of hospital’s inputs

m  When we are trying to determine whether a hospital is efficient, it simplifies matters
to scale input prices so that the value of the hospital’s inputs equals 1. Any other
value would suffice, but using 1 causes the efficiency of the hospital to be equal to
the value of the hospital’s outputs.

m If we are interested in evaluating the efficiency of a hospital, we should attempt to
choose input costs and output prices that maximize this hospital’s efficiency. If the
hospital’s efficiency equals 1, then the hospital is efficient; if the hospital’s efficiency
is less than 1, then the hospital is inefficient.

m All input costs and output prices must be nonnegative.

Putting these ideas together, the variables required for the DEA model are summarized in
Table 4.13. Note the reference to “selected hospital.” The model is actually analyzed three
times, once for each hospital. So the selected hospital each time is the one currently in
focus.

Table 4.13 Variables and Constraints for the DEA Model

Input variables Inputs used, outputs produced for each hospital
Decision variables Unit costs of inputs, unit prices of outputs for selected hospital
(changing cells)
Objective (target cell) Total output value of selected hospital
Other calculated variables Total input cost, total output value (for each hospital)
Constraints Total input cost must be greater than or equal to Total output value
(for each hospital)

Total cost for selected hospital must equal 1
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DEVELOPING THE SPREADSHEET MODEL

Figure 4.39 contains the DEA spreadsheet model used to determine the efficiency of hos-
pital 1. (See the file Hospital DEA.xlsm.) To develop this model, proceed as follows.

Figure 4.39 DEA Model for Hospital 1

A

I

B | C

J

K

1 |DEA model for checking efficiency of a selected hospital Range names used

2 Input_costs =Model!$B$14:5BS16
3 |Selected hospital 1 Output_values =Model!$D$14:5D$16
4 Selected_hospital del!SBS3

5 |Inputs used Input 1 Input 2 Outputs produced Output 1| Output 2| Output 3 Selected_hospital_input_cost =Model!$BS19

6 |Hospital 1 5 14 Hospital 1 9 4 16 Selected_hospital_output_value |=Model!$BS$22

7 |Hospital 2 8 15 Hospital 2 5 7 10 Unit_costs_of_inputs =Model!$B$10:5C$10
8 |Hospital 3 7 12 Hospital 3 4 9 13 Unit_prices_of_outputs =Model!$F$10:5H$10
9

10 |Unit costs of inputs ‘ 0.000‘ 0.071 Unit prices of outputs 0.0857 0.0571 0.000

12 |C that input costs must cover output values

13 Hospital| Input costs Output values
14 1 1.000 >= 1.000
15 2 1.071 >= 0.829
16 3 0.857 >= 0.857
17

18 |Ce int that selected hospital's input cost must equal a nominal value of 1

19 |Selected hospital input cost ‘ 1.000‘ = ‘ 1
20 \ \ \

21 imize selected hospital's output value (to see if it is 1, hence effici

22 |Selected hospital output value

1.000 [

c Input given data and name ranges. Enter the input and output information for each
hospital in the ranges B6:C8 and F6:H8 and name the various ranges as indicated.

e Selected hospital. Enter 1, 2, or 3 in cell B3, depending on which hospital you want to
analyze.

e Unit input costs and output prices. Enter any trial values for the input costs and out-
put prices in the Unit_costs_of_inputs and Unit_prices_of_outputs ranges.

O Total input costs and output values. In the Input_costs range, calculate the cost of the
inputs used by each hospital. To do this, enter the formula

=SUMPRODUCT (Unit_costs_of_inputs,B6:C6)

in cell B14 for hospital 1, and copy this to the rest of the Input_costs range for the other hos-
pitals. Similarly, calculate the output values by entering the formula

=SUMPRODUCT (Unit_prices_of_outputs,F6:H6)

in cell D14 and copying it to the rest of the Output_values range. Note that even though we
are focusing on hospital 1’s efficiency, we still calculate input costs and output values for the
other hospitals so that we have something to compare hospital 1 to.

e Total input cost and output value for the selected hospital. In row 19, constrain the
total input cost of the selected hospital to be 1 by entering the formula

=VLOOKUP(Selected_hospital,A14:B16,2)
in cell B19, and enter a 1 in cell D19. Similarly, enter the formula
=VLOOKUP(Selected_hospital,A14:D16,4)

in cell B22. (Make sure you understand how these VLOOKUP functions work.) Remember
that because the selected hospital’s input cost is constrained to be 1, its output value in cell
B22 is automatically its efficiency.

186 Chapter 4 Linear Programming Models



Figure 4.40

Solver Dialog Box
for the DEA Model

USING SOLVER TO DETERMINE WHETHER HOSPITAL | IS EFFICIENT

To determine whether hospital 1 is efficient, use Solver as follows. (When you are finished,
the Solver dialog box should appear as shown in Figure 4.40.)

Solver Parameters

Set Target Cell:

Equal To: (%) Max
By Changing Cells:

iUnit_cnsts_of_inputs,Unit _prices_of_oukputs Guess

Subject ko the Constraints:

'Selectgl:_lz
Mo ) value of:

o |

Opkions

IInput_costs == Output_values
| Selected_hospital_input_cost =1

&dd

Reset all

Help

o Objective. Select cell B22 as the target cell to maximize. Because the cost of
hospital 1 inputs is constrained to be 1, this causes Solver to maximize the efficiency of
hospital 1.

9 Changing cells. Choose the Unit_costs_of_inputs and Unit_prices_of_outputs ranges
as the changing cells.

e Selected hospital’s input cost constraint. Add the constraint Selected_hospital _
input_cost=1. This sets the total value of hospital 1’s inputs equal to 1.

o Efficiency constraint. Add the constraint Input_costs>=Output_values. This ensures
that no hospital is more than 100% efficient.

e Specify nonnegativity and optimize. Under Solver Options, check the Assume Linear
Model and Assume Non-Negative options and then solve to obtain the optimal solution
shown in Figure 4.39.

The 1 in cell B22 of this solution means that hospital 1 is efficient. In words, Solver
has found a set of unit costs for the inputs and the unit prices for the outputs such that the
total value of hospital 1’s outputs equals the total cost of its inputs.

Figure 4.41 DEA Model for Hospital 2

A | B | C D E F G H J K
1 |DEA model for checking effi of a selected hospital Range names used
2 Input_costs Modell$B$14:5B516
3 [Selected hospital 2 Output_values =Model!$D$14:5D$16
4 elected_hospital Model!
5 |Inputs used Input 1 Input 2 Outputs produced Output 1| Output 2| Output 3 elected_hospital_input_cost del!$BS19
6 |Hospital 1 5 14 Hospital 1 9 4 16 Selected_hospital_output_value |=Model!$B$22
7 |Hospital 2 8 15 Hospital 2 5 7 10 Unit_costs_of_inputs =Model!$B$10:5C$10
8 |Hospital 3 ‘ 7‘ 12 Hospital 3 4 9 13 Unit_prices_of_outputs =Model!$F$10:SHS$10
9
10 |Unit costs of inputs 0.000 0.067 Unit prices of outputs 0.0800 0.0533 0.000
m \ \
12 |Constraints that input costs must cover output values
13 Hospital| Input costs Output values
14 1 0.933 >= 0.933
15 2 1.000 >= 0.773
16 3 0.800 >= 0.800
17
18 |C int that selected hospital's input cost must equal a nominal value of 1
19 |Selected hospital input cost ‘ 1.000‘ = ‘ 1
20 \ \ \
21 ize selected hospital's output value (to see if it is 1, hence
22 |Selected hospital output value 0.773 \

4.8 Data Envelopment Analysis (DEA) 187



Determining Whether Hospitals 2 and 3 Are Efficient

To determine whether hospital 2 is efficient, we simply replace the value in cell B3 by 2 and
rerun Solver. The Solver settings do not need to be modified. (In fact, for your convenience,
a button is included on the spreadsheet that runs a macro to run Solver.) The optimal solu-
tion appears in Figure 4.41. From the value of 0.773 in cell B22, we can see that hospital 2
is not efficient. Similarly, we can determine that hospital 3 is efficient by replacing the

value in cell B3 by 3 and rerunning Solver (see Figure 4.42).

Figure 4.42 DEA Model for Hospital 3

A

I

8]

C

J

K

1 |DEA model for checking efficit of a selected hospital Range names used

2 Input_costs =Model!$B$14:5BS16
3 hospital 3 Output_values =Model!$D$14:5D$16
4 Selected_hospital =Model!$BS$3

5 |Inputs used Input 1 Input 2 Outputs produced Output 1| Output 2| Output 3 Selected_hospital_input_cost =Model!$B$19

6 |Hospital 1 5 14 Hospital 1 9 4 16 Selected_hospital_output_value |=Model!$B$22

7 [Hospital 2 8 15 Hospital 2 3 7 10 Unit_costs_of_inputs =Model!$B$10:5C$10
8 [Hospital 3 7 12 Hospital 3 4 9 13 Unit_prices_of_outputs =Model!$F$10:5H$10
5 | |

10 |Unit costs of inputs 0.000 0.083 Unit prices of outputs 0.1000 0.0667 0.000

u \ \

12 |Ce that input costs must cover output values

13 Hospital| Input costs Output values

14 1 1.167 >= 1.167

15 2 1.250 >= 0.967

16 3 1.000 >= 1.000

17

18 |Constraint that selected hospital's input cost must equal a nominal value of 1

19 |Selected hospital input cost

1.000] = I 1

21 imize selected hospital's output value (to see if it is 1, hence efficient)

22 [Selected hospital output value

1.000 [

In summary, we have found that hospitals 1 and 3 are efficient, but hospital 2 is
inefficient.

What Does It Mean to Be Efficient or Inefficient?

This idea of efficiency or inefficiency might still be a mystery, so let’s consider it further. A
hospital is efficient if the inputs and outputs can be priced in such a way that this hospital
gets out all of the value that it puts in. The pricing scheme depends on the hospital. Each
hospital tries to price inputs and outputs to put its operations in the best possible light. In
the example, hospital 1 attaches 0 prices to input 1 (hospital beds) and output 3 (patient-
days for patients over 65), and it attaches positive prices to the rest. This makes hospital 1
look efficient. Hospital 3, which is also efficient, also attaches O prices to input 1 and output
3, but its prices for the others are somewhat different from hospital 1’s prices.

If DEA finds that a hospital is inefficient, then there is no pricing scheme where that
hospital can recover its entire input costs in output values. Actually, it can be shown that if
a hospital is inefficient, then a “combination” of the efficient hospitals can be found that
uses no more inputs than the inefficient hospital, yet produces at least as much of each
output as the inefficient hospital. In this sense, the hospital is inefficient.

To see how this combination can be found, consider the spreadsheet model in Fig-
ure 4.43. Begin by entering any positive weights in the Weights range. For any such
weights (they don’t even need to sum to 1), consider the combination hospital as a fraction
of hospital 1 and another fraction of hospital 3. For example, with the weights shown, the
combination hospital uses about 26% of the inputs and produces about 26% of the outputs
of hospital 1, and it uses about 66% of the inputs and produces about 66% of the outputs of
hospital 3. When they are combined in row 6 with the SUMPRODUCT function [for ex-
ample, the formula in cell D6 is =SUMPRODUCT (Weights,D4:D5)], we find the quanti-
ties of inputs this combination hospital uses and the quantities of outputs it produces. To
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find weights where the combination hospital is better than hospital 2, we find any feasible
solution to the inequalities indicated in rows 6 to 8 by using the Solver setup in Figure 4.44.
(The weights in Figure 4.43 do the job.) Note that there is no objective to maximize or mini-
mize; all we want is a solution that satisfies the constraints. Furthermore, we know there is
a feasible solution because we have already identified hospital 2 as being inefficient.

Figure 4.43

Ilustrating How
Hospital 2 Is
Inefficient

Figure 4.44
Solver Setup for
Finding an
Inefficiency

A [ B [ ¢ [ o [ € [ F G H I

1 |Comparing combination of hospitals 1 and 3 to inefficient hospital 2

2

3 Weights Input 1 Input 2 Output 1| Output 2| Output3
4 [Hospital 1 0.2615 5 14 9 4 16
5 |Hospital 2 0.6615 7 12 4 9 13
6 |Combination 5.938 11.6 5 7 12.785
7 <= <= >= >= >=
8 [Hospital 2 8 15 5 7 10

Solver Parameters

Set Target Cell: [ _

Equal To: GiMax Mo () value of: IU |
By Changing Cells:

‘Weights GUEsS

Subject ko the Constraints: Ciptions

Combo_inputs <= Hospital2_inputs add

Combo_outputs »= HospitalZ_outputs

In reality, after DEA analysis identifies an organizational unit as being inefficient, this unit
should consider benchmarking itself relative to the competition to see where it can make
more efficient use of its inputs. =

MODELING ISSUES

1.

The ratio (input i cost)/(input j cost) can be interpreted as the marginal rate of substi-
tution (at the optimal solution) of input i for input j. That is, the same level of outputs
can be maintained if we decrease the use of input i by a small amount A and increase
the use of input j by [(input i cost)/(input j cost)]A. For example, for hospital 2,
(input 2 cost/input 1 cost) = 6700. This implies that if the use of input 2 decreases by
a small amount A, hospital 2 can maintain its current output levels if the usage of
input 1 increases by 6700A.

The ratio (output i price)/(output j price) can be interpreted as the marginal rate of
substitution (at the optimal solution) of output i for output j. That is, the same level

of input usage can be maintained if we decrease the production of output i by a

small amount A and increase the production of output j by [(output i price)/(output j
price)]A. For example, for hospital 2, (output 2 price)/(output 1 price) = 0.67. This
implies that if the use of output 2 decreases by a small amount A, hospital 2 can main-
tain its current resource usage if the production of output 1 increases by 0.67A. =
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ADDITIONAL APPLICATIONS

DEA for Evaluating School Bus Transportation

Sexton et al. (1994) used DEA to evaluate the efficiency of school bus transportation for the
counties of North Carolina. For each county, they used two inputs: buses used and total op-
erating expense. They used a single output: pupils transported per day. However, they
noted a problem with “traditional” DEA. Consider two counties (county 1 and county 2)
that use exactly the same inputs and produce the same outputs. Suppose that county 1 is
very sparsely populated and county 2 is densely populated. Clearly, county 1 is transport-
ing pupils more efficiently than county 2, but a DEA conducted by the method described
will not show this. Realizing this, Sexton et al. developed a method to adjust the output of
county 2 downward and the output of county 1 upward to compensate for this problem. The
North Carolina Department of Education penalized the inefficient counties by reducing
their budgetary appropriations. Since the time DEA was performed, most counties have
greatly increased their efficiency.

DEA in the Banking Industry

Sherman and Ladino (1995) discuss the use of DEA in identifying the most and least effi-
cient branches in a banking firm with 33 branch banks. They found efficiency ratings that
varied from 37% to 100%, with 23 of the 33 branches rated below 100% and 10 below
70%. Each of the inefficient branches was compared to a reference set of “best-practice”
branches—efficient branches that offered the same types of services as the inefficient
branch. This allowed them to make specific suggestions as to how the inefficient branches
could improve. For example, they showed that branch 1 should be able to provide its cur-
rent level and mix of services with 4.5 fewer customer-service personnel, 1.8 fewer sales
service personnel, 0.3 fewer managers, $222,928 less in operating expenses, and 1304
fewer square feet. They also indicated the added amount of service that the inefficient
branches could provide, in addition to resource savings, if these branches could become as
efficient as the best-practice branches. For example, branch 1 could handle (per year) about
15,000 additional deposits, withdrawals, and checks cashed; 2000 added bank checks,
bonds, and travelers’ checks; and 8 additional night deposits, while reducing the resources
needed if it attained the efficiency level of the best-practice branches. See the May—June
1999 issue of Interfaces for more applications of DEA in the banking industry. m

PROBLEMS

Skill-Building Problems m input 2 = number of parent visits to school (per
child)
m input 3 = teacher-to-student ratio

41. The Salem Board of Education wants to evaluate the
efficiency of the town’s four elementary schools. The

three outputs of the schools are The relevant information for the four schools is given

= output 1 = average reading score in the file P04_41.xlsx. Determine which (if any)

m output 2 = average mathematics score schools are inefficient.

= output 3 = average self-esteem score Pine Valley Bank has three branches. You have been

The three inputs to the schools are asked to evaluate the efficiency of each. The following

m input 1 = average educational level of mothers inputs and outputs are to be used for the study:
(defined by highest grade completed: 12 = high m input 1 = labor hours used (hundreds per month)
school graduate; 16 = college graduate, and so on) m input 2 = space used (in hundreds of square feet)
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m input 3 = supplies used per month (in dollars) = output 1 = number of patrol units responding to

m output I = loan applications per month service requests (thousands per year)

m output 2 = deposits processed per month (in m output 2 = number of convictions obtained each
thousands) year (in hundreds)

= output 3 = checks processed per month (in You are given the data in the file P04 _43.xIsx. Use
thousands) this information to determine which precincts, if any,

The relevant information is given in the file are inefficient.

P04_42.xlsx. Use these data to determine whether any 44. You have been commissioned by Indiana University to

bank branches are inefficient. evaluate the relative efficiency of four degree-granting

43. You have been asked to evaluate the efficiency of the units: Business, Education, Arts and Sciences, and
Port Charles Police Department. Three precincts are to Health, Physical Education, and Recreation (HPER).
be evaluated. The inputs and outputs for each precinct You are given the information in the file P04_44.xlsx.
are as follows: Use DEA to identify all inefficient units.

m input 1 = number of policemen
= input 2 = number of vehicles used

4.9 CONCLUSION

In this chapter, we have developed LP spreadsheet models of many diverse situations.
Although there is no standard procedure that can be used to attack all problems, there are
several keys to most spreadsheet optimization models:

m Determine the changing cells, the cells that contain the values of the decision
variables. These cells should contain the values the decision maker has direct control
over, and they should determine all other outputs, either directly or indirectly. For
example, in blending models, the changing cells should contain the amount of
each input used to produce each output; in employee scheduling models, the chang-
ing cells should contain the number of employees who work each possible five-day
shift.

m Set up the spreadsheet so that you can easily compute what you want to maximize
or minimize (usually profit or cost). For example, in the aggregate planning model,
a good way to compute total cost is to compute the monthly cost of operation in each
TOW.

m  Set up the spreadsheet so that the relationships between the cells in the spreadsheet
and the problem constraints are readily apparent. For example, in the post office
scheduling example, it is convenient to calculate the number of employees working
each day of the week near the number of employees needed for each day of the
week.

m Make your spreadsheet readable. Use descriptive labels, use range names liberally,
use cell comments and text boxes for explanations, and think about your model
layout before you dive in. This might not be too important for small, straightforward
models, but it is crucial for large, complex models. Just remember that other people
are likely to be examining your spreadsheet models.

= LP models tend to fall into categories, but they are definitely not all alike. For
example, a problem might involve a combination of the ideas discussed in the
workforce scheduling, blending, and production process examples of this chapter.
Each new model presents new challenges, and you must be flexible and imaginative
to meet these challenges. It takes practice and perseverance.
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Summary of Key Management Science Terms

Term Explanation Page
Dual-objective model Model with two competing objectives; usual strategy is to 137
constrain one of them and optimize the other
Integer constraints Constraints that limit (some) changing cells to integer 140
values

Multiple optimal Case where several solutions have the same optimal value 147

solutions of the objective

Heuristic An “educated guess” solution, not guaranteed to be 148
optimal but usually quick and easy to obtain

Nonsmooth problems Nonlinear models with “sharp edges” or discontinuities 156
that make them difficult to solve

DEA (Data Envelopment Method for determining whether organizational 184

Analysis) units are efficient in terms of using their inputs to produce

their outputs

Summary of Key Excel Terms

Term Explanation Excel Page
Range name Quick way to create range names, Use Create from Selection 135
shortcut using labels in adjacent cells on Formulas ribbon
Solver integer Constraints on changing cells Specify in Add Constraint 140
constraints forcing them to be integers dialog box with Solver
Row, column Quick way of getting row and/or Highlight row under table 153
sums shortcut column sums from a table and column to right of table,
click on X buttom

Nonsmooth Avoid use of functions such as IF, 156
functions with MIN, MAX, and ABS in Solver
Solver models; Solver can’t handle them

predictably.
TRANSPOSE Useful function for transferring Highlight result range, type 170
function column range to row range, or =TRANSPOSE(range), press

vice versa Ctrl+Shift+Enter
Array functions Excel functions such as Highlight result range, type 170

TRANSPOSE that fill a whole formula, press Ctrl+Shift+Enter

range at once

PROBLEMS

Skill-Building Problems a. Determine how to minimize the number of police
officers needed to meet Smalltown’s daily

requirements.

. Use SolverTable to see how the number of police
officers changes as the number of officers needed
from midnight to 4 A.M. changes.

45. During each 4-hour period, the Smalltown police force
requires the following number of on-duty police b
officers: eight from midnight to 4 A.M.; seven from
4 AM. to 8 A.M.; six from 8 A.M. to noon; six from
noon to 4 p.M.; five from 4 p.M. to 8 P.M.; and four from
8 P.M. to midnight. Each police officer works two ™A A bus company believes that it will need the following
consecutive four-hour shifts. numbers of bus drivers during each of the next

5 years: 60 drivers in year 1; 70 drivers in year 2;
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50 drivers in year 3; 65 drivers in year 4; 75 drivers in
year 5. At the beginning of each year, the bus
company must decide how many drivers to hire or fire.
It costs $4000 to hire a driver and $2000 to fire a
driver. A driver’s salary is $10,000 per year. At the
beginning of year 1, the company has 50 drivers.

A driver hired at the beginning of a year can be used
to meet the current year’s requirements and is paid
full salary for the current year.

a. Determine how to minimize the bus company’s

salary, hiring, and firing costs over the next 5 years.

b. Use SolverTable to determine how the total
number hired, total number fired, and total cost
change as the unit hiring and firing costs each
increase by the same percentage.

Shoemakers of America forecasts the following
demand for the next 6 months: 5000 pairs in month 1;
6000 pairs in month 2; 5000 pairs in month 3; 9000
pairs in month 4; 6000 pairs in month 5; 5000 pairs in
month 6. It takes a shoemaker 15 minutes to produce a
pair of shoes. Each shoemaker works 150 hours per
month plus up to 40 hours per month of overtime.

A shoemaker is paid a regular salary of $2000 per
month plus $50 per hour for overtime. At the
beginning of each month, Shoemakers can either hire
or fire workers. It costs the company $1500 to hire a
worker and $1900 to fire a worker. The monthly
holding cost per pair of shoes is 3% of the cost of
producing a pair of shoes with regular-time labor.
The raw materials in a pair of shoes cost $10. At the
beginning of month 1, Shoemakers has 13 workers.
Determine how to minimize the cost of meeting (on
time) the demands of the next 6 months.

NewAge Pharmaceuticals produces the drug NasaMist

from four chemicals. Today, the company must pro-

duce 1000 pounds of the drug. The three active ingre-

dients in NasaMist are A, B, and C. By weight, at least

8% of NasaMist must consist of A, at least 4% of B,

and at least 2% of C. The cost per pound of each

chemical and the amount of each active ingredient in 1

pound of each chemical are given in the file

P04 _48.xlsx. At least 100 pounds of chemical 2 must

be used.

a. Determine the cheapest way of producing today’s
batch of NasaMist.

b. Use SolverTable to see how much the percentage
of requirement of A is really costing NewAge. Let
the percentage required vary from 6% to 12%.

You have decided to enter the candy business. You are
considering producing two types of candies: Slugger
candy and Easy Out candy, both of which consist
solely of sugar, nuts, and chocolate. At present, you
have in stock 10,000 ounces of sugar, 2000 ounces of
nuts, and 3000 ounces of chocolate. The mixture used
to make Easy Out candy must contain at least 20%

50.

51.

52.

nuts. The mixture used to make Slugger candy must

contain at least 10% nuts and 10% chocolate. Each

ounce of Easy Out candy can be sold for $0.50, and

each ounce of Slugger candy for $0.40.

a. Determine how you can maximize your revenue
from candy sales.

b. Use SolverTable to determine how changes in the
price of Easy Out change the optimal solution.

c. Use SolverTable to determine how changes in the
amount of available sugar change the optimal
solution.

Sunblessed Juice Company sells bags of oranges and

cartons of orange juice. Sunblessed grades oranges

on a scale of 1 (poor) to 10 (excellent). At present,

Sunblessed has 100,000 pounds of grade 9 oranges

and 120,000 pounds of grade 6 oranges on hand. The

average quality of oranges sold in bags must be at
least 7, and the average quality of the oranges used to
produce orange juice must be at least 8. Each pound of
oranges that is used for juice yields a revenue of $1.50
and incurs a variable cost (consisting of labor costs,
variable overhead costs, inventory costs, and so on) of

$1.05. Each pound of oranges sold in bags yields a

revenue of $1.50 and incurs a variable cost of $0.70.

a. Determine how Sunblessed can maximize its profit.

b. Use SolverTable to determine how a change in the
cost per bag of oranges changes the optimal
solution.

c. Use SolverTable to determine how a change in the
amount of grade 9 oranges available affects the
optimal solution.

d. Use SolverTable to determine how a change in the
required average quality required for juice changes
the optimal solution.

A bank is attempting to determine where its assets
should be invested during the current year. At present,
$500,000 is available for investment in bonds, home
loans, auto loans, and personal loans. The annual rates
of return on each type of investment are known to be
the following: bonds, 10%; home loans, 16%; auto
loans, 13%; personal loans, 20%. To ensure that the
bank’s portfolio is not too risky, the bank’s investment
manager has placed the following three restrictions on
the bank’s portfolio:
m The amount invested in personal loans cannot ex-
ceed the amount invested in bonds.
m The amount invested in home loans cannot exceed
the amount invested in auto loans.
m No more than 25% of the total amount invested can
be in personal loans.

Help the bank maximize the annual return on its
investment portfolio.

Young MBA Erica Cudahy can invest up to $15,000 in
stocks and loans. Each dollar invested in stocks yields
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$0.10 profit, and each dollar invested in a loan yields
$0.15 profit. At least 30% of all money invested must
be in stocks, and at least $6000 must be in loans.
Determine how Erica can maximize the profit earned
on her investments.

Bullco blends silicon and nitrogen to produce two
types of fertilizers. Fertilizer 1 must be at least 40%
nitrogen and sells for $70 per pound. Fertilizer 2 must
be at least 70% silicon and sells for $40 per pound.
Bullco can purchase up to 8000 pounds of nitrogen at
$15 per pound and up to 10,000 pounds of silicon at
$10 per pound.

a. Assuming that all fertilizer produced can be sold,
determine how Bullco can maximize its profit.

b. Use SolverTable to explore the effect on profit of
changing the minimum percentage of nitrogen
required in fertilizer 1.

c. Suppose the availabilities of nitrogen and silicon
both increase by the same percentage from their
current values. Use SolverTable to explore the
effect of this change on profit.

Eli Daisy uses chemicals 1 and 2 to produce two
drugs. Drug 1 must be at least 70% chemical 1, and
drug 2 must be at least 60% chemical 2. Up to 4000
ounces of drug 1 can be sold at $6 per ounce; up to
3000 ounces of drug 2 can be sold at $5 per ounce.
Up to 4500 ounces of chemical 1 can be purchased at
$6 per ounce, and up to 4000 ounces of chemical 2
can be purchased at $4 per ounce. Determine how to
maximize Daisy’s profit.

Hiland’s TV-Radio Store must determine how many
TVs and radios to keep in stock. A TV requires
10 square feet of floor space, whereas a radio requires

4 square feet; 5000 square feet of floor space is avail-

able. A TV sale results in an $80 profit, and a radio

earns a profit of $20. The store stocks only TVs and
radios. Marketing requirements dictate that at least

60% of all appliances in stock be radios. Finally, a TV

ties up $200 in capital, and a radio $50. Hiland wants

to have at most $60,000 worth of capital tied up at any
time.

a. Determine how to maximize Hiland’s profit.

b. Use SolverTable to explore how much profit the
minimum percentage of radio requirement is
costing Hiland’s.

c. Use SolverTable to explore how much profit the
upper limit on capital being tied up is costing
Hiland’s.

Many Wall Street firms use LP models to select a
desirable bond portfolio. The following is a simplified
version of such a model. Solodrex is considering
investing in four bonds; $1 million is available for
investment. The expected annual return, the worst-
case annual return on each bond, and the “duration”
of each bond are given in the file P04_56.xIsx. (The
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duration of a bond is a measure of the bond’s

sensitivity to interest rates.) Solodrex wants to

maximize the expected return from its bond
investments, subject to three constraints:

m The worst-case return of the bond portfolio must
be at least 8%.

m The average duration of the portfolio must be at
most 6. For example, a portfolio that invests
$600,000 in bond 1 and $400,000 in bond 4
has an average duration of [600,000(3) +
400,000(9)]/1,000,000 = 5.4.

m Because of diversification requirements, at most
40% of the total amount invested can be invested
in a single bond.

Determine how Solodrex can maximize the expected
return on its investment.

Coalco produces coal at three mines and ships it to
four customers. The cost per ton of producing coal, the
ash and sulfur content (per ton) of the coal, and the
production capacity (in tons) for each mine are given
in the file P04 _57.xlsx. The number of tons of coal
demanded by each customer and the cost (in dollars)
of shipping a ton of coal from a mine to each
customer are also provided in this same file. The
amount of coal shipped to each customer must
contain at most 6% ash and at most 3.5% sulfur.
Show Coalco how to minimize the cost of meeting
customer demands.

Furnco manufactures tables and chairs. A table

requires 40 board feet of wood, and a chair requires

30 board feet of wood. Wood can be purchased at a

cost of $1 per board foot, and 40,000 board feet of

wood are available for purchase. It takes 2 hours of
skilled labor to manufacture an unfinished table or

an unfinished chair. Three more hours of skilled labor

will turn an unfinished table into a finished table, and

2 more hours of skilled labor will turn an unfinished

chair into a finished chair. A total of 6000 hours of

skilled labor is available (and have already been
paid for). All furniture produced can be sold at the

following unit prices: an unfinished table, $70; a

finished table, $140; an unfinished chair, $60; a

finished chair, $110.

a. Determine how to maximize Furnco’s profit from
manufacturing tables and chairs.

b. Use a two-way SolverTable to see how the
numbers of unfinished products (both chairs and
tables) sold depend on the selling prices of
these unfinished products. Of course, neither
unfinished selling price should be as large as the
corresponding finished selling price.

A company produces three products, A, B, and C,
and can sell these products in unlimited quantities at
the following unit prices: A, $10; B, $56; C, $100.
Producing a unit of A requires 1 hour of labor; a unit
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of B, 2 hours of labor plus 2 units of A; and a unit of
C, 3 hours of labor plus 1 unit of B. Any A that is used
to produce B cannot be sold. Similarly, any B that is
used to produce C cannot be sold. A total of 40 hours
of labor is available. Determine how to maximize the
company’s revenue.

Abotte Products produces three products, A, B, and C.
The company can sell up to 300 pounds of each
product at the following prices (per pound): product
A, $10; product B, $12; product C, $20. Abotte
purchases raw material at $5 per pound. Each pound
of raw material can be used to produce either 1 pound
of A or 1 pound of B. For a cost of $3 per pound
processed, product A can be converted to 0.6 pound
of product B and 0.4 pound of product C. For a cost
of $2 per pound processed, product B can be
converted to 0.8 pound of product C. Determine how
Abotte can maximize its profit.

Moneyco has $100,000 to invest at time 1 (the
beginning of year 1). The cash flows associated with
the five available investments are listed in the file
P04_61.xIsx. For example, every dollar invested in
A'in year 1 yields $1.40 in year 4. In addition to these
investments, Moneyco can invest as much money
each year as it wants in CDs, which pay 6% interest.
The company wants to maximize its available cash
in year 4. Assuming it can put no more than $50,000
in any investment, develop an LP model to help
Moneyco achieve its goal.

At the beginning of year 1, you have $10,000. Invest-
ments A and B are available; their cash flows are
shown in the file P04 _62.xlsx. Assume that any money
not invested in A or B earns interest at an annual rate
of 8%.

a. Determine how to maximize your cash on hand in
year 4.

b. Use SolverTable to determine how a change in the
year 3 yield for investment A changes the optimal
solution to the problem.

c¢. Use SolverTable to determine how a change in the
yield of investment B changes the optimal solution
to the problem.

You now have $10,000, and the following investment

plans are available to you during the next three years:

m Investment A: Every dollar invested now yields
$0.10 a year from now and $1.30 three years from
now.

= Investment B: Every dollar invested now yields
$0.20 a year from now and $1.10 two years from
now.

m Investment C: Every dollar invested a year from
now yields $1.50 three years from now.

During each year, you can place uninvested cash in
money market funds that yield 6% interest per year.
However, you can invest at most $5000 in any one of

64.

65.
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67.

plans A, B, or C. Determine how to maximize your
cash on hand three years from now.

Sunco processes oil into aviation fuel and heating oil.
It costs $65,000 to purchase each 1000 barrels of oil,
which is then distilled and yields 500 barrels of
aviation fuel and 500 barrels of heating oil. Output
from the distillation can be sold directly or processed
in the catalytic cracker. If sold after distillation
without further processing, aviation fuel sells for
$80,000 per 1000 barrels, and heating oil sells for
$65,000 per 1000 barrels. It takes 1 hour to process
1000 barrels of aviation fuel in the catalytic cracker,
and these 1000 barrels can be sold for $145,000. It
takes 45 minutes to process 1000 barrels of heating oil
in the cracker, and these 1000 barrels can be sold for
$125,000. Each day at most 20,000 barrels of oil can
be purchased, and 8 hours of cracker time are avail-
able. Determine how to maximize Sunco’s profit.

All steel manufactured by Steelco must meet the
following requirements: between 3.2% and 3.5% car-
bon; between 1.8% and 2.5% silicon; between 0.9%
and 1.2% nickel; tensile strength of at least 45,000
pounds per square inch (psi). Steelco manufactures
steel by combining two alloys. The cost and properties
of each alloy are given in the file P04_69.xlsx. Assume
that the tensile strength of a mixture of the two alloys
can be determined by averaging the tensile strength of
the alloys that are mixed together. For example, a

1 ton mixture that is 40% alloy 1 and 60% alloy 2 has
a tensile strength of 0.4(42,000) + 0.6(50,000).
Determine how to minimize the cost of producing a
ton of steel.

Steelco manufactures two types of steel at three
different steel mills. During a given month, each steel
mill has 200 hours of blast furnace time available.
Because of differences in the furnaces at each mill, the
time and cost to produce a ton of steel differ for each
mill, as listed in the file P04 _66.xIsx. Each month,
Steelco must manufacture at least 500 tons of steel 1
and 600 tons of steel 2. Determine how Steelco can
minimize the cost of manufacturing the desired steel.

Based on Heady and Egbert (1964). Walnut Orchard
has two farms that grow wheat and corn. Because of
differing soil conditions, there are differences in the
yields and costs of growing crops on the two farms.
The yields and costs are listed in the file P04_67.xlIsx.
Each farm has 100 acres available for cultivation;
11,000 bushels of wheat and 7000 bushels of corn
must be grown.

a. Determine a planting plan that will minimize the
cost of meeting these requirements.

b. Use SolverTable to see how the total cost changes if
the requirements for wheat and corn both change by
the same percentage, where this percentage change
can be as low as —50% or as high as +50%.
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Candy Kane Cosmetics (CKC) produces Leslie
Perfume, which requires chemicals and labor. Two
production processes are available. Process 1
transforms 1 unit of labor and 2 units of chemicals into
3 ounces of perfume. Process 2 transforms 2 units

of labor and 3 units of chemicals into 5 ounces of
perfume. It costs CKC $3 to purchase a unit of labor
and $2 to purchase a unit of chemicals. Each year up
to 20,000 units of labor and 35,000 units of chemicals
can be purchased. In the absence of advertising, CKC
believes it can sell 1000 ounces of perfume. To
stimulate demand for Leslie, CKC can hire the lovely
model Jenny Nelson. Jenny is paid $100 per hour.
Each hour Jenny works for the company is estimated
to increase the demand for Leslie Perfume by 200
ounces. Each ounce of Leslie Perfume sells for $5.
Determine how CKC can maximize its profit.

Sunco Oil has refineries in Los Angeles and Chicago.
The Los Angeles refinery can refine up to 2 million
barrels of oil per year, and the Chicago refinery up to
3 million. After the oil is refined, it’s shipped to two
distribution points, Houston and New York City.
Sunco estimates that each distribution point can sell
up to 5 million barrels per year. Because of differences
in shipping and refining costs, the profit earned (in
dollars) per million barrels of oil shipped depends on
where the oil was refined and on the point of distribu-
tion. This information is listed in the file P04 65.xlIsx.
Sunco is considering expanding the capacity of each
refinery. Each million barrels of annual refining
capacity that is added will cost $120,000 for the

Los Angeles refinery and $150,000 for the Chicago
refinery. Determine how Sunco can maximize its
profit (including expansion costs) over a 10-year
period.

Feedco produces two types of cattle feed, both consist-
ing totally of wheat and alfalfa. Feed 1 must contain at
least 80% wheat, and feed 2 must contain at least 60%
alfalfa. Feed 1 sells for $1.50 per pound, and feed 2
sells for $1.30 per pound. Feedco can purchase up to
1000 pounds of wheat at $0.50 per pound and up to
800 pounds of alfalfa at $0.40 per pound. Demand for
each type of feed is unlimited. Determine how to max-
imize Feedco’s profit.

Carrington Oil produces gas 1 and gas 2 from two
types of crude oil: crude 1 and crude 2. Gas 1 is
allowed to contain up to 4% impurities, and gas 2

is allowed to contain up to 3% impurities. Gas 1
sells for $72 per barrel, whereas gas 2 sells for

$84 per barrel. Up to 4200 barrels of gas 1 and up to
4300 barrels of gas 2 can be sold. The cost per barrel
of each crude, their availability, and the level of
impurities in each crude are listed in the file

P04 _71.xlIsx. Before blending the crude oil into gas,
any amount of each crude can be “purified” for a cost
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of $3.50 per barrel. Purification eliminates half of the

impurities in the crude oil.

a. Determine how to maximize profit.

b. Use SolverTable to determine how an increase in
the availability of crude 1 affects the optimal profit.

c. Use SolverTable to determine how an increase in
the availability of crude 2 affects the optimal profit.

d. Use SolverTable to determine how a change in the
price of gas 2 changes the optimal profit and the
types of gas produced.

A company produces two products: A and B. Product

A sells for $11 per unit and product B sells for

$23 per unit. Producing a unit of product A requires

2 hours on assembly line 1 and 1 unit of raw material.

Producing a unit of product B requires 2 units of raw

material, 1 unit of A, and 2 hours on assembly line 2.

On line 1, 1300 hours of time are available, and

500 hours are available on line 2. A unit of raw

material can be bought (for $5 a unit) or produced

(at no cost) by using 2 hours of time on line 1.

a. Determine how to maximize profit.

b. The company will stop buying raw material when
the price of raw material exceeds what value? (Use
SolverTable.)

Based on Thomas (1971). Toyco produces toys at two

plants and sells in three regions. The current demands

at these regions are given in the file P04 _73.xlsx. Each

plant can produce up to 2500 units. Each toy sells

for $10, and the cost of producing and shipping a

toy from a given plant to a region is also given in the

file P04_73.xlsx. Toyco can advertise locally and

nationally. Each $1 spent on a local ad raises sales

in a region by 0.5 units, whereas each $1 spent

advertising nationally increases sales in each region

by 0.3 units.

a. Determine how Toyco can maximize its profit.

b. If sales stimulated by advertising exhibits
diminishing returns, how would you change your
model?

A bank needs exactly two employees working each
hour from 9 A.M. to 5 .M. Workers can work the shifts
and are paid the wages listed in the file P04_74.xlsx.
For example, a worker working 9 A.M. to 2 p.M. is paid
$42.00. Find an assignment of workers that provides
enough workers at minimum cost.

Based on Gatalla and Oearce (1974). Northwest
Airlines has determined that it needs the number of
ticket agents during each hour of the day, as listed in
the file P04 _75.xlsx. Workers work nine-hour shifts,
one hour of which is for lunch. The lunch hour can be
either the fourth or fifth hour of their shift. What is the
minimum number of workers needed by Northwest?

A rock company uses five types of rocks to fill four
orders. The phosphate content, availability of each
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type of rock, and the production cost per pound for
each rock are listed in the file P04_76.xlsx, as well as
the size of each order and the minimum and maximum
phosphate percentage in each order. What is the
cheapest way to fill the orders?

Autoco produces cars. Demand during each of the

next 12 months is forecasted to be 945, 791, 364, 725,

268, 132, 160, 304, 989, 293, 279, and 794. Other rel-

evant information is as follows:

m Workers are paid $5000 per month.

m It costs $500 to hold a car in inventory for a month.

The holding cost is based on each month’s ending

inventory.

It costs $4000 to hire a worker.

It costs $20,000 to fire a worker.

Each worker can make up to 8 cars a month.

Workers are hired and fired at beginning of each

month.

m At the beginning of month 1 there are 500 cars in
inventory and 60 workers.

How can the company minimize the cost of meeting
demand for cars on time?

Oilco produces gasoline from five inputs. The cost,

density, viscosity, and sulfur content, and the number

of barrels available of each input are listed in the file

P04_78.xlsx. Gasoline sells for $72 per barrel. Gasoline

can have a density of at most 0.98 units per barrel, a

viscosity of at most 37 units per barrel, and a sulfur

content of at most 3.7 units per barrel.

a. How can Oilco maximize its profit?

b. Describe how the optimal solution to the problem
changes as the price of gasoline ranges from $65 to
$80 per barrel.

The HiTech company produces DVD players.
Estimated demand for the next 4 quarters is 5000;
10,000; 8000; and 2000. At the beginning of quarter 1,
HiTech has 60 workers. It costs $2000 to hire a worker
and $4000 to fire a worker. Workers are paid $10,000
per quarter plus $80 for each unit they make during
overtime. A new hire can make up to 60 units per
quarter during regular-time, whereas a previously
hired worker can make up to 90 units per quarter. Any
worker can make up to 20 units per quarter during
overtime. Each DVD player is sold for $160. It costs
$20 to hold a DVD player in inventory for a quarter.
Assume workers are hired and fired at the beginning of
each quarter and that all of a quarter’s production is
available to meet demand for that quarter. Initial in-
ventory at the beginning of quarter 1 is 1000 DVD
players. How can the company maximize its profit?
Assume that demand is lost if insufficient stock is
available. That is, there is no backlogging of demand
(and there is no requirement that HiTech must satisfy
all of its demand).

Skill-Extending Problems

80.

81.

82.

MusicTech manufactures and sells a portable music

device called an mTune (similar to an iPod). At

beginning of month 1, the company has $70,000

and 6 employees. Each machine the company owns

has the capacity to make up to 900 mTunes per

month, and each worker can make up to 600 mTunes

per month. The company cannot use more labor or

machine capacity than is available in any given

month. Also, the company wants to have a

nonnegative cash balance at all points in time.

The company’s costs are the following:

= Holding cost of $2 each month per mTune in
ending inventory

m Cost in month 1 of buying machines ($3000 per

machine)

Raw material cost of $6 per mTune

Monthly worker wage of $3500

Hiring cost of $4000 per worker

Firing cost of $2000 per worker

In the absence of advertising, the monthly demands in
months 1 through 6 are forecasted to be 5000, 8000,
7000, 4000, 5000, and 6000. However, MusicTech can
increase demand each month by advertising. Every
$10 (up to a maximum of $10,000 per month) spent
on advertising during a month increases demand for
that month by 1 mTune. The devices are sold for $25
each. The sequence of events in any month is that the
company buys machines (month 1 only), hires and
fires workers, makes the mTunes, advertises, pays all
costs for the month, and collects revenues for the
month. Develop a model to maximize profit (total
revenue minus total costs) earned during the next

6 months.

Assume we want to take out a $300,000 loan on a 20-
year mortgage with end-of-month payments. The
annual rate of interest is 6%. Twenty years from now,
we need to make a $40,000 ending balloon payment.
Because we expect our income to increase, we want to
structure the loan so at the beginning of each year, our
monthly payments increase by 2%.

a. Determine the amount of each year’s monthly
payment. You should use a lookup table to look up
each year’s monthly payment and to look up the
year based on the month (e.g., month 13 is year 2,
etc.).

b. Suppose payment each month is to be same, and

there is no balloon payment. Show that the
monthly payment you can calculate from your
spreadsheet matches the value given by the Excel
PMT function PMT(0.06/12,240,—300000,0,0).

A graduated payment mortgage (GPM) enables the
borrower to have lower payments earlier in the
mortgage and increases payments later on. The
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assumption is the borrower’s income will increase
over time so that it will be easier for the borrower

to meet all payments. Suppose we borrow $60,000
on a 30-year monthly mortgage. We obtain a GPM
where monthly payments increase 7.5% per year
through year 5 and then remain constant from year 5
through year 30. For annual interest rates of 10%,
11%, 12%, 13%, and 14%, use Solver to find the
amount of each year’s monthly payment.

Suppose you are planning for retirement. At the
beginning of this year and each of the next 39 years,
you plan to contribute some money to your retirement
fund. Each year, you plan to increase your retirement
contribution by $500. When you retire in 40 years,
you plan to withdraw $100,000 at the beginning of
each year for the next 20 years. You assume the
following about the yields of your retirement
investment portfolio:
m During the first 20 years, your investments will
earn 10% per year.
m During all other years, your investments will earn
5% per year.

All contributions and withdrawals occur at the

beginnings of the respective years.

a. Given these assumptions, what is the least amount
of money you can contribute this year and still
have enough to make your retirement withdrawals?

b. How does your answer change if inflation is 2%

per year and your goal is to withdraw $100,000 per
year (in today’s dollars) for 20 years?

Based on Brahms and Taylor (1999). Eli Lilly and

Pfizer are going to merge. Merger negotiations must

settle the following issues:

m What will the name of the merged corporation be?

m Will corporate headquarters be in Indianapolis
(Lilly wants this) or New York (Pfizer wants this)?

m Which company’s chairperson will be chairperson
of the merged corporation?

m Which company gets to choose the CEO?

m On issue of layoffs, what percentage of each
company’s view will prevail?

Brahms developed a remarkably simple method for the
two adversaries to settle their differences. (This same
method could be used to settle differences between
other adversaries, such as a husband and wife in a
divorce, Arab and Israel in Middle East, and so on.)
Each adversary allocates 100 points between all of the
issues. These allocations are listed in the file
P04_84.xlsx. For example, Lilly believes headquarters
is worth 25 points, whereas Pfizer thinks headquarters
is only worth 10 points. Layoffs may be divided (for
example, Lilly might get 70% of the say in layoffs and
Pfizer 30%), but on all other issues, only one company
gets its way. The adjusted winner procedure says that
the “best” way to make decisions on each issue is to:
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m Give each adversary the same number of points.

m Ensure that each company prefers its allocation to
the allocation of its opponent.

m Maximize the number of points received by either
participant.

Such a solution is equitable (because each party
receives the same number of points) and is envy-free
(because neither side prefers what its opponent
receives to what it receives). It can also be shown that
the adjusted winner procedure yields a Pareto optimal
solution. This means that no other allocation can make
one player better off without making the other player
worse off. Find the adjusted winner solution to the
merger example. Also show that the adjusted winner
solution for this example is Pareto optimal.

AdminaStar processes Medicare claims. At the
beginning of month 1 they have a backlog of 40,000
difficult claims and 60,000 easy claims. The predicted
claim volume for months 1 through 8 is listed in the
file PO4_85.xlIsx. At the beginning of month 1,
AdminaStar has 70 experienced claim processors. Each
month it can hire up to 10 trainees. At the end of each
month, 5% of experienced employees quit, and 20% of
trainees are fired. Each worker is available for 160
hours per month. The number of minutes needed by
each worker to process each type of claim is also listed
in the file P04_85.xlsx. AdminaStar wants ending
inventory for months 2 through 7 to be no greater than
50,000 of each type of claim. All claims must be
processed by the end of month 8. What is the minimum
number of trainees that need to be hired during months
1 to 8?7 (Note: Trainees must be integers. Experienced
workers will probably end up being fractional, but
don’t worry about this.)

Based on Charnes and Cooper (1955). A small
company is trying to determine employee salary
based on following attributes: effectiveness,
responsibility, initiative, experience, education, self
expression, planning ability, intelligence, and the
ability to get things done. Each of the company’s
seven executives has been rated on each of these at-
tributes, with the ratings shown in the file P04_86.xlIsx.
The company wants to set each executive’s salary

by multiplying a weight for each attribute by the

executive’s score on each attribute. The salaries must

satisfy the following constraints:

m The salary of a lower-numbered executive must be
at least as large as the salary of a higher-numbered
executive.

= Executive 1’s salary can be at most $160,000 and
executive 7’s salary must be at least $40,000.

m The salaries of executives 1, 5, and 7 should match
$160,000, $100,000, and $40,000, respectively, as
closely as possible.

m All attribute weights must be nonnegative.
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Develop a method for setting salaries. [Hint: For exec-
utives 1, 5, and 7, define over and under changing
cells and add a constraint such as Executive 5 salary
+ (Amount executive 5 salary under $100,000)

— (Amount executive 5 salary over $100,000) =
$100,000. Then the target cell to minimize is the sum
of over and under changing cells for positions 1, 5,
and 7. If you did not include the over and under
changing cells, why would your model fail to be
linear?]

During the next 4 quarters, Dorian Auto must meet

(on time) the following demands for cars: 4000

in quarter 1; 2000 in quarter 2; 5000 in quarter 3;

1000 in quarter 4. At the beginning of quarter 1,

there are 300 autos in stock. The company has the

capacity to produce at most 3000 cars per quarter.

At the beginning of each quarter, the company can

change production capacity. It costs $100 to increase

quarterly production capacity by one unit. For

example, it would cost $10,000 to increase capacity

from 3000 to 3100. It also costs $50 per quarter to

maintain each unit of production capacity (even if it

is unused during the current quarter). The variable cost

of producing a car is $2000. A holding cost of $150

per car is assessed against each quarter’s ending inven-

tory. At the end of quarter 4, plant capacity must be at

least 4000 cars.

a. Determine how to minimize the total cost incurred
during the next 4 quarters.

b. Use SolverTable to determine how much the total
cost increases as the required capacity at the end of
quarter 4 increases (from its current value of 4000).

The Internal Revenue Service (IRS) has determined
that during each of the next 12 months it will need the
numbers of supercomputers given in the file
P04_88.xlsx. To meet these requirements, the IRS
rents supercomputers for a period of 1, 2, or 3 months.
It costs $1000 to rent a supercomputer for 1 month,
$1800 for 2 months, and $2500 for 3 months. At the
beginning of month 1, the IRS has no supercomputers.
a. Determine the rental plan that meets the require-
ments for the next 12 months at minimum cost.
You can assume that fractional rentals are allowed.
Thus, if your solution says to rent 140.6 computers
for one month, you can round this up to 141 or
down to 140 without much effect on the total cost.
b. Suppose the monthly requirement increases any-
where from 10% to 50% each month. (Assume that
whatever the percentage increase is, it is the same
each month.) Use SolverTable to see whether
the total rental cost increases by this same
percentage.

You own a wheat warehouse with a capacity of 20,000
bushels. At the beginning of month 1, you have 6000
bushels of wheat. Each month, wheat can be bought
and sold at the prices per 1000 bushels listed in the file

90.

91.

P04_89.xlsx. The sequence of events during each
month is as follows:
m You observe your initial stock of wheat.
= You can sell any amount of wheat up to your initial
stock at the current month’s selling price.
® You can buy as much wheat as you want, subject to
the limitation of warehouse size.
a. Determine how to maximize the profit earned
over the next 10 months.
b. Use SolverTable to determine how a change
in the capacity of the warehouse affects the
optimal solution.
c. Use SolverTable to determine how simultaneous
changes in the buying and selling price for
month 6 affect the optimal solution.

You can calculate the risk index of an investment by
taking the absolute values of percentage changes in the
value of the investment for each year and averaging
them. Suppose you are trying to determine what
percentage of your money you should invest in T-bills,
gold, and stocks. The file P04_90.xlsx lists the annual
returns (percentage changes in value) for these invest-
ments for the years 1968 through 1988. Let the risk
index of a portfolio be the weighted average of the risk
indices of these investments, where the weights are the
fractions of the portfolio assigned to the investments.
Suppose that the amount of each investment must be
between 20% and 50% of the total invested. You
would like the risk index of your portfolio to equal
0.15, and your goal is to maximize the expected return
on your portfolio. Determine the maximum expected
return on your portfolio, subject to the stated
constraints. Use the average return earned by each
investment during the years 1968 to 1988 as your
estimate of expected return.

Based on Magoulas and Marinos-Kouris (1988). Oilco
produces two products: regular and premium gasoline.
Each product contains 0.15 gram of lead per liter.

The two products are produced from these six inputs:
reformate, fluid catalytic cracker gasoline (FCG),
isomerate (ISO), polymer (POL), Methyl Tertiary
Butyl Ether (MTBE), and butane (BUT). Each input
has four attributes: research octane number (RON),
Reid Vapor Pressure (RVP), ASTM volatility at

70 degrees Celsius, and ASTM volatility at 130 de-
grees Celsius. (ASTM is the American Society for
Testing and Materials.) The attributes and daily avail-
ability (in liters) of each input are listed in the file
P04_91.xIsx. The requirements for each output are
also listed in this file. The daily demand (in thousands
of liters) for each product must be met, but more can
be produced if desired. The RON and ASTM require-
ments are minimums; the RVP requirement is a
maximum. Regular gasoline sells for $0.754 per liter;
premium gasoline for $0.819. Before each product is
ready for sale, 0.15 gram per liter of lead must be
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removed. The cost of removing 0.1 gram per liter is
$0.213. At most, 38% of each type of gasoline can
consist of FCG. How can Oilco maximize its daily
profit?

Capsule Drugs manufactures two drugs: 1 and 2. The
drugs are produced by blending two chemicals: 1 and
2. By weight, drug 1 must contain at least 65% chemi-
cal 1, and drug 2 must contain at least 55% chemical
1. Drug 1 sells for $6 per ounce, and drug 2 sells for
$4 per ounce. Chemicals 1 and 2 can be produced by
one of two production processes. Running process 1
for an hour requires 7 ounces of raw material and

2 hours skilled labor, and it yields 3 ounces of each
chemical. Running process 2 for an hour requires

5 ounces of raw material and 3 hours of skilled labor,
and it yields 3 ounces of chemical 1 and 1 ounce of
chemical 2. A total of 120 hours of skilled labor and
100 ounces of raw material are available. Determine
how to maximize Capsule’s sales revenues.

Molecular Products produces 3 chemicals: B, C, and
D. The company begins by purchasing chemical A for
a cost of $6 per 100 liters. For an additional cost of $3
and the use of 3 hours of skilled labor, 100 liters of

A can be transformed into 40 liters of C and 60 liters
of B. Chemical C can either be sold or processed
further. It costs $1 and 1 hour of skilled labor to
process 100 liters of C into 60 liters of D and 40 liters
of B. For each chemical, the selling price per 100
liters and the maximum amount (in 100s of liters)

tha can be sold are listed in the file P04 _93.xlsx.

A maximum of 200 labor hours is available.
Determine how Molecular can maximize its profit.

Bexter Labs produces three products: A, B, and C.
Bexter can sell up to 3000 units of product A, up to
2000 units of product B, and up to 2000 units of prod-
uct C. Each unit of product C uses 2 units of A and

3 units of B and incurs $5 in processing costs. Prod-
ucts A and B are produced from either raw material 1
or raw material 2. It costs $6 to purchase and process 1
unit of raw material 1. Each processed unit of raw ma-
terial 1 yields 2 units of A and 3 units of B. It costs $3
to purchase and process a unit of raw material 2. Each
processed unit of raw material 2 yields 1 unit of A
and 2 units of B. The unit prices for the products are
A, $5; B, $4; C, $25. The quality levels of each
product are: A, 8; B, 7; C, 6. The average quality

level of the units sold must be at least 7. Determine
how to maximize Bexter’s profit.

Mondo Motorcycles is determining its production

schedule for the next 4 quarters. Demands for

motorcycles are forecasted to be 400 in quarter 1;

700 in quarter 2; 500 in quarter 3; 200 in quarter 4.

Mondo incurs four types of costs, as described here:

m It costs Mondo $800 to manufacture each
motorcycle.

200 Chapter 4 Linear Programming Models

96.

97.

m At the end of each quarter, a holding cost of $100
per motorcycle left in inventory is incurred.

®m When production is increased from one quarter to
the next, a cost is incurred, primarily for training
employees. If the increase in production is x motor-
cycles, the cost is $700x.

® When production is decreased from one quarter to
the next, a cost is incurred, primarily for severance
pay and decreased morale. If the decrease in
production is x motorcycles, the cost is $600x.

All demands must be met on time, and a quarter’s
production can be used to meet demand for the
current quarter (as well as future quarters). During
the quarter immediately preceding quarter 1, 500
Mondos were produced. Assume that at the beginning
of quarter 1, no Mondos are in inventory.

a. Determine how to minimize Mondo’s total cost
during the next 4 quarters.

b. Use SolverTable to determine how Mondo’s
optimal production schedule would be affected by
a change in the cost of increasing production from
one quarter to the next.

c. Use SolverTable to determine how Mondo’s
optimal production schedule would be affected by
a change in the cost of decreasing production from
one quarter to the next.

Carco has a $1,500,000 advertising budget. To in-
crease its automobile sales, the firm is considering
advertising in newspapers and on television. The more
Carco uses a particular medium, the less effective each
additional ad is. The file P04 96.xlsx lists the number
of new customers reached by each ad. Each newspaper
ad costs $1000, and each television ad costs $10,000.
At most, 30 newspaper ads and 15 television ads can
be placed. How can Carco maximize the number of
new customers created by advertising?

Broker Sonya Wong is currently trying to maximize
her profit in the bond market. Four bonds are available
for purchase and sale at the bid and ask prices shown
in the file P04_97.xlsx. Sonya can buy up to 1000
units of each bond at the ask price or sell up to 1000
units of each bond at the bid price. During each of the
next 3 years, the person who sells a bond will pay the
owner of the bond the cash payments listed in the file
P04 _97.xIsx. Sonya’s goal is to maximize her revenue
from selling bonds minus her payment for buying
bonds, subject to the constraint that after each year’s
payments are received, her current cash position (due
only to cash payments from bonds and not purchases
or sales of bonds) is nonnegative. Note that her current
cash position can depend on past coupons and that
cash accumulated at the end of each year earns 5.25%
annual interest. Determine how to maximize net profit
from buying and selling bonds, subject to the con-
straints previously described. Why do you think
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we limit the number of units of each bond that can be
bought or sold?

Pear produces low-budget cars. Each car is sold for
$7900. The raw material in a car costs $5000. Labor
time and robot time are needed to produce cars. A
worker can do the needed labor on, at most, 100 cars
per month; a robot can complete the needed work on,
at most, 200 cars per month. Initially, Pear has 4
workers. Each worker receives a monthly salary of
$6000. Tt costs $2500 to hire a worker and $1000 to
fire a worker. Hired workers are fully productive dur-
ing the month they are hired. Robots must be bought
at the beginning of month 1 at a cost of $15,000 per
robot. The (assumed known) demand for cars is
listed in the file P04 98.xIsx. At the end of each
month, Pear incurs a holding cost of $200 per car.
How can Pear maximize the profit earned during the
next 6 months?

The ZapCon Company is considering investing in
three projects. If it fully invests in a project, the
realized cash flows (in millions of dollars) will be as
listed in the file P04 _99.xIsx. For example, project 1
requires a cash outflow of $3 million today and re-
turns $5.5 million 3 years from now. Today ZapCon
has $2 million in cash. At each time point (0, 0.5, 1,
1.5, 2, and 2.5 years from today), the company can, if
desired, borrow up to $2 million at 3.5% (per 6
months) interest. Leftover cash earns 3% (per 6
months) interest. For example, if after borrowing and
investing at time 0, ZapCon has $1 million, it would
receive $30,000 in interest at time 0.5 year. The
company’s goal is to maximize cash on hand after
cash flows 3 years from now are accounted for. What
investment and borrowing strategy should it use?
Assume that the company can invest in a fraction of
a project. For example, if it invests in 0.5 of project
3, it has, for example, cash outflows of —$1 million at
times 0 and 0.5.

You are a CFA (chartered financial analyst). An
overextended client has come to you because she
needs help paying off her credit card bills. She owes
the amounts on her credit cards listed in the file

P04 _100.xIsx. The client is willing to allocate up to
$5000 per month to pay off these credit cards. All
cards must be paid off within 36 months. The client’s
goal is to minimize the total of all her payments. To
solve this problem, you must understand how interest
on a loan works. To illustrate, suppose the client pays
$5000 on Saks during month 1. Then her Saks bal-
ance at the beginning of month 2 is $20,000 —
[$5000 — 0.005(20,000)]. This follows because she
incurs 0.005(20,000) in interest charges on her Saks
card during month 1. Help the client solve her prob-
lem. After you have solved this problem, give an in-
tuitive explanation of the solution found by Solver.

101.
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Aluminaca produces 100-foot-long, 200-foot-long,
and 300-foot-long ingots for customers. This week’s
demand for ingots is listed in the file P04 _101.xIsx.
Aluminaca has four furnaces in which ingots can be
produced. During 1 week, each furnace can be
operated for 50 hours. Because ingots are produced
by cutting up long strips of aluminum, longer ingots
take less time to produce than shorter ingots. If a fur-
nace is devoted completely to producing one type of
ingot, the number it can produce in 1 week is listed
in the file P04 _101.xlsx. For example, furnace 1
could produce 350 300-foot ingots per week. The
material in an ingot costs $10 per foot. A customer
who wants a 100-foot or 200-foot ingot will accept
an ingot of that length or longer. How can Aluminaca
minimize the material costs incurred in meeting re-
quired weekly demands?

Each day, Eastinghouse produces capacitors during
three shifts: 8 A.M. to 4 P.M., 4 PM. to 12 A.M., and

12 A.M. to 8 A.M. The hourly salary paid to the
employees on each shift, the price charged for each
capacitor made during each shift, and the number of
defects in each capacitor produced during a given
shift are listed in the file P04 _102.xlsx. The company
can employ up to 25 workers, and each worker can
be assigned to one of the three shifts. A worker pro-
duces 10 capacitors during a shift, but due to machin-
ery limitations, no more than 10 workers can be as-
signed to any shift. Each capacitor produced can be
sold, but the average number of defects per capacitor
for the day’s production cannot exceed 3. Determine
how Eastinghouse can maximize its daily profit.

During the next 3 months, Airco must meet (on time)
the following demands for air conditioners: month 1,
300; month 2, 400; month 3, 500. Air conditioners
can be produced in either New York or Los Angeles.
It takes 1.5 hours of skilled labor to produce an air
conditioner in Los Angeles, and it takes 2 hours in
New York. It costs $400 to produce an air condi-
tioner in Los Angeles, and it costs $350 in New York.
During each month, each city has 420 hours of
skilled labor available. It costs $100 to hold an air
conditioner in inventory for a month. At the begin-
ning of month 1, Airco has 200 air conditioners in
stock. Determine how Airco can minimize the cost
of meeting air conditioner demands for the next

3 months.

Gotham City National Bank is open Monday through
Friday from 9 A.M. to 5 p.M. From past experience,
the bank knows that it needs the numbers of tellers
listed in the file P04 104.xlsx. Gotham City Bank
hires two types of tellers. Full-time tellers work

9 A.M. to 5 P.M. five days a week, with one hour off
each day for lunch. The bank determines when a full-
time employee takes his or her lunch hour, but each
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teller must go between 12 p.M. and 1 P.M. or between
1 p.M. and 2 p.M. Full-time employees are paid (in-
cluding fringe benefits) $8 per hour, which includes
payment for lunch hour. The bank can also hire part-
time tellers. Each part-time teller must work exactly
three consecutive hours each day. A part-time teller is
paid $5 per hour and receives no fringe benefits. To
maintain adequate quality of service, the bank has
decided that, at most, five part-time tellers can be
hired. Determine how to meet the bank’s teller
requirements at minimum cost.

Based on Rothstein (1973). The Springfield City
Police Department employs 30 police officers. Each
officer works 5 days per week. The crime rate
fluctuates with the day of the week, so the number of
police officers required each day depends on the day
of the week, as follows: Saturday, 28; Sunday, 18;
Monday, 18; Tuesday, 24; Wednesday, 25; Thursday,
16; Friday, 21. The police department wants to
schedule police officers to minimize the number
whose days off are not consecutive. Determine how
to accomplish this goal.

Based on Charnes and Cooper (1955). Alex Cornby
makes his living buying and selling corn. On January
1, he has 500 tons of corn and $10,000. On the first
day of each month, Alex can buy corn at the follow-
ing prices per ton: January, $300; February, $350;
March, $400; April, $500. On the last day of each
month, Alex can sell corn at the following prices per
ton: January, $250; February, $400; March, $350;
April, $550. Alex stores his corn in a warehouse that
can hold 1000 tons of corn. He must be able to pay
cash for all corn at the time of purchase. Determine
how Alex can maximize his cash on hand at the end
of April.

City 1 produces 500 tons of waste per day, and city

2 produces 400 tons of waste per day. Waste must be
incinerated at incinerator 1 or 2, and each incinerator
can process up to 500 tons of waste per day. The cost
to incinerate waste is $40 per ton at incinerator 1 and
$30 per ton at incinerator 2. Incineration reduces
each ton of waste to 0.2 ton of debris, which must be
dumped at one of two landfills. Each landfill can
receive at most 200 tons of debris per day. It costs

$3 per mile to transport a ton of material (either de-
bris or waste). Distances (in miles) between locations
are listed in the file P04 107.xlsx. Determine how to
minimize the total cost of disposing of the waste
from both cities.

Based on Smith (1965). Silicon Valley Corporation
(Silvco) manufactures transistors. An important as-
pect of the manufacture of transistors is the melting
of the element germanium (a major component of a
transistor) in a furnace. Unfortunately, the melting
process yields germanium of highly variable quality.
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Two methods can be used to melt germanium.
Method 1 costs $50 per transistor, and method 2
costs $70 per transistor. The qualities of germanium
obtained by methods 1 and 2 are listed in the file
P04_108.xlsx. Silvco can refire melted germanium in
an attempt to improve its quality. It costs $25 to re-
fire the melted germanium for one transistor. The re-
sults of the refiring process are also listed in the file
P04_108.xlsx. For example, if grade 3 germanium is
refired, half of the resulting germanium will be grade
3, and the other half will be grade 4. Silvco has suffi-
cient furnace capacity to melt or refire germanium
for at most 20,000 transistors per month. Silvco’s
monthly demands are for 1000 grade 4 transistors,
2000 grade 3 transistors, 3000 grade 2 transistors,
and 3000 grade 1 transistors. Determine how to mini-
mize the cost of producing the needed transistors.

The Wild Turkey Company produces two types of
turkey cutlets for sale to fast-food restaurants. Each
type of cutlet consists of white meat and dark meat.
Cutlet 1 sells for $4 per pound and must consist of at
least 70% white meat. Cutlet 2 sells for $3 per pound
and must consist of at least 60% white meat. At most,
5000 pounds of cutlet 1 and 3000 pounds of cutlet 2
can be sold. The two types of turkey used to manu-
facture the cutlets are purchased from the Gobble-
Gobble Turkey Farm. Each type 1 turkey costs $10
and yields 5 pounds of white meat and 2 pounds of
dark meat. Each type 2 turkey costs $8 and yields 3
pounds of white meat and 3 pounds of dark meat.
Determine how to maximize Wild Turkey’s profit.

The production line employees at Grummins Engine
work 4 days a week, 10 hours a day. Each day of

the week, the following minimum numbers of line
employees are needed: Monday through Friday,

70 employees; Saturday and Sunday, 30 employees.
Grummins employs 110 line employees. Determine
how to maximize the number of consecutive days off
received by these employees. For example, a worker
who gets Sunday, Monday, and Wednesday off
receives 2 consecutive days off.

Based on Lanzenauer et al. (1987). To process in-
come tax forms, the IRS first sends each form
through the data preparation (DP) department, where
information is coded for computer entry. Then the
form is sent to data entry (DE), where it is entered
into the computer. During the next 3 weeks, the fol-
lowing quantities of forms will arrive: week 1,
40,000; week 2, 30,000; week 3, 60,000. All employ-
ees work 40 hours per week and are paid $500 per
week. Data preparation of a form requires 15 min-
utes, and data entry of a form requires 10 minutes.
Each week, an employee is assigned to either data
entry or data preparation. The IRS must complete
processing all forms by the end of week 5 and wants
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to minimize the cost of accomplishing this goal. As-
sume that all workers are full-time employees and
that the IRS will have the same number of employees
each week. Assume that all employees are capable of
performing data preparation and data entry. Deter-
mine how many workers should be working and how
the workers should allocate their hours during the
next 5 weeks.

Based on Robichek et al. (1965). The Korvair
Department Store has $100,000 in available cash. At
the beginning of each of the next 6 months, Korvair
will receive revenues and pay bills as listed in the
file P04 _112.xIsx. It is clear that Korvair will have a
short-term cash flow problem until the store receives
revenues from the Christmas shopping season. To
solve this problem, Korvair must borrow money.

At the beginning of July, the company takes out a
6-month loan. Any money borrowed for a 6-month
period must be paid back at the end of December
along with 9% interest (early payback does not re-
duce the total interest of the loan). Korvair can also
meet cash needs through month-to-month borrowing.
Any money borrowed for a 1-month period incurs an
interest cost of 4% per month. Determine how Kor-
vair can minimize the cost of paying its bills on time.

Mackk Engine produces diesel trucks. New govern-
ment emission standards have dictated that the aver-
age pollution emissions of all trucks produced in the
next 3 years cannot exceed 10 grams per truck.
Mackk produces 2 types of trucks. Each type 1 truck
sells for $20,000, costs $15,000 to manufacture, and
emits 15 grams of pollution. Each type 2 truck sells
for $17,000, costs $14,000 to manufacture, and emits
5 grams of pollution. Production capacity limits total
truck production during each year to at most

320 trucks. The maximum numbers of each truck
type that can be sold during each of the next 3 years
are listed in the file P04 _113.xIsx. Demand can be met
from previous production or the current year’s pro-
duction. It costs $2000 to hold 1 truck (of any type)
in inventory for 1 year. Determine how Mackk can
maximize its profit during the next 3 years.

Each hour from 10 A.M. to 7 P.M., Bank One receives
checks and must process them. Its goal is to process
all checks the same day they are received. The bank
has 13 check processing machines, each of which
can process up to 500 checks per hour. It takes one
worker to operate each machine. Bank One hires
both full-time and part-time workers. Full-time
workers work 10 A.M. to 6 P.M., 11 A.M. to 7 P.M., or
12 p.M. to 8 p.M. and are paid $160 per day. Part-time
workers work either 2 M. to 7 P.M. or 3 P.M. to 8 P.M.
and are paid $75 per day. The numbers of checks re-
ceived each hour are listed in the file P04 114.xlsx.
In the interest of maintaining continuity, Bank One
believes that it must have at least 3 full-time workers
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under contract. Develop a work schedule that
processes all checks by 8 p.M. and minimizes daily
labor costs.

Owens-Wheat uses 2 production lines to produce

3 types of fiberglass mat. The demand requirements

(in tons) for each of the next 4 months are shown in

the file P04_115.xIsx. If it were dedicated entirely to

the production of one product, a line 1 machine could
produce either 20 tons of type 1 mat or 30 tons of
type 2 mat during a month. Similarly, a line 2 ma-
chine could produce either 25 tons of type 2 mat or

28 tons of type 3 mat. It costs $5000 per month to

operate a machine on line 1 and $5500 per month to

operate a machine on line 2. A cost of $2000 is in-

curred each time a new machine is purchased, and a

cost of $1000 is incurred if a machine is retired from

service. At the end of each month, Owens would like
to have at least 50 tons of each product in inventory.

At the beginning of month 1, Owens has 5 machines

on line 1 and 8 machines on line 2. Assume the per-

ton cost of holding either product in inventory for

1 month is $5.

a. Determine a minimum cost production schedule
for the next 4 months.

b. There is an important aspect of this situation that
cannot be modeled by linear programming. What
is it? (Hint: If Owens makes product 1 and prod-
uct 2 on line 1 during a month, is this as efficient
as making just product 1 on line 1?)

Rylon Corporation manufactures Brute cologne and
Chanelle perfume. The raw material needed to
manufacture each type of fragrance can be purchased
for $60 per pound. Processing 1 pound of raw mater-
ial requires 1 hour of laboratory time. Each pound of
processed raw material yields 3 ounces of Regular
Brute cologne and 4 ounces of Regular Chanelle
perfume. Regular Brute can be sold for $140 per
ounce and Regular Chanelle for $120 per ounce.
Rylon also has the option of further processing Regu-
lar Brute and Regular Chanelle to produce Luxury
Brute, sold at $360 per ounce, and Luxury Chanelle,
sold at $280 per ounce. Each ounce of Regular Brute
processed further requires an additional 3 hours of
laboratory time and a $40 processing cost and yields
1 ounce of Luxury Brute. Each ounce of Regular
Chanelle processed further requires an additional 2
hours of laboratory time and a $40 processing cost
and yields 1 ounce of Luxury Chanelle. Each year,
Rylon has 6000 hours of laboratory time available
and can purchase up to 4000 pounds of raw material.
a. Determine how Rylon can maximize its profit.
Assume that the cost of the laboratory hours is a
fixed cost (so that it can be ignored for this
problem).
b. Suppose that 1 pound of raw material can be used
to produce either 3 ounces of Brute or 4 ounces of
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Chanelle. How does your answer to part a
change?

c. Use SolverTable to determine how a change in
the price of Luxury Chanelle changes the optimal
profit.

d. Use SolverTable to determine how simultaneous
changes in lab time and raw material availability
change the optimal profit.

e. Use SolverTable to determine how a change in
the lab time required to process Luxury Brute
changes the optimal profit.

Sunco Oil has three different processes that can be
used to manufacture various types of gasoline. Each
process involves blending oils in the company’s
catalytic cracker. Running process 1 for an hour costs
$20 and requires 2 barrels of crude oil 1 and 3 barrels
of crude oil 2. The output from running process 1 for
an hour is 2 barrels of gas 1 and 1 barrel of gas 2.
Running process 2 for an hour costs $30 and requires
1 barrel of crude 1 and 3 barrels of crude 2. The out-
put from running process 2 for an hour is 3 barrels of
gas 2. Running process 3 for an hour costs $14 and
requires 2 barrels of crude 2 and 3 barrels of gas 2.
The output from running process 3 for an hour is

2 barrels of gas 3. Each month, 4000 barrels of crude
1, at $45 per barrel, and 7000 barrels of crude 2, at
$55 per barrel, can be purchased. All gas produced
can be sold at the following per-barrel prices: gas 1,
$85; gas 2, $90; gas 3, $95. Determine how to maxi-
mize Sunco’s profit (revenues less costs). Assume
that only 2500 hours of time on the catalytic cracker
are available each month.

Flexco produces six products in the following man-
ner. Each unit of raw material purchased yields 4
units of product 1, 2 units of product 2, and 1 unit of
product 3. Up to 1200 units of product 1 can be sold,
and up to 300 units of product 2 can be sold. Demand
for products 3 and 4 is unlimited. Each unit of prod-
uct 1 can be sold or processed further. Each unit of
product 1 that is processed further yields 1 unit
of product 4. Each unit of product 2 can be sold or
processed further. Each unit of product 2 that is
processed further yields 0.8 unit of product 5 and 0.3
unit of product 6.

Up to 1000 units of product 5 can be sold, and up
to 800 units of product 6 can be sold. Up to 3000
units of raw material can be purchased at $6 per unit.
Leftover units of products 5 and 6 must be destroyed.
It costs $4 to destroy each leftover unit of product 5
and $3 to destroy each leftover unit of product 6.
Ignoring raw material purchase costs, the unit price
and production cost for each product are listed in the
file P04_118.xIsx. Determine a profit-maximizing
production schedule for Flexco.

Each week, Chemco can purchase unlimited quanti-
ties of raw material at $6 per pound. Each pound of
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purchased raw material can be used to produce either
input 1 or input 2. Each pound of raw material can
yield 2 ounces of input 1, requiring 2 hours of
processing time and incurring $2 in processing costs.
Each pound of raw material can yield 3 ounces of
input 2, requiring 2 hours of processing time and
incurring $4 in processing costs. Two production
processes are available. It takes 2 hours to run process
1, requiring 2 ounces of input 1 and 1 ounce of input
2. Tt costs $1 to run process 1. Each time process 1 is
run, 1 ounce of product A and 1 ounce of liquid waste
are produced. Each time process 2 is run requires 3
hours of processing time, 2 ounces of input 2, and 1
ounce of input 1. Each process 2 run yields 1 ounce of
product B and 0.8 ounce of liquid waste. Process 2
incurs $8 in costs. Chemco can dispose of liquid
waste in the Port Charles River or use the waste to
produce product C or product D. Government regula-
tions limit the amount of waste Chemco is allowed to
dump into the river to 1000 ounces per week.

Each ounce of product C costs $4 to produce and
sells for $11. Producing 1 ounce of product C re-
quires 1 hour of processing time, 2 ounces of input 1,
and 0.8 ounce of liquid waste. Each ounce of product
D costs $5 to produce and sells for $7. Producing 1
ounce of product D requires 1 hour of processing
time, 2 ounces of input 2, and 1.2 ounces of liquid
waste. At most, 5000 ounces of product A and 5000
ounces of product B can be sold each week, but
weekly demand for products C and D is unlimited.
Product A sells for $18 per ounce and product B sells
for $24 per ounce. Each week, 6000 hours of pro-
cessing time are available. Determine how Chemco
can maximize its weekly profit.

Bexter Labs produces three products: A, B, and C.
Bexter can sell up to 30 units of product A, up to 20
units of product B, and up to 20 units of product C.
Each unit of product C uses 2 units of A and 3 units
of B and incurs $5 in processing costs. Products A
and B are produced from either raw material 1 or raw
material 2. It costs $6 to purchase and process 1 unit
of raw material 1. Each processed unit of raw mater-
ial 1 yields 2 units of A and 3 units of B. It costs $3
to purchase and process a unit of raw material 2.
Each processed unit of raw material 2 yields 1 unit of
A and 2 units of B. The unit prices for the products
are A, $5; B, $4; C, $25. The quality levels of each
product are A, 8; B, 7; C, 6. The average quality
level of the units sold must be at least 7. Determine
how to maximize Bexter’s profit.

Based on Franklin and Koenigsberg (1973). The
city of Busville contains three school districts. The
numbers of minority and nonminority students in
each district are given in the file P04 _121.xlIsx. The
local court has decided that each of the town’s two
high schools (Cooley High and Walt Whitman High)
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must have approximately the same percentage of
minority students (within 5%) as the entire town.
The distances (in miles) between the school

districts and the high schools are also given in the
file P04 _121.xlIsx. Each high school must have an
enrollment of 300 to 500 students. Determine an
assignment of students to schools that minimizes the
total distance students must travel to school.

Based on Carino and Lenoir (1988). Brady
Corporation produces cabinets. Each week, Brady
requires 90,000 cubic feet of processed lumber. The
company can obtain lumber in two ways. First, it
can purchase lumber from an outside supplier and
then dry it at the Brady kiln. Second, Brady can
chop down trees on its land, cut them into lumber at
its sawmill, and then dry the lumber at its kiln. The
company can purchase grade 1 or grade 2 lumber.
Grade 1 lumber costs $3 per cubic foot and when
dried yields 0.7 cubic foot of useful lumber. Grade 2
lumber costs $7 per cubic foot and when dried yields
0.9 cubic foot of useful lumber. It costs the company
$3 to chop down a tree. After being cut and dried, a
log yields 0.8 cubic feet of lumber. Brady incurs
costs of $4 per cubic foot of lumber it dries. It costs
$2.50 per cubic foot of logs sent through the sawmill.
Each week, the sawmill can process up to 35,000
cubic feet of lumber. Each week, up to 40,000 cubic
feet of grade 1 lumber and up to 60,000 cubic feet
of grade 2 lumber can be purchased. Each week,

40 hours of time are available for drying lumber.
The time it takes to dry 1 cubic foot of lumber is as
follows: grade 1, 2 seconds; grade 2, 0.8 second;
log, 1.3 seconds. Determine how Brady can mini-
mize the weekly cost of meeting its demand for
processed lumber.

Based on Dobson and Kalish (1988). Chandler
Enterprises produces two competing products, A and
B. The company wants to sell these products to two
groups of customers, group 1 and group 2. The val-
ues each customer places on a unit of A and B are
shown in the file P04 _123.xlsx. Each customer will
buy either product A or product B, but not both. A
customer is willing to buy product A if she believes
that the Premium of product A is greater than or
equal to the Premium of product B and Premium of
product A is greater than or equal to 0. Here, the
“premium” of a product is its value minus its price.
Similarly, a customer is willing to buy B if she be-
lieves the Premium of product B is greater than or
equal to the Premium of product A and the Premium
of product B is greater than or equal to 0. Group 1
has 1000 members, and group 2 has 1500 members.
Chandler wants to set prices for each product to en-
sure that group 1 members purchase product A and
group 2 members purchase product B. Determine
how Chandler can maximize its revenue.
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Based on Robichek et al. (1965). At the beginning of
month 1, Finco has $400 in cash. At the beginning of
months 1, 2, 3, and 4, Finco receives certain rev-
enues, after which it pays bills. (See the file
P04_124.xlsx.) Any money left over can be invested
for 1 month at the interest rate of 0.1% per month;
for 2 months at 0.5% per month; for 3 months at 1%
per month; or for 4 months at 2% per month. Deter-
mine an investment strategy that maximizes cash on
hand at the beginning of month 5.

During each 6-hour period of the day, the Blooming-
ton Police Department needs at least the number of
police officers shown in the file P04 _125.xlsx. Police
officers can be hired to work either 12 consecutive
hours or 18 consecutive hours. Police officers are paid
$4 per hour for each of the first 12 hours they work in
a day and $6 per hour for each of the next 6 hours they
work in a day. Determine how to minimize the cost of
meeting Bloomington’s daily police requirements.

Based on Glassey and Gupta (1978). A paper recy-
cling plant processes box board, tissue paper,
newsprint, and book paper into pulp that can be used
to produce three grades of recycled paper (grades 1,
2, and 3). The prices per ton and the pulp contents of
the four inputs are shown in the file P04 _126.xlsx.

Two methods, de-inking and asphalt dispersion,
can be used to process the four inputs into pulp. It
costs $20 to de-ink a ton of any input. The process of
de-inking removes 10% of the input’s pulp, leaving
90% of the original pulp. It costs $15 to apply as-
phalt dispersion to a ton of material. The asphalt
dispersion process removes 20% of the input’s pulp.
At most, 3000 tons of input can be run through the
asphalt dispersion process or the de-inking process.
Grade 1 paper can be produced only with newsprint
or book paper pulp; grade 2 paper only with book
paper, tissue paper, or box board pulp; and grade 3
paper only with newsprint, tissue paper, or box board
pulp. To meet its current demands, the company
needs 500 tons of pulp for grade 1 paper, 500 tons of
pulp for grade 2 paper, and 600 tons of pulp for
grade 3 paper. Determine how to minimize the cost
of meeting the demands for pulp.

At the beginning of month 1, GE Capital has 50 mil-
lion accounts. Of these, 40 million are paid up (0-
due), 4 million are 1 month overdue (1-due), 4 mil-
lion are 2 months overdue (2-due), and 2 million are
3 months overdue (3-due). After an account is more
than 3 months overdue, it’s written off as a bad debt.
For each overdue account, GE Capital can either
phone the cardholder, send a letter, or do nothing.

A letter requires an average of 0.05 hour of labor,
whereas a phone call requires an average of 0.10
hour of labor. Each month 500,000 hours of labor are
available. We assume that the average amount of a
monthly payment is $30. Thus, if a 2-due account
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remains 2-due, it means that 1 month’s payment
($30) has been received, and if a 2-due account
becomes 0-due, it means that 3 months’ payments
($90) have been received. On the basis of thousands
of accounts, DMMs (Delinquency Movement
Matrices) shown in the file P04 _127.xlsx have been
estimated. For example, the top-left 0.60 entry in the
first table means that 60% of all 1-due accounts that
receive a letter become 0-due by the next month. The
0.10 and 0.30 values in this same row mean that 10%
of all 1-due accounts remain 1-due after receiving a
letter, and 30% of all 1-due accounts become 2-due
after receiving a letter. Your goal is to determine how
to allocate your workforce over the next 4 months to
maximize the expected collection revenue received
during that time. (Note: 0-due accounts are never
contacted, which accounts for the lack of 0-due rows
in the first two tables.)

It is February 15, 2006. Three bonds, as listed in the
file PO4_128.xlsx, are for sale. Each bond has a face
value of $100. Every 6 months, starting 6 months
from the current date and ending at the expiration
date, each bond pays 0.5%(coupon rate)*(Face value).
At the expiration date the face value is paid. For ex-
ample, the second bond pays

m $2.75 on 8/15/06

= $102.75 on 2/15/07

Given the current price structure, the question is
whether there is a way to make an infinite amount of
money. To answer this, we look for an arbitrage. An
arbitrage exists if there is a combination of bond
sales and purchases today that yields

m apositive cash flow today

® nonnegative cash flows at all future dates

If such a strategy exists, then it is possible to make
an infinite amount of money. For example, if buying
10 units of bond 1 today and selling 5 units of bond 2
today yielded, say, $1 today and nothing at all future
dates, then we could make $k by purchasing 10k
units of bond 1 today and selling 5k units of bond 2
today. We could also cover all payments at future
dates from money received on those dates. Clearly,
we expect that bond prices at any point in time will
be set so that no arbitrage opportunities exist.

a. Show that an arbitrage opportunity exists for the
bonds in the file P04 _128.xlsx. (Hint: Set up an
LP that maximizes today’s cash flow subject to
constraints that cash flow at each future date is
nonnegative. You should get a “no convergence”
message from Solver.)

b. Usually bonds are bought at an ask price and sold
at a bid price. Consider the same three bonds as
before and suppose the ask and bid prices are as
listed in the same file. Show that these bond
prices admit no arbitrage opportunities.
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You have been assigned to develop a model that can

be used to schedule employees at a local fast-food

restaurant. Assume that computer technology has

advanced to the point where very large problems can

be solved on a PC at the restaurant.

a. What data would you collect as inputs to your
model?

b. Describe in words several appropriate objective
functions for your model.

c. Describe in words the constraints needed for your
model.

You have been assigned to develop a model that can

be used to schedule the nurses working in a mater-

nity ward.

a. What data would you collect as inputs to your
model?

b. Describe in words several appropriate objective
functions for your model.

c¢. Describe in words the constraints needed for your
model.

Keefer Paper produces recycled paper from paper
purchased from local offices and universities. The
company sells three grades of paper: high-brightness
paper, medium-brightness paper, and low-brightness
paper. The high-brightness paper must have a bright-
ness level of at least 90, the medium-brightness
paper must have a brightness level of between 80 and
90, and the low-brightness paper must have a bright-
ness level no greater than 80. Discuss how Keefer
might use a blending model to maximize its profit.

In this chapter, we give you the cost of producing a
product and other inputs that are used in the analysis.
Do you think most companies find it easy to deter-
mine the cost of producing a product? What difficul-
ties might arise?

Discuss how the aggregate planning model could
be extended to handle a company that produces
several products on several types of machines.
What information would you need to model this
type of problem?

A large CPA firm currently has 100 junior staff
members and 20 partners. In the long run—say,

20 years from now—the firm would like to consist
of 130 junior staff members and 20 partners. During
a given year, 10% of all partners and 30% of all ju-
nior staff members leave the firm. The firm can
control the number of hires each year and the
fraction of junior employees who are promoted to
partner each year. Can you develop a personnel
strategy that would meet the CPA firm’s goals?



4.1 AMARCO, Inc.'®

Saudi Arabia is a kingdom in the Middle East with
an area of 865,000 square miles, occupying about
four-fifths of the Arabian Peninsula. With a popula-
tion of about 10 million, this Muslim and Arab state is
generally recognized as being formed in 1927 when
Ibn Sa’ud united the country and was acknowledged
as the sovereign independent ruler. Summer heat is
intense in the interior, reaching 124°F, but it is dry
and tolerable in contrast to coastal regions and some
highlands, which have high humidity during the
summer. Winters (December through February) are
cool, with the coldest weather occurring at high
altitudes and in the far north. A minimum tempera-
ture recorded at at-Turayf in 1950 was 10°F and it
was accompanied by several inches of snow and an
inch of ice on ponds. Average winter temperatures
are 74°F at Jidda and 58°F at Riyadh (the capital city),
which has an annual precipitation of 2.5 to 3 inches.

After oil was discovered in Bahrain in 1932, many
companies turned to Saudi Arabia and started explor-
ing. Thus,in 1937, the American Arabian Oil Com-
pany, Inc. (AMARCO), was formed as a joint venture
between Standard Oil Company of California
(SOCAL) and the Government of Saudi Arabia to ex-
plore, produce, and market any petroleum found in
the country. The year before, a geologist from
SOCAL had discovered a small quantity of oil in the
Eastern Province at Dammam Dome, on which the
oil company town of Dhahran is now built. It was just
beginning to be developed when another discovery
was made—of what was to prove to be the largest
oil field in the world. Called the Ghamar field, it
would start Saudi Arabia on the road to becoming a
highly developed country in just a generation. Located
about 50 miles inland from the western shores of the
Persian Gulf, the Ghamar field is a structural accumu-
lation along 140 miles of a north—south anticline. The
productive area covers approximately 900 square
miles, and the vertical oil column is about [,300 feet.
It is generally considered to have recoverable re-
serves of about 75 billion barrels of oil. Total proven
reserves in Saudi Arabia are estimated at more than
500 billion barrels, enough for more than a hundred
years of production.

10 This case was written by William D. Whisler, California State
University, Hayward.

Since 1950, Saudi Arabia has experienced greater
and more rapid changes than it had in the several
preceding centuries. For example, during this time, as
skilled nationals became available, more and more of
the exploration, drilling, refining, and other produc-
tion activities came under the control of the country.
SOCAL was left primarily with the marketing and
transportation functions outside the country.

During the 1960s, AMARCO increased its
profitability substantially by hiring Dr. George
Dantzig, then of the University of California, as a
consultant. He supervised the development and
implementation of LP models to optimize the
production of different types of crude oils, their
refining, and the marketing of some of their principal
products. As a result of this effort, an operations
research (OR) department was started in the
company with the responsibility of continuing to
review the firm’s operations to find other areas
where costs might be decreased or profits increased
by applications of OR.

Now attention is being focused on another
aspect of one of the company’s small California
refinery operations: the production of three types
of aviation gasoline from the Saudi Arabian crude
oil available. Recently, the marketing of petroleum
products to the airline industry has become a rather
substantial portion of AMARCO’s business. As
shown in Figure 4.45, the three aviation gasolines, A,
B,and C, are made by blending four feedstocks:
Alkylate, Catalytic Cracked Gasoline, Straight Run
Gasoline, and Isopentane.

In Table 4.14, TEL stands for tetraethyl lead,
which is measured in units of milliliters per
gallon (ml/gal). Thus,a TEL of 0.5 means there is
0.5 milliliter of tetraethyl lead per gallon of
feedstock. Table 4.14 shows that TEL does
influence the octane number but does not
influence the Reid Vapor Pressure.

Each type of aviation gasoline has a maximum
permissible Reid Vapor Pressure of 7. Aviation
gasoline A has a TEL level of 0.5 ml/gal and has a
minimum octane number of 80. The TEL level of
aviation gasolines B and C is 4 ml/gal, but the former
has a minimum octane number of 91, whereas the
latter has a minimum of 100.

Case 4.1 AMARCO, Inc. 207



that

Assume that all feedstocks going into aviation
gasoline A are leaded at a TEL level of 0.5 ml/gal and

those going into aviation gasolines B and C are

leaded at a TEL level of 4 ml/gal. Table 4.15 gives the
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Figure 4.45

The Production of
Aviation Gasoline

aviation gasoline data. A final condition is that
marketing requires that the amount of aviation gas
A produced be at least as great as the amount of
aviation gas B.

Aviation
Gas B

| 4
Aviation Aviation
Gas A Gas C
Catalytic i
Alkylate Cracked Run
Gasoline Gasoline
Refinery
)

Crude Oil
Table 4.14 Stock Availabilities®

Feedstock

Catalytic Straight
Cracked Run
Characteristic Alkylate Gasoline Gasoline Isopentane
Reid Vapor Pressure 5 8 4 20
Octane Number
If TEL is 0.5 94 83 74 95
If TEL is 4.0 107.5 93 87 108

Available (Bbl/day) 14,000 13,000 14,000 11,000
Value ($/Bbl) 17.00 14.50 13.50 14.00

“Some of the data in this case have been adapted from Walter W. Garvin, Introduction to Linear Programming (New York:

McGraw-Hill, 1960), Chapter 5.

Table 4.15 Aviation Gasoline Data

Aviation Gasoline

Characteristic A B C
Minimum requirements (Bbl/day) 12,000 13,000 12,000
Price ($/Bbl) 15.00 16.00 16.50

Chapter 4 Linear Programming Models



Questions

I. AMARCO’s planners want to determine how
the three grades of aviation gasoline should be
blended from the available input streams so
that the specifications are met and the income
is maximized. Develop an LP spreadsheet
model of the company’s problem.

2. Solve the linear programming model formu-
lated in Question |.

The following questions should be attempted only after
Questions | and 2 have been answered correctly.

3. Suppose that a potential supply shortage of
Saudi Arabian petroleum products exists in the
near future due to possible damage to
AMARCO’s oil production facilities from Iraqi
attacks. This could cause the prices of the
three types of aviation gasolines to double
(while the values of the stocks remain the
same, because they are currently on hand).
How would this affect the refinery’s opera-
tions? If, after current stocks are exhausted,
additional quantities must be obtained at
values double those given in Table 4.14, how
might AMARCO’s plans be affected?

4. Suppose that because of the new lraqi crisis,
the supply of alkylate is decreased by 1,800
bbl/day, catalytic cracked gas is decreased by
2,000 bbl/day, and straight run gasoline is
decreased by 5,000 bbl/day. How does this
affect AMARCO’s operations?

5. AMARCO is considering trying to fill the avia-
tion gasoline shortage created by the new lragqi
crisis by increasing its own production. If addi-
tional quantities of alkylate, catalytic cracked
gasoline, straight run gasoline, and isopentane
are available, should they be processed? If so,
how much of them should be processed, and
how do their values affect the situation?

6. Due to the uncertainty about both the U.S.
economy and the world economy resulting
from the Iraqi crisis, AMARCO’s economists
are considering doing a new market research
study to reestimate the minimum requirement
forecasts. With the economy continually
weakening, it is felt that demand will decrease,

possibly drastically, in the future. However,
because such marketing research is expensive,
management is wondering whether it would be
worthwhile. That is, do changes in the minimum
requirements have a significant effect on
AMARCO’s operations? What is the change in
profit from an increase or a decrease in the
minimum requirements? Over what ranges of
demand do these profit changes apply?

Suppose that the Middle East crisis ends and a
flood of oil fills the marketplace, causing the
prices of aviation gasoline to drop to $10.00,
$11.00,and $11.50, respectively, for A, B,and C.
How would this affect the company’s plans?

Suppose that the U.S. government is considering
mandating the elimination of lead from aviation
gasoline to decrease air pollution. This law
would be based on new technology that allows
jet engines to burn unleaded gasoline efficiently
at any octane level. Thus, there would no longer
be any need for constraints on octane level.
How would such a new law affect AMARCO?

The Environmental Protection Agency is propos-
ing regulations to decrease air pollution. It plans
to improve the quality of aviation gasolines by
decreasing the requirement on Reid Vapor
Pressure from 7 to 6. Management is concerned
about this regulation and wonders how it might
affect AMARCO’s profitability. Analyze and
make a recommendation.

. The Marketing Department indicates that

AMARCO will be able to increase its share of
the market substantially with a new contract
being negotiated with a new customer. The
difficulty is that this contract will require that
the amount of aviation gas A plus the amount of
B must be at least as great as the amount of C
produced. Because aviation gasolines A and B are
least profitable of the three, this could cause a
big decrease in profit for the company. However,
marketing indicates that this is a short-run view,
because the “large” increase in market share
with the concomitant long-run profit increases
will more than offset the “temporary small
decrease” in profits because of the additional
restriction.What do you recommend? Why? m
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4.2 AMERICAN OFFICE SYSTEMS, INc.''

merican Office Systems, Inc., was established by

the late R. J. Miller; Sr, in 1939. It started as an
office supply story in Mountain View, California, and
expanded slowly over the years into the manufacture
of small office equipment, overhead projectors, and
bookkeeping machines. In the 1950s, computers
started eroding its market for bookkeeping machines,
so the company diversified into the copy machine
market. However, it never captured a large market
share because bigger firms such as Xerox, Canon,
Sharp, and A. B. Dick were so firmly entrenched.

A few years ago, American Office Systems’
engineering staff developed an adapter that links a
standard copy machine to personal computers,
allowing a copy machine to be used as a laser printer,
scanner, and fax. The adapters show great promise
for both home and office use. However, the company
is not well known by either the financial community
or the copy machine market, principally due to its
small size and rather lackluster record, so it could
secure only $15 million in initial financial backing for
the adapters. The $15 million was used to finance
the construction of a small production facility and of
administrative offices in 1994, and in 1995 produc-
tion and sales began. Two versions of the adapter
exist, one for IBM-compatible computers and one for
Macintosh computers. The former sells for $175 and
the latter for $200.

At the beginning of December 1995, Dr.R.].
Miller, I, President, convened a meeting about the
coming year’s plans for the adapters. Rob Olsen,Vice
President of Production, argued that production
facilities should be expanded: “Until we have sufficient
capacity to produce the adapters,” he said, “there is no
use advertising.”” Sue Williams, Director of Marketing,
replied,“On the contrary, without any demand for the
adapters, there is no reason to produce them. We
need to focus on advertising first.”” ].T. Howell, the
Comptroller, pointed out that Olsen and Williams
were talking about the situation as if it only involved a
decision between production and marketing: “Yes,
funds need to be allocated between production and
advertising. However, more important than both is
the cash flow difficulty that the company has been

' This case was written by William D. Whisler, California State
University, Hayward.

210 Chapter 4 Linear Programming Models

experiencing. As you know, it was only yesterday that,
finally, | was able to secure a $750,000 line of credit
for the coming year from Citibank. | might add that it
is at a very favorable interest rate of 16%. This will
partially solve our cash flow problems and it will have
a big effect on both production and advertising deci-
sions. In addition, there are financial and accounting
factors that must be allowed for in any decision about
the adapters.” Olsen interjected, “VWow, this is more
complicated than | anticipated originally. Before we
make a decision, | think we ought to use some
modern management science techniques to be sure
that all the relevant factors are considered. Last week
| hired Carlos Garcia from Stanford. He has a Master’s
Degree in Operations Research. | think this would be
a good project for him.” However, Williams said that
she thinks that an executive, judgmental decision
would be much better. “Let’s not get carried away with
any of the quantitative mumbo-jumbo that Rob is
always suggesting. Besides, his studies always take too
much time and are so technical that no one can
understand them. We need a decision by the end of
next week.” After listening to the discussion, Miller
decided to appoint an executive action team to study
the problem and make a recommendation at next
week’s meeting.“Rob and Sue, | want both of you to
document your arguments in more detail.J.T., be more
precise with your comments about the cash flow,
accounting, and financial problems. And, by the way
Rob, have Carlos look into a model to see if it might
produce some insights.”

Most of the $15 million initial financing was used
to build a five-story building in Mountain View, south
of San Francisco. Although currently only about 90%
complete, it is being used. The first floor contains the
production and shipping facilities plus a small storage
area. A larger warehouse, already owned by the
company, is located across the street. The other four
floors of the building are for the engineering depart-
ment (second floor), a research lab (third floor), and
administration (top two floors). The production
facility operates two shifts per day and has a produc-
tion capacity of 30 IBM adapters and |10 Macintosh
adapters per hour. Olsen uses 20 production days
per month in his planning. Usually there are a few
more, but these are reserved for maintenance and
repairs. The last stage of the initial construction will



be finished by the beginning of the fourth quarter,
making the building 100% finished. This will increase
the production capacity rates by 10%.

Howell normally does the company’s financial
planning monthly, and he assumes that cash flows as-
sociated with all current operating expenses, sales
revenues (taking collections into account), advertising
costs, loans from the line of credit, investments of
excess cash in short-term government securities, and
so forth, occur at the end of the corresponding
month. Because he needs information for the meeting
next week, however, he decides to do a rough plan on
a quarterly basis. This means that all the just men-
tioned cash flows, and so on, will be assumed to occur
at the end of the quarter. After the meeting, when
more time is available, the plan will be expanded to
a monthly basis. To get started, one of his senior
financial analysts prepares the list of quarterly fixed
operating expenses shown in Table 4.16. In addition,
the accounting department calculates that the variable
costs of the adapters are $100 each for the IBM
version and $1 10 each for the Macintosh version.

Table 4.16 Quarterly Fixed Operating Expenses

Expense Cost

Administrative expense $1,500,000
Fixed manufacturing costs 750,000
Sales agents’ salaries 750,000
Depreciation 100,000

At present, American Office Systems is
experiencing a cash flow squeeze due to the large
cash requirements of the startup of the adapter
production, advertising, and sales costs. If excess cash
is available in any quarter, however, Howell says that
the company policy is to invest it in short-term
government securities, such as treasury bills. He
estimates that during the coming year these
investments will yield a return of 6%.

Olsen asks Garcia to look into the production
and inventory aspects of the situation first, because
this area was his specialty at Stanford. Then he says
that he wants him to think about a programming
model that might integrate all components of the

problem—production, sales, advertising, inventory,
accounting, and finance. A mixed-integer programming
model appears to be the most appropriate; however,
he asks Garcia to use linear programming as an
approximation due to the time limitations and
Williams’s concern about his ideas always being too
technical. “There will be more time after next week’s
meeting to refine the model,” he says.

After discussions with Olsen and Williams,
Garcia feels that something needs to be done to help
the company handle the uncertainty surrounding
future sales of the adapters. He points out that it is
impossible to guarantee that the company will never
be out of stock. However, it is possible to decrease
shortages so that any difficulties associated with
them would be small and they would not cause
major disruptions or additional management prob-
lems, such as excess time and cost spent expediting
orders, and so forth. Thus, Garcia formulates an
inventory model. To be able to solve the model, he
has to check the inventory levels of the adapters
currently on hand in the warehouse. From these
quantities, he calculates that there will be 10,000 IBM
and 5,000 Macintosh adapters on hand at the begin-
ning of 1996. Based on the results of the model, he
recommends that a simple rule of thumb be used:
production plus the end-of-period inventory for the
adapters should be at least 10% larger than the
estimated sales for the next period. This would be
a safety cushion to help prevent shortages of the
adapters. In addition, to provide a smooth transition
to 1997, the inventory level plus production at the
end of the fourth quarter of 1996 should be at least
twice the maximum expected sales for that quarter.
Garcia says that using these rules of thumb will
minimize annual inventory costs. VWhen explaining
the inventory model to Olsen, Garcia emphasizes
the importance of including inventory carrying costs
as part of any analysis, even though such costs
frequently are not out-of-pocket. He says that his
analysis of data provided by the accounting depart-
ment yielded a 1% per month inventory carry cost,
and this is what he used in his model.

Sales during the first year (1995) for the adapters
are shown in Table 4.17. Next year’s sales are

Case 4.2 American Office Systems, Inc. 211



uncertain. One reason for the uncertainty is that
they depend on the advertising. To begin the analysis,
Williams asks her marketing research analyst, Debra
Lu, to estimate the maximum sales levels for the
coming four quarters if no advertising is done. Since
last year’s sales of both models showed a steady
increase throughout the year, Lu projects a
continuation of the trend. She forecasts that the
company will be able to sell any number of adapters
up to the maximum expected sales amounts shown
in Table 4.17.

Table 4.17 1995 Adapter Sales and Maximum

Expected 1996 Sales

1996 Maximum
Expected Sales

IBM  Macintosh
Adapters Adapters

1995 Sales

IBM  Macintosh
Quarter Adapters Adapters

1 5,000 1,000 9,000 1,800
2 6,000 1,200 10,000 2,000
3 7,000 1,400 11,000 2,200
4 8,000 1,600 12,000 2,400

Miller suggests that advertising in magazines
such as PCWorld and Home Office will increase
consumer awareness of both the company and
adapters. The next day, Williams has a meeting with
several staff members of a San Francisco advertising
agency. They show her recommendations for two
types of ads (one for the IBM adapters and one for
the Macintosh adapters), give her cost information,
and the estimated effectiveness of an advertising
campaign. Armed with this information and some
data from Lu, Williams prepares a brief report for
Miller setting out her reasons for thinking that each
$10 spent on advertising will sell an additional IBM
adapter; the same relationship holds true for the
Macintosh adapter.

Based on an analysis of 1995 sales and accounts
receivable, the accounting department determines that
collection experience is as shown in Table 4.18. For
example, 75% of the IBM adapters sold in a quarter
are paid for during the quarter; 20% are paid for dur-
ing the following quarter; and 3% are paid for during
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the third quarter. The remaining 2% are written off
and sold to a collection agency for $0.50 on the dollar.

Table 4.18 Collections

Quarter IBM Adapters Macintosh Adapters
1 0.75 0.80
0.20 0.11
3 0.03 0.05
Questions

I. Suppose that you are Garcia. Develop an LP
spreadsheet model of the situation to help the
executive action team make a decision about
how to allocate funds between production and
advertising so that all the cash flow, financial,
accounting, marketing, inventory, and production
considerations are taken into account and
American Office Systems’ profits are maximized.
Use the data collected and the estimates made
by the members of the executive action team.

2. Solve the LP model formulated in Question |.

The executive action team has assembled to reconsider
the plans for the adapters for the coming year. Garcia, who
developed the LP model, concludes his presentation by
saying, “As everyone can see, the model gives the optimal
solution that maximizes profits. Since | have incorporated
the estimates and assumptions that all of you made,
clearly it is the best solution. No other alternative can give
a higher profit.” Even Williams, who initially was skeptical
of using quantitative models for making executive-level
decisions, is impressed and indicates that she will go along
with the results.

Miller says, “Good work, Carlos! This is a complex
problem but your presentation made it all seem so simple.
However, remember that those figures you used were
based on estimates made by all of us. Some were little bet-
ter than guesses. What happens if they are wrong? In
other words, your presentation has helped me get a handle
on the problem we are facing, and | know that models are
useful where hard, accurate, data exist. However, with all
the uncertainty in our situation and the many rough esti-
mates made, it seems to me that | will still have to make a



judgment call when it comes down to making a final
decision. Also, there has been a new development. J.T. tells
me that we might be able to get another $1 million

line of credit from a Bahamian bank. It will take a while
to work out the details and maybe it will cost us a little.

I am wondering if it is worth it. What would we do with
the $1 million if we got it?” T. J. responds, “We really need
the $1 million. But it is a drop in the bucket. My analysis
shows that we really need another $8 million line of
credit.”

Analyze, as Garcia is going to do, the effect of uncer-
tainty and errors on the results of Questions | and 2 by
answering the following questions.They should be
attempted only after Questions | and 2 have been
answered correctly.

3. One area where assumptions were made is
adapter price.

a. What happens if the prices for the adapters
are a little weak and they decrease to $173
for the IBM version and $198 for the
Macintosh version? Does this make any
difference?

b. What about decreases to $172 and $197,
respectively, for the IBM and Macintosh
versions? Explain the answers in terms that
Miller will understand.

c. Suppose that American Office Systems can
increase the price of the adapters to $180
and $205. How would this affect the original
solution?

4. Another potential variable is adapter production
cost.

a. Suppose that an error was made in determin-
ing the costs of the adapters and that they
really should have been $102 for the IBM
version and $112 for the Macintosh version.
What is the effect of this error?

b. What about costs of $105 and $115? Explain
the answers in terms that Miller will
understand.

5. Howell notes that one of the contributing factors
to American Office Systems’ cash squeeze is the
slow collection of accounts receivable. He is con-
sidering adopting a new collection procedure
recommended by a consulting company. It will

cost $100,000 and will change the collection
rates to those given in Table 4.19.

a. Analyze the effect of this new collection
policy and make a recommendation to Howell
about whether to implement the new proce-
dure. As before, any accounts receivable not
collected by the end of the third quarter will
be sold to a collection agency for $0.50 on
the dollar.

Howell wonders whether switching to selling
adapters for all cash is worth the effort. This
would ameliorate the cash squeeze because it
would eliminate not only the slow collections
but also the use of the collection agency for
accounts that remain unpaid after 9 months.
It would cost about $90,000 more than at
present to implement the all-cash policy be-
cause the accounting system would need to
be modified and personnel would have to be
retrained. Analyze this possibility and make a
recommendation to Howell.

S

Table 4.19 New Collections

Quarter IBM Adapters Macintosh Adapters
1 0.90 0.92
0.07 0.03
3 0.01 0.01

6. Yet another variable is advertising effectiveness.

a. Suppose that Williams overestimated the
effectiveness of advertising. It now appears
that $100 is needed to increase sales by one
adapter. How will this affect the original solu-
tion? Explain the answer in terms that Miller
will understand.

b. What happens if the required advertising
outlay is $12.50 per additional adapter sold?

7. Suppose that the line of credit from Citibank that
Howell thought he had arranged did not work
out because of the poor financial situation of the
company. The company can obtain one for the
same amount from a small local bank; however,
the interest rate is much higher, 24%. Analyze
how this change affects American Office Systems.
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8. The safety cushion for inventory is subject to
revision.

a. Suppose that Garcia finds a bug in his original
inventory model. Correcting it results in a
safety cushion of 15% instead of the 10% he
suggested previously. Determine whether this
is important.

b. What if the error is 20%!? Explain the answers
in terms that Miller will understand.

9. Production capacity is scheduled to increase by

10% in the fourth quarter.

a. Suppose that Miller is advised by the
construction company that the work will not
be finished until the following year. How will
this delay affect the company’s plans?

b. In addition to the delay in part a, suppose
that an accident in the production facility
damages some of the equipment so that the
capacity is decreased by 10% in the fourth
quarter. Analyze how this will affect the
original solution.
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10.

Williams is worried about the accuracy of

Lu’s 1996 maximum expected sales forecasts. If
errors in these forecasts have a big effect on the
company profits, she is thinking about hiring a
San Francisco marketing research firm to do a
more detailed analysis. They would charge
$50,000 for a study. Help Williams by analyzing
what would happen if Lu’s forecasts are in error
by 1,000 for IBM adapters and 200 for Macin-
tosh adapters each quarter. Should she hire the
marketing research firm?

a. To determine whether the extra $1 million
line of credit is needed, analyze its effect on
the original solution given in Question 2.

b. To fully understand the ramifications of the
extra $1,000,000 line of credit, redo (1) Ques-
tion 3b, (2) Question 4b, (3) Question 6a, and
(4) Question 8b. Summarize your results.

c. What about Howell’s claim that an extra
$8,000,000 line of credit is necessary? Use
that adjustment and redo Question 6a. =



4.3 LAKEFIELD CORPORATION’S OIL TRADING DESK

Lakeﬁeld Corporation’s oil trading desk buys and
sells oil products (crude oil and refined fuels),
options, and futures in international markets. The
trading desk is responsible for buying raw material
for Lakefield’s refining and blending operations and
for selling final products. In addition to trading for
the company’s operations, the desk also takes
speculative positions. In speculative trades, the desk
attempts to profit from its knowledge and informa-
tion about conditions in the global oil markets.

One of the traders, Lisa Davies, is responsible for
transactions in the cash market (as opposed to the
futures or options markets). Lisa has been trading for
several years and has seen the prices of oil-related
products fluctuate tremendously. Figure 4.46 shows
the prices of heating oil #2 and unleaded gasoline
from January 1986 through July 1992. Although ex-
cessive volatility of oil prices is undesirable for most
businesses, Lakefield’s oil trading desk often makes
substantial profits in periods of high volatility.

The prices of various oil products tend to move
together over long periods of time. Because finished
oil products are refined from crude oil, the prices of

all finished products tend to rise if the price of crude
increases. Because finished oil products are not per-
fect substitutes, the prices of individual products do
not move in lockstep. In fact, over short time peri-
ods, the price movements of two products can have
a low correlation. For example, in late 1989 and early
1990, there was a severe cold wave in the north-
eastern United States. The price of heating oil rose
from $0.60 per gallon to over $1 per gallon. In the
same time period, the price of gasoline rose just over
$0.10 per gallon.

Lisa Davies believes that some mathematical
analysis might be helpful to spot trading opportuni-
ties in the cash markets. The next section provides
background about a few important characteristics of
fuel oils, along with a discussion of the properties of
blended fuels and some implications for pricing.

Characteristics of Hydrocarbon Fuels

The many varieties of hydrocarbon fuels include
heating oil, kerosene, gasoline, and diesel oil. Each
type of fuel has many characteristics, for example,
heat content, viscosity, freeze point, luminosity,

Figure 4.46 120
Price of Heating

Oil #2 and Unleaded 100
Gasoline

80

60

Price (cents/gallon)

40

Jan-86 Jan-87 Jan-88

Jan-89 Jan-90 Jan-91 Jan-92
Date

Heating Oil #2 ~ -=x-eeeee Unleaded Gasoline

Case 4.3 Lakefield Corporation’s Oil Trading Desk 215



volatility (speed of vaporization), and so on. The
relative importance of each characteristic depends
on the intended use of the fuel. For example, octane
rating is one of the most important characteristics
of gasoline. Octane is a measure of resistance to
ignition under pressure. An engine burning low-
octane fuel is susceptible to “engine knock,” which
reduces its power output. Surprisingly, octane rating
is more important than heat content for gasoline. In
contrast, the most important characteristic of
kerosene jet fuel is its heat content, but viscosity is
also important. High viscosity fuels do not flow as
smoothly through fuel lines.

For the types of fuels Lisa Davies usually trades,
the most important characteristics are density,
viscosity, sulfur content, and flash point, which are
described next.When trading and blending other
fuels, characteristics besides these four are important
to consider.

Density The density of a substance is its mass per
unit volume (e.g., grams per cubic centimeter). The
density of water is | g/cc. A related measure is
American Petroleum Institute gravity (API), which is
measured in degrees. APl is related to density by

141.5
APl = ————1315
D

where D is density measured in g/cc. Water has an
API of 10°. Note that density and API are inversely
related.

The specifications for kerosene jet fuel are
nearly identical for all civilian airlines worldwide.
Kerosene jet fuel should have an API gravity between
37° and 51. Diesel fuel and heating oil are required
to have an API not less than 30. API is important for
controlling the flow of fuel in a combustion engine. It
can also be used to limit the concentration of heavy
hydrocarbon compounds in the fuel.

Viscosity Viscosity refers to the resistance of

a liquid to flow. A highly viscous liquid, such as
ketchup or molasses, does not pour easily. Viscosity
is measured by the amount of time a specified
volume of liquid takes to flow through a tube of a
certain diameter. It is commonly measured in units
of centistokes (hundredths of stokes). Most fuel
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specifications place upper limits on viscosity. Less
viscous fuel flows easily through lines and atomizes
easily for efficient combustion. More viscous fuels
must be heated initially to reduce viscosity.

Sulfur Content The content of sulfur is mea-
sured in percentage of total sulfur by weight. For
example, a fuel with 2% sulfur content has 2 grams of
sulfur for every 100 grams of fuel. Sulfur causes
corrosion and abrasion of metal surfaces. Low sulfur
content is important for maintaining the proper
operation of equipment.

Flash Point The flash point of a substance is the
lowest temperature at which the substance ignites
when exposed to a flame. The product description
of kerosene jet fuel from the American Society for
Testing and Materials specifies a flash point of at least
100°F. The New York Mercantile Exchange futures
contract for heating oil #2 specifies a flash point of
at least 130°F. Flash-point restrictions are often
prescribed for safety reasons.

Table 4.20 gives a description of some fuels and
their prices on a given day. In Table 4.20, the units of
viscosity are centistokes, sulfur is given in percentage
by weight, and flash point is in degrees Fahrenheit.
For convenience, all prices in Table 4.20 are given in
dollars per barrel. In practice, the prices of heating
oil, gasoline, and kerosene jet fuel are typically
quoted in cents per gallon. (There are 42 gallons in a
barrel.)

Blending Fuels

Because hydrocarbon fuels are made of similar
compounds and have similar characteristics, a certain
degree of substitutability exists among fuels. Differ-
ent fuels can also be blended to form a new fuel.
Next we describe how the characteristics of the
individual fuels combine in the blended fuel.

Sulfur combines linearly by weight. This means,
for example, that mixing equal weights of a 1% sulfur
oil with a 3% sulfur oil produces a 2% sulfur oil. To a
close approximation, sulfur combines linearly by
volume (because the densities of oils are not very
different). That is, combining 0.5 barrel of |% sulfur
oil with 0.5 barrel of 3% sulfur oil gives | barrel of
very nearly 2% sulfur oil.



Table 4.20 Description of Available Fuels

Fuel 1 Fuel 2 Fuel 3 Fuel 4 Fuel 5 Fuel 6
1% Sulfur 3% Sulfur 0.7% Sulfur Heating 1% Vacuum 2% Vacuum

Fuel Oil Fuel Oil Fuel Oil Oil Gas Oil Gas Oil

API 10.50 10.50 10.50 34.00 25.00 25.00
Viscosity 477.00 477.00 477.00 3.50 25.00 25.00
Sulfur 1.00 3.00 0.70 0.20 1.00 2.00
Flash point 140.00 140.00 140.00 130.00 200.00 200.00
Price 16.08 13.25 17.33 24.10 20.83 20.10
Fuel 7 Fuel 8 Fuel 9 Fuel 10 Fuel 11 Fuel 12

0.5% Vacuum Straight Run Straight Run Kerosene Diesel

Gas Oil (Low Sulfur) (High Sulfur) Jet Fuel Fuel Slurry

API 25.00 21.00 17.00 46.000 35.00 —4.50
Viscosity 25.00 212.00 212.00 1.500 2.50 261.00
Sulfur 0.50 0.30 2.75 0.125 0.20 2.37
Flash point 200.00 250.00 250.00 123.000 150.00 109.00
Price 21.46 21.00 20.00 25.520 24.30 11.50

In general, to say that a certain property of oil
combines linearly (by volume) means the following:
Suppose x; barrels of oil j (forj = 1,2,..., n) are
blended together to form one barrel of oil; that is,
Ej"zlxj = |. Also suppose that ¢; is the measure of the
property of oil j. Then if the property combines
linearly, the measure of the property for the blended
oil is a linear combination of the ¢/s; that is, E;':,cj)(j.

API gravity does not combine linearly, but den-
sity does combine linearly. For example, consider
blending 0.5 barrel of oil that has a density of 0.8
gl/cc with 0.5 barrel of oil with a density of 1.2 g/cc.
The resulting barrel of oil has a density of 1.0
(= 0.8[0.5] + 1.2[0.5]). The 0.8 g/cc density oil has
an APl of 45.38 , and the 1.2 g/cc density oil has an
API of —13.58°. If APl combined linearly, the blended
barrel of oil would have an APl of 15.90°(= 45.38
[0.5] —13.58 [0.5]). However, an API of 15.90
corresponds to a density of 0.96 g/cc, not 1.0 g/cc.'?

Viscosity, measured in centistokes, does not
combine linearly. However, chemical engineers have

12To convert API to density, use D = 141.5/(API + 131.5).

determined that viscosity can be transformed to
another measure, called linear viscosity, which
(nearly) combines linearly.'® Similarly, flash points
measured in degrees Fahrenheit do not combine
linearly. But chemical engineers defined a new
measure, termed linear flash point, which does
combine linearly.'* Table 4.21 summarizes the
properties of the |12 fuels measured in units that
combine linearly.

Implications for Pricing

Sulfur in oil is a contaminant. Therefore, oil with a
low sulfur content is more valuable than oil with a
higher sulfur content, all other characteristics being
equal. This relationship can be seen in Table 4.20 by
comparing the prices of fuels 1,2, and 3 and fuels 5,

13 Let vs represent viscosity measured in centistokes. Then linear vis-
cosity, denoted v, is defined v = In(In[vs + 0.08]).

4 Let fp denote flash point measured in degrees Fahrenheit. Then
linear flash point is defined f = 10**(fp + 460)~'*?%. Empirical
analysis of oil blending data confirms that the measure f combines
nearly linearly.
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Table 4.21 Properties of Available Fuels Measured in Units That Combine Linearly
Fuel 1 Fuel 2 Fuel 3 Fuel 4 Fuel 5 Fuel 6
1% Sulfur 3% Sulfur 0.7% Sulfur Heating 1% Vacuum 2% Vacuum
Fuel Oil Fuel Oil Fuel Oil Oil Gas Oil Gas Oil
Density 0.996 0.996 0.996 0.855 0.904 0.904
Linear visc. 1.819 1.819 1.819 0.243 1.170 1.170
Sulfur 1.000 3.000 0.700 0.200 1.000 2.000
Linear flash 204.800 204.800 204.800 260.400 52.500 52.500
Price 16.080 13.250 17.330 24.100 20.830 20.100
Fuel 7 Fuel 8 Fuel 9 Fuel 10 Fuel 11 Fuel 12
0.5% Vacuum Straight Run Straight Run Kerosene Diesel
Gas Oil (Low Sulfur) (High Sulfur) Jet Fuel Fuel Slurry
Density 0.904 0.928 0.953 0.797 0.850 1.114
Linear visc. 1.170 1.678 1.678 —.782 —.054 1.716
Sulfur 0.500 0.300 2.750 0.125 0.200 2.370
Linear flash 52.500 18.500 18.500 308.800 161.700 437.000
Price 21.460 21.000 20.000 25.520 24.300 11.500

6,and 7. Lower-density oils are generally preferred to
higher-density oils, because energy per unit mass is
higher for low-density fuels, which reduces the
weight of the fuel. Lower-viscosity oils are preferred
because they flow more easily through fuel lines than
oils with higher viscosities. High flash points are
preferred for safety reasons. However, because flash
point and linear flash point are inversely related, this
means that oils with lower linear flash point are
preferred to oils with higher linear flash point.

That fuels can be blended cheaply to form new
fuels affects price as well. For example, fuel 2 and fuel
3 from Table 4.20 can be blended to form a fuel with
the same API, viscosity, sulfur; and flash point as fuel
|.In particular, 0.1304 barrel of fuel 2 and 0.8696
barrel of fuel 3 can be blended to form | barrel of a
new fuel, which, in terms of the four main character-
istics, is identical to fuel |. Because the cost of blend-
ing is small, prices combine nearly linearly. The cost
to create the blended fuel is $16.80 per barrel
($16.80 = 0.1304[13.25] + 0.8696[17.33]). If the
price of fuel | were greater than $16.80,say $17.10,
Lisa Davies could create an arbitrage. She could buy
fuels 2 and 3 in the appropriate proportions,
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Lakefield Corporation could blend them together,
and Lisa could sell the blend at the price of fuel I.
The profit would be $0.30 per barrel minus any
blending and transaction costs. However, the actual
price of fuel | is $16.08, so this plan does not
represent an arbitrage opportunity.

The no-arbitrage pricing principle is simply a
generalization of the previous example. No arbitrage
means that the price of any fuel must be less than or
equal to the cost of any blend of fuels of equal or
better quality. As mentioned earlier, better means
larger API, lower viscosity, lower sulfur content, and
higher flash point. In terms of linear properties,
better means lower density, lower linear viscosity,
lower sulfur content, and lower linear flash point.
Any number of fuels (not just two) can be blended
together.

Lisa Davies would like to develop a system
that automatically checks the no-arbitrage pricing
condition for all of the fuels. If the condition is vio-
lated, she would like to know the appropriate
amounts of the fuels to buy to create the arbitrage,
the profit per barrel of the blended fuel, and the
characteristics of the blended fuel.



Questions

Suppose that 0.3 barrel of fuel 2, 0.3 barrel of
fuel 3,and 0.4 barrel of fuel 4 are blended
together.What is the cost of the blended fuel?
What are the (linear) properties of the blended
fuel (i.e., density, linear viscosity, sulfur content,
and linear flash point)?

Using the data from Table 4.21, check whether
any of the fuels violate the no-arbitrage pricing

condition. If no fuel violates the condition,
which fuel’s price comes the closest to the
no-arbitrage upper bound? If there is a violation,
give the explicit recipe.

What modifications would you make to the
analysis to account for blending costs?

What would be the important issues or steps
involved in creating a real system for this
problem? m
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4.4 ForeiGN CURRENCY TRADING

aily trading volume in the foreign exchange mar-

kets often exceeds $1 trillion. Participants trade
in the spot currency markets, forward markets, and
futures markets. In addition, currency options, cur-
rency swaps, and other derivative contracts are
traded. For simplicity, this case focuses on the spot
currency market only. A spot currency transaction is
simply an agreement to buy some amount of one
currency using another currency.”® For example, a
British company might need to pay a Japanese
supplier 150 million yen. Suppose that the spot
yen/pound rate is 195.07. Then the British company
could use the spot currency market to buy 150
million yen at a cost of 768,954.7 (= 150,000,000/
195.07) British pounds. A sample of today’s cross-
currency spot rates is given in Table 4.22. (See also
the file Currency Rates.xlsx.)

To continue the example, suppose the company
canceled the order from the supplier and wanted to
convert the 150 million yen back into British pounds.
From Table 4.22, the pound/yen spot rate is
0.005126. So the company could use the 150 million
yen to buy 768,900 (=150,000,000 X 0.005126)
pounds. Note that the 768,900 pounds is less than
the original 768,954.7 pounds. The difference is the
result of the bid-offer spread: The price to buy yen
(the bid price) is greater than the price to sell yen
(the offer price). The bid-offer spread represents a
transaction cost to the company.

Occasionally, market prices may become “out of
line” in the sense that there are arbitrage opportuni-
ties. In this context, arbitrage means that there is a
set of spot currency transactions that creates
positive wealth but does not require any funds to
initiate—that is, it is a “money pump.” When such
pure arbitrage opportunities exist, supply and de-
mand forces will generally move prices to eliminate
the opportunities. Hence, it is desirable to quickly
identify arbitrage opportunities when they do exist
and to take advantage of them to the greatest extent
possible.

Questions

I. Formulate a decision model to determine
whether there are any arbitrage opportunities
with the spot currency rates given in Table 4.22.
Note that an arbitrage opportunity could involve
several currencies. If there is an arbitrage oppor-
tunity, your model should specify the exact set
of transactions to achieve it.

2. Find the cross-currency rates in a recent paper—
for example, in the Wall Street Journal—or on the
Web at http://www.oanda.com/convert/classic.
Check the numbers for an arbitrage opportunity.
If you find one, do you think it represents a real
arbitrage opportunity? Why or why not! =

Table 4.22 Cross-Currency Spot Rates

To
US Dollar  British Pound Euro Japanese Yen Brazilian Real
From US Dollar 1 0.60639 0.88363 118.27 2.9092
British Pound  1.6491 1 1.45751 195.07 4.79931
Euro 1.1317 0.6861 1 133.77 3.29496
Japanese Yen 0.008455 0.005126 0.007476 1 0.02462
Brazilian Real  0.34374 0.20836 0.30349 40.62285 1

15 A spot transaction agreed to today is settled (i.e., the money
changes hands) two business days from today. By contrast, a three-
month forward transaction agreed to today is settled (approxi-
mately) three months from today.
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CHAPTER

Network Models

© FRANK RUMPENHORST/DPA/Landov

RESTRUCTURING BASF NORTH AMERICA’S
DISTRIBUTION SYSTEM

quick look through Interfaces, the journal that chronicles management

science success stories from real applications, indicates that many of
these success stories involve network optimization, the subject of this
chapter. A typical example appears in Sery et al. (2001). The authors
describe their efforts to restructure BASF North America’s distribution
system. The BASF Group, with headquarters in Germany, is one of the
world’s leading chemical companies, with annual sales over $30 billion and
more than 100,000 employees worldwide. BASF offers a variety of chemical
and chemical-based products to customers in Europe, the NAFTA region,
South America, and Asia. You probably know the company from its catchy
slogan,“We don’t make a lot of the products you buy. WWe make a lot of the
products you buy better.” Its diverse product mix includes chemicals,
polymers, automotive coatings, colors, dyes, pharmaceuticals, nylon fibers,
and agricultural products.

In the mid-1990s, BASF examined its distribution of packaged goods in
the North America region and discovered that it shipped 1.6 billion pounds
of finished goods annually to customers from a network of 135 locations
at an annual cost, including transportation and warehousing, of nearly
$100 million. The majority (86) of the 135 locations were distribution
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centers (DCs), although almost a billion pounds were shipped directly from
plants to customers. Unfortunately, there had never been any systematic
attempt to optimize this network configuration; it had just evolved over the
years. The authors of the study were asked to make recommendations that
would (1) decrease logistics costs and (2) increase customer service, defined
as the percentage of shipments that reach the customer on the same day or
the next day. (This percentage was about 77% before the study.) The authors
developed a linear programming model that, when implemented, was able to
(1) reduce the number of DCs from 86 to 12;(2) reduce the annual trans-
port, facility, and inventory carrying costs by 6%; (3) achieve a one-time 9%
improvement in cash flows from a reduction in the working capital tied up
in inventory; and (4) increase the customer service measure to 90%. The
redesign worked so well that BASF later developed similar models for its
European, Scandinavian, and Far East distribution systems.

The article’s description of the study is a virtual textbook example of
the modeling process described in Chapter | of this book. The problem was
first identified as follows: “Define the optimal number and location of ware-
houses and the corresponding material flows needed to meet anticipated
customer demand and required delivery service times at the lowest overall
cost” The project team next performed the arduous task of collecting the
various demands and costs required for the optimization model. Although
we try to indicate “Where Do the Numbers Come From?” in the examples
in this book, the authors of the study describe just how difficult data collec-
tion can be, particularly when the data is stored in a variety of legacy sys-
tems that use a wide range of data definitions. Next, the authors developed
a verbal statement of the model, including all assumptions they made, which
was then translated in a straightforward manner into the network optimiza-
tion model itself. The next step was to build a decision support system to
implement the model. This user-friendly system allowed BASF management
to become comfortable with the model (and learn to trust it) by running it
repeatedly under different scenarios to answer all sorts of what-if questions.
Finally, the model’s recommendations were used to redesign the distribution
system in North America, and an honest evaluation of its effects—reduced
costs and increased customer service—was made. B

5.1 INTRODUCTION

Many important optimization models have a natural graphical network representation. In
this chapter, we discuss some specific examples of network models. There are several rea-
sons for distinguishing network models from other LP models:

m  The network structure of these models allows us to represent them graphically in a
way that is intuitive to users. We can then use this graphical representation as an aid
in the spreadsheet model development. In fact, for a book at this level, the best argu-
ment for singling out network problems for special consideration is the fact that they
can be represented graphically.

m  Many companies have real problems, often extremely large, that can be represented
as network models. In fact, many of the best management science success stories
have involved large network models. For example, Delta Airlines developed a
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network model to schedule its entire fleet of passenger airplanes. A few other real
applications of network-based models are listed throughout the chapter, but the list
is by no means exhaustive. A quick scan of the articles in the Interfaces journal
indicates that there are probably more network-based applications reported than any
other type.

m Specialized solution techniques have been developed specifically for network
models. Although we do not discuss the details of these solution techniques—and
they are not implemented in Excel’s Solver—they are important in real-world appli-
cations because they allow companies to solve huge problems that could not be
solved by the usual LP algorithms.

5.2 TRANSPORTATION MODELS

In many situations, a company produces products at locations called origins and ships
these products to customer locations called destinations. Typically, each origin has a
limited amount that it can ship, and each customer destination must receive a required
quantity of the product. Spreadsheet optimization models can be used to determine the
minimum-cost shipping plan for satisfying customer demands.

For now, we assume that the only possible shipments are those directly from an origin
to a destination. That is, no shipments between origins or between destinations are possi-
ble. This problem—generally called the transportation problem—has been studied ex-
tensively in management science. In fact, it was one of the first management science mod-
els developed, more than a half century ago. The following is a typical example of a small
transportation problem.

EXAMPLE 5.1 SHIPPING CARS FROM PLANTS TO REGIONS OF THE COUNTRY

he Grand Prix Automobile Company manufactures automobiles in three plants and

then ships them to four regions of the country. The plants can supply the amounts listed
in the right column of Table 5.1. The customer demands by region are listed in the bottom
row of this table, and the unit costs of shipping an automobile from each plant to each re-
gion are listed in the middle of the table. Grand Prix wants to find the lowest-cost shipping
plan for meeting the demands of the four regions without exceeding the capacities of the
plants.

Table 5.1 Input Data for Grand Prix Example

Region 1 Region 2 Region 3 Region 4 Capacity
Plant 1 131 218 266 120 450
Plant 2 250 116 263 278 600
Plant 3 178 132 122 180 500
Demand 450 200 300 300

Objective To develop a spreadsheet optimization model that finds the least-cost way of
shipping the automobiles from plants to regions that stays within plant capacities and meets
regional demands.
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In a transportation
problem, all flows go
from left to right—
from origins to
destinations. More
complex network
structures are dis-

cussed in Section 5.4.

The common feature
of models in this
chapter is that they
can be represented
graphically, as in
Figure 5.1.

WHERE DO THE NUMBERS COME FROM?

A typical transportation problem requires three sets of numbers: capacities (or supplies),
demands (or requirements), and unit shipping (and possibly production) costs:

m  The capacities indicate the most each plant can supply in a given amount of time—a
month, say—under current operating conditions. In some cases, it might be possible
to increase the “base” capacities by using overtime, for example. In such cases, we
could modify the model to determine the amounts of additional capacity to use (and
pay for).

m  The customer demands are typically estimated from some type of forecasting model
(as discussed in Chapter 16). The forecasts are often based on historical customer
demand data.

m  The unit shipping costs come from a transportation cost analysis—how much does
it really cost to send a single automobile from any plant to any region? This is not
an easy question to answer, and it requires an analysis of the best mode of
transportation (railroad, plane, ship, or truck). However, companies typically have
the required data. Actually, the unit “shipping” cost can also include the unit
production cost at each plant. However, if this cost is the same across all plants,
as we are tacitly assuming here, it can be omitted from the model.

Solution

The variables and constraints required for this model are listed in Table 5.2. We must know
the amounts sent out of the plants and the amounts sent to the regions. However, these ag-
gregate quantities are not directly the decision variables. The company must decide exactly
the number of autos to send from each plant to each region—a shipping plan.

Table 5.2 Variables and Constraints for the Transportation Model

Input variables

Decision variables
(changing cells)

Objective (target cell)

Other calculated variables

Constraints

Plant capacities, regional demands, unit shipping costs
Number of autos sent from each plant to each region

Total shipping cost

Number sent out of each plant, number sent to each region

Number sent out of each plant must be less than or equal to
Plant capacity

Number sent to each region must be greater than or equal to
Region demand

Representing as a Network Model

A network diagram of this model appears in Figure 5.1. This diagram is typical of network
models. It consists of nodes and arcs. A node, indicated by a circle, generally represents a
geographical location. In this case, the nodes on the left correspond to plants, and the nodes
on the right correspond to regions. An are, indicated by an arrow, generally represents a
route for getting a product from one node to another. Here, the arcs all go from a plant node
to a region node—from left to right.

The problem data fit nicely on such a diagram. The capacities are placed next to the
plant nodes, the demands are placed next to the region nodes, and the unit shipping costs
are placed on the arcs. The decision variables are usually called flows. They represent the
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Figure 5.1

Network
Representation
of Grand Prix
Problem

amounts shipped on the various arcs. Sometimes (although not in this problem), there are
upper limits on the flows on some or all of the arcs. These upper limits are called arc
capacities, and they can also be shown on the diagram.'

450
450

200
600

300
500

300

DEVELOPING THE SPREADSHEET MODEL

The spreadsheet model appears in Figure 5.2. (See the file Transportation 1.xlIsx.) To
develop this model, perform the following steps.

Figure 5.2 Grand Prix Transportation Model

A | B [ ¢ D E F G H | [ 1 [ «
| 1 |Grand Prix transportation model ! Range names used: |
2 Capacity =Model!$1$13:51$15
|3 |Unit shipping costs Demand =Model!$C$18:5F$18
| 4| To Shipping_Plan =Model!$C$13:5F$15
5 Region 1 Region2 Region3 Region4 Total_cost =Model!$B$21
| 6 |From Plant 1 $131 $218 $266 $120 Total_received =Model!$C$16:S5F$16
L7 Plant 2 $250 $116 $263 $278 Total_shipped =Model!$GS$13:5GS$15
8 Plant 3 $178 $132 $122 $180 |
[ 9|
| 10 |Shipping plan, and constraints on supply and d d
11 To
|12 ] Region 1‘ Region 2 Region 3 Region4 Total shipped Capacity
13 |From Plant 1 150 0 0 300 450 <= 450
14 Plant 2 100 200 0 0 300 <= 600
| 15| Plant 3 200 0 300 0 500 <= 500
16 Total received 450 200 300 300
17 >=‘ >= >= >=
| 18] Demand 450 200 300 300
19 '
| 20 |Objective to minimize
21 |Total cost $176,050

c Inputs.” Enter the unit shipping costs, plant capacities, and region demands in the
shaded ranges.

e Shipping plan. Enter any trial values for the shipments from plants to regions in
the Shipping_plan range. These are the changing cells. Note that this is modeled as a

! There can even be lower limits, other than 0, on certain flows, but we do not consider any such models here.
% From here on, we won’t remind you about creating range names, but we continue to list our suggested range
names on the spreadsheet.
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Figure 5.3

Solver Dialog
Box for the
Transportation
Model

Typically in trans-
portation models,
especially large

models, only a rela-

tively few of the
possible routes are
used.

226  Chapter 5

rectangular range with exactly the same shape (3 rows, 4 columns) as the range where the
unit shipping costs are entered. This is natural, and it simplifies the formulas in the follow-
ing steps.

e Numbers shipped from plants. We need to calculate the amount shipped out of each
plant with row sums in the range G13:G15. To do this most easily, highlight this range and
click on the summation (X) toolbar button.

O Amounts received by regions. We also need to calculate the amount shipped to each
region with column sums in the range C16:F16. Again, do this by highlighting the range and
clicking on the summation button.

e Total shipping cost. Calculate the total cost of shipping power from the plants to the
regions in the Total_cost cell with the formula

=SUMPRODUCT(C6:F8,Shipping_plan)

This formula sums all products of unit shipping costs and amounts shipped. The benefit of
placing unit shipping costs and amounts shipped in similar-size rectangular ranges is that it
allows us to use the SUMPRODUCT function.

USING SOLVER

Invoke Solver with the settings shown in Figure 5.3. As usual, check the Assume Linear
Model and Assume Non-Negative options before optimizing.

Solver Parameters [z

Set Targek Cell:

Equal To: i Max (5 Min
By Chanaing Cells;

O Yalue of: |D—| Close

Shipping_Plan GlUess
Subject ko the Constraints: Options
Total_received »= Demand &dd

Total_shipped <= Capacity

Reset All

Help

Discussion of the Solution

The Solver solution appears in Figure 5.2 and is illustrated graphically in Figure 5.4. The
company incurs a total shipping cost of $176,050 by using the shipments listed in Fig-
ure 5.4. Except for the six routes shown, no other routes are used. Most of the shipments
occur on the low-cost routes, but this is not always the case. For example, the route from
plant 2 to region 1 is relatively expensive, but it is used. On the other hand, the route from
plant 3 to region 2 is relatively cheap, but it is not used. A good shipping plan tries to use
cheap routes, but it is constrained by capacities and demands.

Network Models



Figure 5.4
& 450
Graphical
Representation of
Optimal Solution @ 200
00
Note that the available capacity is not all used. The reason is that total capacity is 1550,
whereas total demand is only 1250. Even though we constrained the demand constraints to
be of the “=" type, there is clearly no reason to send the regions more than the regions
request because it only increases shipping costs. Therefore, we send them the minimal
amounts they request and no more. In fact, we could have expressed the demand con-
straints as “="" constraints, and we would have obtained exactly the same solution.
Sensitivity Analysis
We could perform many sensitivity analyses on the basic transportation model. For exam-
ple, we could vary any one of the unit shipping costs, capacities, or demands. The effect of
any such change in a single input is captured nicely in Solver’s sensitivity report, shown in
Figure 5.5. The top part indicates the effects of changes in the unit shipping costs. The re-
sults here are typical. For all routes with positive flows, the corresponding reduced cost is
0, whereas for all routes not currently being used, the reduced cost indicates how much
less the unit shipping cost would have to be before the company would start shipping along
it. For example, if the unit shipping cost from plant 2 to region 3 decreased by more than
$69, then this route would become attractive.
. Al B ] c D E F G H
Flgure 5.5 6 |Adjustable Cells
Solver’s Sensitivity 7 Final | Reduced | Objective | Allowable | Allowable
Report for the 8 Cell Name Value Cost Coefficient | Increase | Decrease
T ati 9 | |scs13 |Plant 1 Region 1 150 0 131 119 13
ransportation 10| |$D513 |Plant 1 Region 2 0 221 218 16430 221
Model 11| [$E$13 |Plant 1 Region 3 0 191 266 1E+30 191
12| |$F$13 |Plant 1 Region 4 300 0 120 13 239
13| [$C$14 |Plant 2 Region 1 100 0 250 39 72
14| [$D$14 |Plant 2 Region 2 200 0 116 88 116
15| [$ES14 |Plant 2 Region 3 0 69 263 1E+30 69
16| [$F$14 |Plant 2 Region 4 0 39 278 1E+30 39
17| [$c$15 |Plant 3 Region 1 200 0 178 13 69
18 $DS$15 |Plant 3 Region 2 0 88 132 1E+30 88
19| |$ES15 [Plant 3 Region 3 300 0 122 69 194
20| [$FS15 |Plant 3 Region 4 0 13 180 1E+30 13
21
22 |Constraints
23 Final | Shadow | Constraint | Allowable | Allowable
24 Cell Name Value | Price R.H.Side | Increase | Decrease
25| |$CS16 |Total received Region 1 450 250 450 300 100
26| |SDS$S16 |Total received Region 2 200 116 200 300 200
27 SES16 |Total received Region 3 300 194 300 200 100
28 SFS16 |Total received Region 4 300 239 300 150 100
29 $GS$13 |Plant 1 Total shipped 450 -119 450 100 150
30| |$GS14 |Plant 2 Total shipped 300 0 600 1E+30 300
31| |$G$15 |Plant 3 Total shipped 500 72 500 100 200
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The key to this sen-
sitivity analysis is to
modify the model
slightly before running
SolverTable.

The bottom part of this report is useful because of its shadow prices. For example, we
know that plants 1 and 3 are shipping all of their capacity, so the company would benefit
from having more capacity at these plants. In particular, the report indicates that each extra
unit of capacity at plant 1 is worth $119, and each extra unit of capacity at plant 3 is worth
$72. However, because the allowable increase for each of these is 100, we know that after
an increase in capacity of 100 at either plant, further increases will probably be worth less
than the stated shadow prices.

One interesting analysis that cannot be performed with Solver’s sensitivity report is
to keep shipping costs and capacities constant and allow all the demands to change by a
certain percentage (positive or negative). To perform this analysis, we use SolverTable,
with the varying percentage as the single input. Then we can keep track of the total cost
and any particular amounts shipped of interest. The key to doing this correctly is to
modify the model slightly before running SolverTable. The appropriate modifications
appear in Figure 5.6. Now we store the original demands in row 10, we enter a percent
increase in cell 110, and we enter formulas in the Demand range in row 20. For exam-
ple, the formula in cell C20 is =C10*(1+$I$10). Then we run SolverTable with cell
110 as the single input cell, allowing it to vary from —20% to 40% in increments of 5%,
and keep track of total cost. As the table shows, the total shipping cost increases at an
increasing rate as the demands increase. However, at some point, the problem becomes
infeasible. As soon as the total demand is greater than the total capacity, it is impossible
to meet all demand.

Figure 5.6
Sensitivity Analysis
to Percentage
Changes in All
Demands

A [ B [ ¢ D E F G H |
1 |Grand Prix transportation model
| 2 |
| 3 |Unit shipping costs
| 4| To | |
1 5| Region1 Region2 Region3 Region4
| 6 |From Plant 1 $131 $218 $266 $120
1 7 | Plant 2 $250 $116 $263 $278
1 8 | Plant 3 $178 $132 $122 $180
19 | Input for SolverTable
| 10 |Original demands 450 200 300 300 % change 0%
[ 11]
12 |Shipping plan, and constraints on supply and demand
113 To
114 | Region 1 Region2 Region3 Region4 Total shipped Capacity
| 15 |From Plant 1 150 0 0 300 450 <= 450
116 | Plant 2 100 200 0 0 300 <= 600
117 | Plant 3 200 0 300 0 500 <= 500
18 Total received 450 200 300 300
[19] >= >= >= >=
20 Demand 450 200 300 300
[ 21]
| 22 |Objective to minimize
| 23 |Total cost $176,050
24
| 25 |Sensitivity of total cost to percentage change in each of the demands
| 26| $B$23
27 -20% $130,850
128 | -15% $140,350
129 | -10% $149,850
130] -5% $162,770
131 0% $176,050
132 | 5% $189,330
133 10% $202,610
|34 15% $215,890
135] 20% $229,170
36| 25%|Not feasible
37 30%|Not feasible
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Although this model is
possibly less natural
than the original
model, it generalizes
much better to other
network models.

An Alternative Model

The transportation model in Figure 5.2 is very natural. From the graphical representation in
Figure 5.1, we can see that all arcs go from left to right, that is, from plants to regions.
Therefore, the rectangular range of shipments allows us to calculate shipments out of plants
as row sums and shipments into regions as column sums. In anticipation of later models in
this chapter, however, where the graphical network can be more complex, we present an
alternative model of the transportation problem. (See the file Transportation 2.xlsx.)

First, it is useful to introduce some additional network terminology. We already de-
fined flows as the amounts shipped on the various arcs. The direction of the arcs indicates
which way the flows are allowed to travel. An arc pointed into a node is called an inflow,
whereas an arrow pointed out of a node is called an outflow. In the basic transportation
model, all outflows originate from suppliers, and all inflows go toward demanders. How-
ever, general networks can have both inflows and outflows for any given node.

With this general structure in mind, the typical network model has one changing cell
per arc. It indicates how much (if any) to send along that arc in the direction of the arrow.
Therefore, it is often useful to model network problems by listing all of the arcs and their
corresponding flows in one long list. Then we can deal with constraints in a separate sec-
tion of the spreadsheet. Specifically, for each node in the network, there is a flow balance
constraint. These flow balance constraints for the basic transportation model are simply
the supply and demand constraints we have already discussed, but they can be more gen-
eral for other network models, as we will discuss in later sections.

The alternative model of the Grand Prix problem appears in Figure 5.7. In the range
A5:C16, we manually enter the plant and region indexes and the associated unit shipping
costs. Each row in this range corresponds to an arc in the network. For example, row 12
corresponds to the arc from plant 2 to region 4, with unit shipping cost $278. Then we cre-
ate a column of changing cells for the flows in column D. (If there were arc capacities, we
would place them to the right of the flows, as illustrated in later examples.)

Figure 5.7  Alternative Model of the Transportation Problem

A [ B [ ¢ T o J e T F ] @ H ) K [0 ] M
1 |Grand Prix transportation model: a more general network formulation Range names used:
2 | | |Capacity =Model!S1$6:51$8
3 |Network structure and flows Flow balance constraints Demand =Model!$1$12:51$15
4 Origin Destination  Unit cost Flow Capacity constraints Destination  =Model!$B$5:$B$16
5 1 1 131 150 Plant, Outflow Capacity Flow =Model!$D$5:$D$16
[ 6| 1 2 218 0 1 450 <= 450 Inflow =Model!$G$12:5GS15
[ 7] 1 3 266 0 2 300 <= 600 Origin =Model!SAS5:5AS16
[ 8| 1 4 120 300 3 500 <= 500 Outflow =Model!$GS6:5GS8
9 2 1 250 100 Total_Cost  =Model!$BS19
[ 10| 2 2 116 200 Demand constraints
11 2 3 263 0 Region Inflow Demand
[12 | 2 4 278 0 1 450 >= 450
[13 | 3 1 178 200 2 200 >= 200
14 3 2 132 0 3 300 >= 300
i 3 3 122 300 4 300 >= 300
16 3 4 180 0
[17]
| 18 |Objective to minimize
19 [Total Cost $176,050

The flow balance constraints are conceptually straightforward. Each cell in the Out-
flow and Inflow ranges in column G contains the appropriate sum of flows. For example,
cell GO, the outflow from plant 1, represents the sum of cells D5 through D8, whereas cell
G12, the inflow to plant 1, represents the sum of cells D5, D9, and D13. Fortunately, we can
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Figure 5.8

Solver Dialog Box
for the Alternative
Transportation
Model

The alternative net-
work model not only
accommodates more
general networks, but
it also has the fewest
number of changing
cells.

easily enter these summation formulas by using Excel’s built-in SUMIF function in the
form =SUMIF(CompareRange, Criteria,SumRange).3 For example, the formula in cell
Go is

=SUMIF(Origin,F6,Flow)

This formula compares the plant number in cell F6 to the Origin range in column A and
sums all flows where they are equal—that is, it sums all flows out of plant 1. By copying
this formula down to cell G8, we obtain the flows out of the other plants. For flows into re-
gions, we enter the similar formula

=SUMIF (Destination,F12,Flow)

in cell G12 to sum all flows into region 1, and we copy it down to cell G15 for flows into
the other regions. In general, the SUMIF function finds all cells in the first argument that
satisfy the criterion in the second argument and then sums the corresponding cells in the
third argument. It is a very handy function, especially for network modeling.

Excel Function: SUMIF

The SUMIF function is useful for summing values in a certain range if cells in a related
range satisfy given conditions. It has the syntax =SUMIF(compareRange,criterion,
sumRange), where compareRange and sumRange are similar-size ranges. This for-
mula checks each cell in compareRange to see whether it satisfies the criterion. If it
does, it adds the corresponding value in sumRange to the overall sum. For example,
=SUMIF(A12:A23,1,D12:D23) sums all values in the range DI12:D23 where the corre-
sponding cell in the range A12:A23 has the value 1.

This use of the SUMIF function, along with the list of origins, destinations, unit costs,
and flows in columns A through D, is the key to the network formulation. From there on,
the model is straightforward. We calculate the total cost as the SUMPRODUCT of unit
costs and flows, and we set up the Solver dialog box as in Figure 5.8.

Solver Parameters

Total_Cos (55

) Min ) value of: ID |

Set Target Cell:

(O Max

By Changing Cells:

k3
|F|ow GUEss
Subject to the Constraints:

Equal To;

Inflow == Demand Add
Ckflow <= Capacity

Several similar formulations appear throughout this chapter. To a certain extent, this
makes all network models look alike. There is an additional benefit from this model for-
mulation. Suppose that, for whatever reason, flows from certain plants to certain regions
are not allowed. (Maybe no roads exist.) Disallowing such routes in the original model

® Try entering these formulas manually, even for a 3 X 4 transportation model, and you’ll see why we use the
SUMIF function!
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Depending on how
you treat the demand
constraints, you can
get several varieties
of the basic trans-
portation model.

isn’t easy. The usual trick is to allow the “disallowed” routes but to impose extremely large
unit shipping costs on them. This works, but it is wasteful because it adds changing cells
that do not really belong in the model. In contrast, the alternative network model omits arcs
that are not allowed. For example, if the route from plant 2 to city 4 is not allowed, we sim-
ply omit the data in the range A12:D12. This creates a model with exactly as many chang-
ing cells as allowable arcs. This additional benefit can be very valuable when the number
of potential arcs in the network is huge—even though the vast majority of them are
disallowed—and this is exactly the situation in most large network models.

We do not necessarily recommend this more general network model for simple trans-
portation problems. In fact, it is less natural than the original model in Figure 5.2. However,
it paves the way for the more complex network problems discussed later in the chapter. =

MODELING ISSUES

1. The customer demands in typical transportation problems can be handled in one of
two ways. First, we can think of these forecasted demands as minimal requirements
that must be sent to the customers. This is how we treated regional demands here.
For example, the amount shipped to region 1 was constrained to be at least 450.
Alternatively, we could consider the demands as maximal sales quantities, the most
each region can sell. Then we would constrain the amounts sent to the regions to be
less than or equal to the forecasted demands. Whether we express the demand con-
straints as “=" or “=” (or even “="") constraints depends on the context of the
problem—do the dealers need at least this many, do they need exactly this many, or
can they sell only this many?

2. If all the supplies and demands for a transportation problem are integers, then the
optimal Solver solution automatically has integer-valued shipments. We do not have
to add explicit integer constraints. This is a very important benefit because it allows
us to use the “fast” simplex method rather than the much slower branch and bound
algorithms used for integer programming.

3. Shipping costs are often nonlinear (and nonsmooth) due to quantity discounts. For
example, if it costs $3 per item to ship up to 100 items between locations and $2 per
item for each additional item, the proportionality assumption of LP is violated, and
the transportation models we have developed are nonlinear. Shipping problems that
involve quantity discounts are generally difficult to solve.

4. Excel’s Solver uses the simplex method to solve transportation problems. The stream-
lined version of the simplex method, called the transportation simplex method, is
much more efficient than the ordinary simplex method for transportation problems.
Large transportation problems are usually solved with the transportation simplex
method. See Winston (2003) for a discussion of the transportation simplex method.

5. LeBlanc and Galbreth (2007a, 2007b) discuss a large network model they developed
for a client. They indicate that our SUMIF method can be inefficient for really large
models. They recommend writing a macro in VBA to sum the appropriate flows in
and out of nodes. =

Extending the basic Grand Prix transportation model is fairly easy, even when the cost
structure is considerably more complex. We illustrate one such extension in the following
example.
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EXAMPLE 5.2 PRODUCTION AND SHIPMENT OF AUTOMOBILES
WITH VARYING TAX RATES

Consider again Grand Prix’s problem of shipping automobiles from three plants to four
regions. However, the problem is now extended in two directions. First, we assume
that Grand Prix not only ships the autos, but it manufactures them at the plants and sells
them in the various regions. Second, we assume that this problem takes place in a global
context. The effect is that the unit production costs vary by plant, the unit selling prices
vary by region, and the tax rates on profits vary according to the plant at which the autos
are produced (regardless of where they are sold). The capacities of the plants, the demands
of the regions, and the unit shipping costs are the same as before, as shown earlier in
Table 5.1. In addition, the unit production costs and tax rates are given in Table 5.3, and the
unit selling prices in Table 5.4. For example, if plant 1 produces an auto and ships it to re-
gion 2, where it is sold, the profit before taxes is $20,520 — $14,350 — $218 = $5,952.
This is taxed at plant 1’s rate of 30%, so the after-tax profit is $5,952(1 — 0.3) = $4,166.40.
The company now needs to find a production and shipping plan that maximizes its after-tax
profit.

Table 5.3 Plant Production Costs and Tax Rates for the Grand Prix Problem

Plant Unit Production Cost Tax Rate
1 $14,350 30%
2 $16,270 35%
3 $16,940 22%

Table 5.4 Selling Prices in Regions

Region Unit Selling Price
1 $19,290
2 $20,520
3 $17,570
4 $18,320

Objective To extend the previous Grand Prix transportation model to take into account
varying production costs, selling prices, and tax rates.

WHERE DO THE NUMBERS COME FROM?

We leave it to the cost accountants to derive the numbers in Table 5.3 and Table 5.4. This
is no easy task, particularly in a global setting, but the numbers should be available.

Solution

In addition to the variables required for the original transportation model in Example 5.1,
we require one extra set of calculations. In particular, we need the after-tax profit per
automobile produced in a given plant and sold in a given region. After we find these
unit after-tax profits, it is straightforward to calculate the total after-tax profit from any
production/shipping plan, and this becomes the objective we maximize. The details are
next.
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DEVELOPING THE SPREADSHEET MODEL

The completed spreadsheet model appears in Figure 5.9. (See the file Transportation 3.xlsx.)
Because the only differences from the previous example are in the monetary section, from

row 25 down, we need only the following two steps to extend the model in Figure 5.2.

Figure 5.9 Spreadsheet Model for the Extended Grand Prix Problem

A [ B [ C D E [ F G [ ] | ) K L M
1 |Grand Prix transportation model with taxes
2]
[ 3 |mputdata Range namesused: |
|4 |unit shipping costs (shipping only) 'After_tax_proﬁl =Model!$BS$31
5 To Plant data Capacity =Model!$1$16:51$18
|6 | | Region1 Region2  Region3 Region 4 " Unit cost Tax rate Demand =Model!$C$21:5F$21
|7 |From Plant 1 $131 $218 $266 $120 $14,350 30% Shipping_plan  =Model!$C$16:5F$18
8 Plant 2 $250 $116 $263 $278 $16,270 35% Total_received | =Model!$C$19:5F$19
Z ‘Plant 3 $178 $132 $122 $180 $16,940 22% Total_shipped =Model!$G$16:5G$1§
10
11 |Unit selling prices at regions $19,290 $20,520 $17,570 $18,320
ey |
|13 ] plan, and constraints on sdpply and demand
|14 To |
15 Region1  Region2  Region3| Region4 Total shipped Capacity
16 |From Plant 1 450 0 0 0 450 <= 450
[17] Plant 2 0 0 300 300 600 <= 600
18 Plant 3 0 500 0 0 500 <= 500
|19 | Total received 450 500 300 300
Y | >= >= >= >=:
|21 | Demand 450 200 300 300
22
| 23] Monetary outputs |
| 24 | After-tax profit per unit produced in given plant and sold in given region
25 Region 1 Region 2 Region 3 Region 4
| 26 | Plant 1 $3,366.30 $4,166.40 $2,067.80  $2,695.00
127 | Plant 2 $1,800.50 $2,687.10 367405‘ $1,151.80
28 Plant 3 $1,694.16 | $2,689.44 $396.24 $936.00
[29]
[30|Objective to maximize
|31 | After-tax profit $3,407,310

This is another exam-
ple of how the careful
planning of spread-
sheet layout simplifies
the development of
the model.

0 Unit after-tax profits. The after-tax profit is the unit selling price minus the produc-
tion cost minus the shipping cost, all multiplied by 1 minus the tax rate. Calculate this for
the plant 1, region 1 combination in cell C26 with the formula

=(C$11-$H7-C7)*(1-$17)

and copy it to the range C26:F28 for the other combinations. Note how we can use a single
formula to fill this entire range. This takes careful modeling (entering the plant production
cost and tax rate data in columns, and the region selling price data in a row) and appropriate
use of absolute and relative addresses, but it is more efficient and certainly less likely to
cause errors.

e Total after-tax profit. Calculate the total after-tax profit in cell B31 with the formula
=SUMPRODUCT(C26:F28,Shipping_plan)

USING SOLVER

The Solver setup is practically the same as before, as shown in Figure 5.10. However, don’t
forget to check the Maximize option—you do not want to minimize after-tax profit!
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Figure 5.10

Solver Parameters

Solver Dialog Box Set Target Cell: !&Fﬂtax
for the Extended Eual T @mMax OmMn  Ovaueoh |0 | e
Grand Prix Model By Changing Cells:
|5hippingjlan Guess
Subject to the Constraints: Qptions
Total_received == Demand d

Total_shipped <= Capacity
Change
Reset all
Delete

Help

=
o
e

Discussion of the Solution

The optimal solution shown in Figure 5.9 uses only 4 of the possible 12 routes, and, sur-
prisingly, these are not the 4 routes with the largest unit after-tax profits. In fact, the route
with the largest after-tax profit, from plant 1 to region 2, is not used at all. The reason for
this is that if we used this route to its fullest extent, we would have to satisfy region 1’s de-
mand from plant 2 or 3, and both of these routes have very low unit after-tax profits. Of
course, Solver figures this out for us.

Note also that the demand constraints cannot now be changed to “="" constraints. In
the previous example, there was no incentive to use all plant capacity, but now there is. The
selling prices are large enough that every automobile sale adds to after-tax profit, so the
company sells as many as it can. Of course, this raises the question of how many automo-
biles each region can really sell. It might be more realistic to keep the lower bounds on
sales (the current demand constraints) but to impose upper limits on sales as well. We ask
you to explore this in one of the problems. =

PROBLEMS

Solutions for problems whose numbers appear within a

color box can be found in the Student Solutions Files.

Order your copy today at the Winston/Albright product Web 3.
site, academic.cengage.com/decisionsciences/winston.

cost would have to be reduced before some autos
would be shipped along this route.

Suppose in the original Grand Prix example that the
routes from plant 2 to region 1 and from plant 3 to
region 3 are not allowed. (Perhaps there are no rail-
road lines for these routes.) How would you modity
the original model (Figure 5.2) to rule out these
routes? How would you modify the alternative model
(Figure 5.7) to do so? Discuss the pros and cons of
these two approaches.

Skill-Building Problems

In the original Grand Prix example, the total capacity
of the three plants is 1550, well above the total
customer demand. Would it help to have 100 more
units of capacity at plant 1? What is the most Grand

Prix would be willing to pay for this extra capacity?
Answer the same questions for plant 2 and for plant 3.
Explain why extra capacity can be valuable even
though the company already has more total capacity
than it requires.

2. The optimal solution to the original Grand Prix
problem indicates that with a unit shipping cost of
$132, the route from plant 3 to region 2 is evidently
too expensive—no autos are shipped along this route.
Use SolverTable to see how much this unit shipping
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4. In the Grand Prix example with varying tax rates, the
optimal solution more than satisfies customer de-
mands. Modify the model so that regions have not
only lower limits on the amounts they require, but
upper limits on the amounts they can sell. Assume
these upper limits are 50 autos above the required
lower limits. For example, the lower and upper limits
for region 1 are 450 and 500. Modify the model and
find the optimal solution. How does it differ from the
solution without upper limits?



In the Grand Prix example with varying tax rates, the
optimal solution uses all available plant capacity

and more than satisfies customer demands. Will this
always be the case? Experiment with the unit selling
prices and/or tax rates to see whether the company
ever uses less than its total capacity.

Skill-Extending Problems

6.

Here is a problem to challenge your intuition. In the
original Grand Prix example, reduce the capacity of
plant 2 to 300. Then the total capacity is equal to the
total demand. Reoptimize the model. You should find
that the optimal solution uses all capacity and exactly
meets all demands with a total cost of $176,050. Now
increase the capacity of plant 1 and the demand at re-
gion 2 by 1 automobile each, and optimize again.
‘What happens to the optimal total cost? How can you
explain this “more for less” paradox?

Continuing the previous problem (with capacity 300
at plant 2), suppose we want to see how much extra
capacity and extra demand we can add to plant 1 and
region 2 (the same amount to each) before the total
shipping cost stops decreasing and starts increasing.
Use SolverTable appropriately to find out. (You will
probably need to use some trial and error on the range
of input values.) Can you explain intuitively what

causes the total cost to stop decreasing and start
increasing?

Modity the original Grand Prix example as follows.
Increase the demands at the regions by 200 each, so
that total demand is well above total plant capacity.
However, now interpret these “demands” as “maxi-
mum sales,” the most each region can accommodate,
and change the “demand” constraints to become “="
constraints, not “=" constraints. How does the optimal
solution change? Does it make realistic sense? If not,
how might you change the model to obtain a realistic
solution?

Modity the original Grand Prix example as follows.
Increase the demands at the regions by 200 each, so
that total demand is well above total plant capacity.
This means that some demands cannot be supplied.
Suppose there is a unit “penalty” cost at each region
for not supplying an automobile. Let these unit penalty
costs be $600, $750, $625, and $550 for the four re-
gions. Develop a model to minimize the sum of ship-
ping costs and penalty costs for unsatisfied demands.
(Hint: This requires a trick. Introduce a fourth plant
with plenty of capacity, and set its “unit shipping
costs” to the regions equal to the unit penalty costs.
Then interpret an auto shipped from this fictitious
plant to a region as a unit of demand not satisfied.)

5.3 ASSIGNMENT MODELS

In this section, we examine a class of network models called assignment models. Assign-
ment models are used to assign, on a one-to-one basis, members of one set to members of
another set in a least-cost (or least-time) manner. The prototype assignment model is the as-
signment of machines to jobs. For example, suppose there are four jobs and five machines.
Every pairing of a machine and a job has a given job completion time. The problem is to
assign the machines to the jobs so that the total time to complete all jobs is minimized.

Assignment models

ares

transportation models
where all flows are 0

or I.

pecial cases of

To see how this is a network problem, recall the transportation problem of sending
goods from suppliers to customers. Now think of the machines as the suppliers, the jobs as
the customers, and the job completion times as the unit shipping costs. The capacity of any
machine represents the most jobs it can handle. The “demand” of any job is the number of

times it must be done, usually 1. Finally, there is an arc from every machine to every job it
can handle, and the allowable flows on these arcs are all 0 or 1—a particular machine is ei-
ther paired with a particular job (a flow of 1) or it isn’t (a flow of 0). Therefore, we can
model this assignment problem exactly like we modeled the Grand Prix transportation
problem in Example 5.1 by using the appropriate input values.

An example of this model appears in Figures 5.11 and 5.12. (See the file
Assignment.xlsx.) Here, we see that four jobs must be completed by five machines. Ma-
chines 1, 3, and 5 can handle at most one job apiece, whereas machines 2 and 4 can handle
two jobs apiece. The spreadsheet model in Figure 5.12 is identical to the transportation
model discussed previously, except with different inputs. The only minor difference, as
indicated in the Solver dialog box in Figure 5.13, is that we make the demand constraints
“=” constraints, because we want each job to be completed exactly once.
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Figure 5.11
Network
Representation of
Assignment of
Machines to Jobs

Note: Similar arcs exist out of machines 2, 3, and 4.

Figure 5.12 Spreadsheet Model of the Assignment Problem

A [ B [ ¢ D [ G [ H [ ) [«
1 |Assignment of jobs to machines |
2
3 [Times to perform jobs on various machines | Range names used:

4] Job | Assighments =Model!$C$15:$F$19
|5 | 1 2 3 4 Jobs_on_machine =Model!$G$15:5G$19
6 |Machine 1 14 5 8 7 Machine_capacity =Model!$1$15:$1$19

7 2 2 12 6 5 Machines_on_job =Model!$C$20:5F$20
8 3 7 8 3 9 \Total_time =Model!$B$25
| 9| 4 2 4 6 10
10 5 5 5 4 8
11 | | |
| 12 |Assignments, and constraints on machine capacities and job completion requirements
|13 | Job | |
[ 14 | | 1 2 3 4 Jobs on machine Machine capacity
| 15 [Machine 1 0 0 0 0 0 <= 1
16 2 0 0 0 1 1 <= 2
17 3 0 0 1 0 1 <= S
18 4 1 1 0 0 2 <= 2
19 5 0 0 0 0 0 <= 1
20 Machines on job | 1 1 1 1
21 = =| = =
22 ‘Required 1 1 1 1
|23 ]
24 |Objective to
25 |Total time 14

Figure 5.13

Solver Dialog Box
for the Assignment
Model

Solver Parameters

Set Target Cell:
Equal Ta:

O Max

By Changing Cells:

) Min

X)

) valueof: |0

Assignments

Subject to the Constraints:

Guess

Jobs_on_machine <= Machine_capacity
Machines_on_job = 1

add

Close

sek Al
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The optimal solution in Figure 5.12 indicates, by the 1’s and 0’s in the changing cells,
which machines are assigned to which jobs. Specifically, machine 2 is assigned to job 4,
machine 3 is assigned to job 3, machine 4 is assigned to jobs 1 and 2, and machines 1 and
5 are not assigned to any jobs. With this optimal assignment, it takes 14 time units to com-
plete all jobs.

The following example is a somewhat different and less obvious type of assignment
problem.

EXAMPLE 5.3 AsSIGNING ScHooL Buses To ROUTES AT SPRING VIEW

All arcs go from com-
pany nodes to bus
route nodes, and the
allowable flows are
all 0 or I.

he city of Spring View is taking bids from six bus companies on the eight routes that

must be driven in the surrounding school district. Each company enters a bid of how
much it will charge to drive selected routes, although not all companies bid on all routes.
The data are listed in Table 5.5. (If a company does not bid on a route, the corresponding
entry is blank.) The city must decide which companies to assign to which routes with the
specifications that (1) if a company does not bid on a route, it cannot be assigned to that
route; (2) exactly one company must be assigned to each route; and (3) a company can be
assigned to at most two routes. The objective is to minimize the total cost of covering all
routes.

Table 5.5 Bids on Bus Routes
Company Routel Route2 Route3 Route4 Route5 Route6 Route7 Route 8

1 8200 7800 5400 3900

2 7800 8200 6300 3300 4900

3 4800 4400 5600 3600
4 8000 5000 6800 6700 4200
5 7200 6400 3900 6400 2800 3000
6 7000 5800 7500 4500 5600 6000 4200

Objective To use a network model to assign companies to bus routes so that each route
is covered at minimum cost to the city and no company is assigned to more than two routes.

WHERE DO THE NUMBERS COME FROM?

This is straightforward. The companies involved make the bids, and the city probably de-
cides that it isn’t physically possible (or safe) for any company to handle more than two
routes.

Solution

The variables and constraints for this model are given in Table 5.6. As in the machine-to-
job assignment model in Figure 5.12, the changing cells will all contain 0’s or 1’s. The 1’s
will indicate which assignments are made.

We model this problem in the “network™ way. Although we do not show the rather
large network, you can imagine nodes for the bus companies on the left, nodes for the bus
routes on the right, and all arrows going from left to right. All flows are 0 or 1—a company
is either assigned to a bus route or it isn’t. The constraint that a company can be assigned
to at most two bus routes is handled by constraining the outflow from any company node
to be at most 2. To ensure that each bus route is covered by exactly one company, we con-
strain the inflow to each bus route node to be 1.
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Table 5.6 Variables and Constraints for the Assignment Model

Input variables

Decision variables
(changing cells)

Objective (target cell)
Other calculated variables

Constraints

Bids for routes, maximum number of bus routes per company

Assignments of companies to bus routes

Total cost

Number of bus routes assigned to each company, number of
companies assigned to each bus route

Number of bus routes assigned to each company is less than or

equal to Maximum number of routes per company

Number of companies assigned to each bus route equals 1

DEVELOPING THE SPREADSHEET MODEL

Because this is essentially a transportation model (with some disallowed arcs, the ones
where a company doesn’t bid on a route), we could mimic the transportation models in Fig-
ure 5.2 and Figure 5.12, or we could mimic the more general formulation in Figure 5.7. For
efficiency, we do the latter. This actually has two advantages. It doesn’t force us to include
changing cells for disallowed assignments, and it gets us ready for the more general net-
work model in the next section.

The model appears in Figure 5.14. (See the file Bus Routes.xlsx.) Because this model
is so similar to the Grand Prix transportation model in Figure 5.7, we do not repeat all the
details here. The key steps are as follows. (For help on the SUMIF function, revisit the dis-
cussion of the alternative model in Example 5.1.)

Figure 5.14 Bus Route Assignment Model
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B C
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to

routes

Input data

Range names used:

Maximum routes per company

|
2
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=Model!$1$25:51$32

Cost

=Model!$C$17:5C$47

Network setup, flows, and arc ca|

pacity constraints

Flow balance constraints

Destination

=Model!$B$17:5B$47

Origin
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Figure 5.15
Solver Dialog Box
for the Bus Route
Assignment Model

0 Arec lists. The list of arcs (company—bus route pairs) in rows 8 to 38 corresponds to
the nonblank cells in Table 5.5. There is no point in including arcs that correspond to dis-
allowed assignments. Enter the data in columns A and B manually, referring to Table 5.5.

e Inputs. Enter the costs from the (nonblank) cells in Table 5.5 in the range C8:C38.
Also, enter the maximum number of routes per company in cell B4.

o Assignments. Enter any values in the Flow range. Although these will eventually be
0’s and 1’s to indicate which assignments are made, any values can be used initially. Solver
will eventually find the optimal values.

o Inflows and outflows. In column G, we need outflows (numbers of routes assigned)
for company nodes and inflows (numbers of companies assigned) for bus route nodes. To
calculate these, enter the formulas

=SUMIF(Origin,F8,Flow)
and
=SUMIF (Destination,F16,Flow)

in cells G8 and G16, respectively, and copy them down their respective ranges.

6 Requirements on flows. Enter a link to cell B4 in each cell of the range 18:113. This is
used to prevent any company from being assigned to more than two routes. Also, enter 1 in
each cell of the range 116:123 to reflect that each route must be assigned to exactly one
company.

G Total cost. Calculate the total cost to the city in cell B41 with the formula

=SUMPRODUCT(Cost,Flow)

USING SOLVER

The Solver setup should appear as in Figure 5.15. As usual, check the Assume Linear
Model and Assume Non-Negative options before optimizing.

Solver Parameters El

Set Target Cell: |T|:utal_

Equal To: (I Max (5 Min () value of: I':' |
By Changing Cells:

Flaw Gless

Subject to the Constraints: Options

Close

Campanies_assigned = 1 add
Routes_assigned <= MaximuEgallowed

Resek All

Help

Discussion of the Solution

The optimal solution in Figure 5.14 indicates that the city should make the following as-
signments: company 1 covers bus route 3, company 2 covers bus routes 6 and 7, company 3
covers bus route 2, company 5 covers bus routes 4 and 8, and company 6 covers bus routes
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1 and 5. The total cost to the city of this assignment is $40,300. Note that company 4 is
not assigned to any bus routes. There is no constraint that every company must be
assigned to at least one bus route, and company 4 is evidently underbid by at least one com-
pany for all bus routes. If the city wanted to require that all companies be assigned to at
least one bus route, we would simply add a lower bound of 1 on all of the outflows from
the company nodes (in rows 8 to 13). Of course, this would probably increase the total cost
to the city.

Sensitivity Analysis

One interesting sensitivity analysis is to see what effect the upper bound constraint on the
maximum routes has on the total cost. Presumably, if we allow more bus routes per com-
pany (assuming this is physically possible for the companies), the companies who tend
to bid lowest will be assigned to the bulk of the bus routes, and the total cost will probably
decrease. Using SolverTable, the analysis itself is straightforward with no modifications
to the model necessary. We specify cell B4 as the single input cell, allow it to vary, say,
from 1 to 7 in increments of 1, and keep track of total cost. The resulting output appears in
Figure 5.16.

Figure 5.16
Sensitivity to the
Maximum Number
of Routes

A [ B [ ¢ D E F G
43 |Sensitivity of total cost to maximum routes per company
44 $BS41
45 1|Not feasible The first problem is clearly infeasible because
46 2 40300 there are only 6 companies and there are 8
47 3 39500 routes. There is a cost savings from being allowed
48 4 39500 to assign 3 (rather than 2) routes to a
49 5 39500 company, but there is no incentive to assign more
50 6 39500 than 3 routes to any company.
51 7 39500 ‘ ‘ ‘

If each company can be assigned to only one route, there is no feasible solution. But this
is clear: There are eight routes to cover and only six companies! For larger values of the maxi-
mum routes allowed, the total cost begins to decrease, but only until this input value
reaches 3. From this point, the city achieves no additional flexibility by allowing compa-
nies to travel more routes. Evidently, there is no single company or pair of companies that
is consistently underbidding all others. m

ADDITIONAL APPLICATIONS

Assigning Managers at Heery International

LeBlanc et al. (2000) used an optimization model to assign managers to construction pro-
jects for Heery International. Heery contracts with the state of Tennessee for projects such
as hospitals, office buildings, state park facilities (hotels and cabins), higher-education fa-
cilities (libraries, classrooms, and dormitories), armories, and prisons. The assignment
model is used for problems with up to 114 projects and 7 managers. As a result of the
model, Heery has managed its projects without replacing a manager who resigned and has
reduced travel costs. m
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PROBLEMS

Skill-Building Problems
Modify the machine-to-job assignment model under

11.

12.

13.

14.

the assumption that only three of the four jobs must be
completed. In other words, one of the four jobs does
not have to be assigned to any machine. What is the
new optimal solution?

One possible solution method for the machine-to-job
assignment problem is the following heuristic proce-
dure. Assign the machine to job 1 that completes job 1
quickest. Then assign the machine to job 2 that,
among all machines that still have some capacity,
completes job 2 quickest. Keep going until a machine
has been assigned to all jobs. Does this heuristic pro-
cedure yield the optimal solution for this problem? If
it does, see whether you can change the job times so
that the heuristic does not yield the optimal solution.

In the machine-to-job assignment problem, the current
capacities of the machines are 1, 2, 1, 2, and 1. If you
could increase one of these capacities by 1, which
would you increase? Why?

Modify the bus route assignment model, assuming
that company 1 decides to place bids on routes 7 and
8 (in addition to its current bids on other routes). The
bids on these two routes are $5200 and $3300. Does
the optimal solution change?

‘We modeled the bus route assighment problem with
the alternative form of the transportation model (as in
Figure 5.7). Model it instead with the “standard” form
(as in Figure 5.2). Discuss the pros and cons of these
two approaches for this particular example.

Skill-Extending Problems
In the optimal solution to the machine-to-job assign-

16.

17.

18.

ment problem, jobs 1 and 2 are both assigned to ma-
chine 4. Suppose we impose the restriction that jobs 1
and 2 must be assigned to different machines. Change
the model to accommodate this restriction and find the
new optimal solution.

In the optimal solution to the machine-to-job assign-
ment problem, jobs 3 and 4 are assigned to different
machines. Suppose we impose the restriction that
these jobs must be assigned to the same machine.
Change the model to accommodate this restriction
and find the new optimal solution.

In the optimal solution to the bus route assignment
problem, company 2 is assigned to bus routes 6 and 7.
Suppose these two routes are far enough apart that it is
infeasible for one company to service both of them.
Change the model to accommodate this restriction and
find the new optimal solution.

When we (the authors) originally developed the bus
route assignment model, we included an arc capacity
constraint: Flow = 1. After giving this further thought,
we deleted this constraint as being redundant. Why
could we do this? Specifically, why can’t one or more
of the flows found by Solver be greater than 1? (Hint:
Think in terms of flows out of and into the nodes in
the network diagram.)

5.4 MINIMUM COST NETWORK FLOW MODELS

The objective of many real-world network models is to ship goods from one set of loca-
tions to another set of locations at minimum cost, subject to various constraints. There are
many variations of these models. The simplest models include a single product that must
be shipped via one mode of transportation (truck, for example) in a particular period of
time. More complex models—and much larger ones—can include multiple products, mul-
tiple modes of transportation, and/or multiple time periods. This general class of problems
is referred to as a minimum cost network flow problem. We discuss several examples of
such problems in this section.

The general minimum cost network flow problem is similar to the transportation
problem except for two possible differences. First, arc capacities are often imposed on
some or all of the arcs. These become simple upper bound constraints in the model. Second
and more significant, inflows and outflows can be associated with any node. Nodes are
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generally categorized as suppliers, demanders, and transshipment points. A supplier is
a location that starts with a certain supply (or possibly a capacity for supplying). A deman-
der is the opposite; it requires a certain amount to end up there. A transshipment point is a
location where goods simply pass through.

The best way to think of these categories is in terms of net inflow and net outflow. The
net inflow for any node is defined as total inflow minus total outflow for that node. The net
outflow is the negative of this, total outflow minus total inflow. Then a supplier is a node
with positive net outflow, a demander is a node with positive net inflow, and a transship-
ment point is a node with net outflow (and net inflow) equal to 0. It is important to realize
that inflows are sometimes allowed to suppliers, but their ner outflows must be positive.
Similarly, outflows from demanders are sometimes allowed, but their net inflows must be
positive. For example, if Cincinnati and Memphis are manufacturers (suppliers) and Dal-
las and Phoenix are retail locations (demanders), then flow could go from Cincinnati to
Memphis to Dallas to Phoenix.

There are typically two types of constraints in minimum cost network flow models
(other than nonnegativity of flows). The first type represents the arc capacity constraints,
which are simple upper bounds on the arc flows. The second type represents the flow bal-
ance constraints, one for each node. For a supplier, this constraint is typically of the form
Net Outflow = Original Supply or possibly Net Outflow <= Capacity. For a demander,
it is typically of the form Net Inflow >= Demand or possibly Net Inflow = Demand.
For a transshipment point, it is of the form Net Inflow = 0 (which is equivalent to Net
Outflow = 0).

If the network is represented graphically, then it is easy to “see” these constraints. We
simply examine the flows on the arrows leading into and out of the various nodes. The
typical situation is illustrated in the following example.

FUNDAMENTAL INSIGHT

Flow Balance Constraints these flow balance constraints guarantees that the
optimal solutions have integer values. It also enables
specialized network versions of the simplex method
to solve the huge network models typically encoun-
tered in real logistics applications.

All network optimization models have some form of
flow balance constraints at the various nodes of the
network. This flow balance relates the amount that
enters the node to the amount that leaves the node.
In many network models, the simple structure of

EXAMPLE 5.4 PRODUCING AND SHIPPING ToMATO PrODUCTS AT REDBRAND

he RedBrand Company produces a tomato product at three plants. This product can be

shipped directly to the company’s two customers, or it can first be shipped to the
company’s two warehouses and then to the customers. Figure 5.17 is a network represen-
tation of RedBrand’s problem. Nodes 1, 2, and 3 represent the plants (these are the suppli-
ers, denoted by S), nodes 4 and 5 represent the warehouses (these are the transshipment
points, denoted by T), and nodes 6 and 7 represent the customers (these are the demanders,
denoted by D). Note that we allow the possibility of some shipments among plants, among
warehouses, and among customers. Also, some arcs have arrows on both ends, which
means that flow is allowed in either direction.
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Figure 5.17
Graphical
Representation
of the RedBrand
Logistics Model

Other than arc
capacity constraints,
the only constraints
are flow balance
constraints.

The cost of producing the product is the same at each plant, so RedBrand is concerned
with minimizing the total shipping cost incurred in meeting customer demands. The pro-
duction capacity of each plant (in tons per year) and the demand of each customer are
shown in Figure 5.17. For example, plant 1 (node 1) has a capacity of 200, and customer 1
(node 6) has a demand of 400. In addition, the cost (in thousands of dollars) of shipping a
ton of the product between each pair of locations is listed in Table 5.7, where a blank indi-
cates that RedBrand cannot ship along that arc. We also assume that at most 200 tons of the
product can be shipped between any two nodes. This is the common arc capacity. Red-
Brand wants to determine a minimum-cost shipping schedule.

Table 5.7 Shipping Costs for the RedBrand Example

To node
1 2 3 4 5 6 7

From node 1 5.0 3.0 5.0 5.0 20.0 20.0

2 9.0 9.0 1.0 1.0 8.0 15.0

3 0.4 8.0 1.0 0.5 10.0 12.0

4 1.2 2.0 12.0

5 0.8 2.0 12.0

6 1.0

7 7.0

Objective To find the minimum-cost way to ship the tomato product from suppliers to
customers, possibly through warehouses, so that customer demands are met and supplier
capacities are not exceeded.

WHERE DO THE NUMBERS COME FROM?

The network configuration itself would come from geographical considerations—which
routes are physically possible (or sensible) and which are not. The numbers would be de-
rived as in the Grand Prix automobile example. (See Example 5.1 for further discussion.)

Solution

The variables and constraints for RedBrand’s model are listed in Table 5.8. The key to the
model is handling the flow balance constraints. We explain how to implement these in the
step-by-step instructions for developing the spreadsheet model. However, it isn’t enough,
say, to specify that the flow out of plant 2 is less than or equal to the capacity of plant 2. The
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reason is that there might also be flow into plant 2 (from another plant). Therefore, the cor-
rect flow balance constraint for plant 2 is that the flow out of it must be less than or equal
to its capacity plus any flow into it. Equivalently, the net outflow for plant 2 must be less
than or equal to its capacity.

Table 5.8 Variables and Constraints for RedBrand Logistics Model

Input variables Plant capacities, customer demands, unit shipping costs on allowable
arcs, COMmon arc capacity

Decision variables Shipments on allowed arcs
(changing cells)

Objective (target cell)

Other calculated variables

Constraints

Total cost

Flows into and out of nodes

Flow on each arc must be less than or equal to Common arc capacity
Flow balance at each node

DEVELOPING THE SPREADSHEET MODEL

To set up the spreadsheet model, proceed as follows. (See Figure 5.18 and the file
RedBrand Logistics 1.xlIsx. Also, refer to the network in Figure 5.17.)

Figure 5.18 Spreadsheet Model for the RedBrand Problem

A [ B [ c [ o T E ] F [ G H 1 J K

[ 1] shipping model
[2]
| 3 [Inputs
|_4 |Common arc capacity 200
[5]
|_6 |Network structure, flows, and arc capacity constraints Node balance constraints
7] Origin Destination Unit Cost Flow Arc Capacity Plant constraints
[ 8] 1 2 5 0 <= 200 Node Plant net outflow Plant capacity
9] 1 3 2 180 <= 200 1 180 <= 200
| 10] 1 4 5 [ <= 200 2 300 <= 300
[11] 1 5 5] 0 <= 200 | 3 99.99999997 <= 100
[12] 1 6 20 0 <= 200
[13] 1 7 20 0 <= 200 Warehouse constraints
[ 14] 2 1 9 ] <= 200 Node ~ Warehouse net outflow Required
[15] 2 3 9 0 <= 200 4 2.54659E-08 = 0|
|16 ] 2 4 il 120 <= 200 5 1.89488E-10 = 0|
[17] 2 5 1 0 <= 200
18] 2 6 8 180 <= 200 Customer constraints
[19] 2 7 15 0 <= 200 Node Customer net inflow Customer demand
| 20] 3 1 0.4 0 <= 200 6 400 >= 400
[21] 3 2 8 0 <= 200 7 180 >= 180
[22] 3 4 1 80 <= 200
23] 3 5 0.5 200 <= 200 Range names used
[24] 3 6 10 0 <= 200 Arc_Capacity =Modell$F$8:$F$33
[25] 3 7 12 0 <= 200 Customer_demand =Modell$K$20:5K$21
| 26] 4 5 12 0 <= 200 Customer_net_inflow =Model!$1$20:$1$21
[27] 4 6 2 200 <= 200 Destination =Model!$B$8:$B$33
| 28] 4 7 12 [ <= 200 Flow =Model!$D$8:5D$33
[29] 5 4 0.8 [ <= 200 Origin =Model!$AS$8:5A$33
[30] 5 6 2 200 <= 200 Plant_capacity =Model!$K$9:$K$11
[31] 5 7 12 0 <= 200 Plant_net_outflow =Modell$1$9:51511
[32] 6 7 1 180 <= 200 Total_cost =Model!$B$36
[33] 7 6 7 0 <= 200 Unit_Cost =Model!$C$8:5C$33
[ 34| | Warehouse_net_outflow =Model!$I$15:$1$16
| 35 |Objective to minimize

36 |Total cost $3,260

c Origins and destinations. Enter the node numbers (1 to 7) for the origins and desti-
nations of the various arcs in the range A8:B33. Note that the disallowed arcs are not en-
tered in this list.

e Input data. Enter the unit shipping costs (in thousands of dollars), the common arc ca-
pacity, the plant capacities, and the customer demands in the shaded ranges. Again, only the
nonblank entries in Table 5.7 are used to fill up the column of unit shipping costs.

9 Flows on arcs. Enter any initial values for the flows in the range D8:D33. These are the
changing cells.
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We generally prefer
positive numbers on
right-hand sides of
constraints. This is why
we calculate net out-
flows for plants and
net inflows for
customers.

s/ L A
>OLVER
A /

Figure 5.19
Solver Dialog Box
for the RedBrand
Model

O Arec capacities. To indicate a common arc capacity for all arcs, enter the formula
=$B$4

in cell F§ and copy it down column F.

e Flow balance constraints. Nodes 1, 2, and 3 are supply nodes; nodes 4 and 5 are
transshipment points; and nodes 6 and 7 are demand nodes. Therefore, set up the left sides
of the flow balance constraints appropriately for these three cases. Specifically, enter the net
outflow for node 1 in cell 19 with the formula

=SUMIF(Origin,H9,Flow)-SUMIF (Destination,H9,Flow)

and copy it down to cell I11. This formula subtracts flows into node 1 from flows out of node
1 to obtain net outflow for node 1. Next, copy this same formula to cells I15 and 116 for the
warehouses. (Remember that for transshipment nodes, the left side of the constraint can be
net outflow or net inflow, whichever you prefer. The reason is that if net outflow is 0,
then net inflow must also be 0.) Finally, enter the net inflow for node 6 in cell 120 with the
formula

=SUMIF (Destination,H20,Flow)-SUMIF(Origin,H20,Flow)

and copy it to cell 121. This formula subtracts flows out of node 6 from flows into node 6 to
obtain the net inflow for node 6.

@ Total shipping cost. Calculate the total shipping cost (in thousands of dollars) in cell
B36 with the formula

=SUMPRODUCT (Unit_cost,Flow)

USING SOLVER

The Solver dialog box should be set up as in Figure 5.19. We want to minimize total ship-
ping costs, subject to the three types of flow balance constraints and the arc capacity
constraints.

Solver Parameters [z|
Set Target Cell: |Io_ta|__
EqualTo:  Ompax @wMn  Ovaueof: |0 | e

By Chanaing Cells:

|Flnw Guess

Subject to the Constrainks; Options

Customer _net_inflow == Customer_demand add

Flow <= frc_Capacity
Plant_net_outflow <= Plant_capacity
s

Warehouse_net_outflow =0 Reset Al

Help

Discussion of the Solution

The optimal solution in Figure 5.18 indicates that RedBrand’s customer demand can be sat-
isfied with a shipping cost of $3,260,000. This solution appears graphically in Figure 5.20.
Note in particular that plant 1 produces 180 tons (under capacity) and ships it all to plant 3,
not directly to warehouses or customers. Also, note that all shipments from the warehouses
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Figure 5.20

Optimal Flows for
the RedBrand
Example

There are endless
variations of this basic
minimum cost network
flow model, corre-
sponding to the many
types of real-world
shipping problems.

go directly to customer 1. Then customer 1 ships 180 tons to customer 2. We purposely
chose unit shipping costs (probably unrealistic ones) to produce this type of behavior, just
to show that it can occur. The costs of shipping from plant 1 directly to warehouses or
customers are relatively large compared to the cost of shipping directly to plant 3. Simi-
larly, the costs of shipping from plants or warehouses directly to customer 2 are prohibitive.
Therefore, RedBrand should ship to customer 1 and let customer 1 forward some of its
shipment to customer 2.

Sensitivity Analysis

How much effect does the arc capacity have on the optimal solution? Currently, three of the
arcs with positive flow are at the arc capacity of 200. We can use SolverTable to see how
sensitive this number and the total cost are to the arc capacity.* In this case, the single input
cell for SolverTable is cell B4, which is varied from 150 to 300 in increments of 25. We
keep track of two outputs: total cost and the number of arcs at arc capacity. As before, if
we want to keep track of an output that does not already exist, we create it with an appro-
priate formula in a new cell before running SolverTable. This is shown in Figure 5.21. The
formula in cell B39 is =COUNTIF(Flow,B4). This formula counts the arcs with flow equal
to arc capacity. (See the finished version of the file for a note about this formula.)

Figure 5.21

Sensitivity to Arc
Capacity

A | B | C
38 |Additional output variable (for sensitivity analysis)
39 |Arcs at capacity 2
40
41 |Sensitivity of total cost and arcs at capacity to arc capacity
42 SBS36 SBS39
43 150 $4,120 6
44 175 $3,643 6
45 200 $3,260 3
46 225 $2,998 3
47 250 $2,735 3
48 275 $2,473 3
49 300 $2,320 2

Excel Function: COUNTIF

The COUNTIF function counts the number of values in a given range that satisfy some
criterion. The syntax is =COUNTIF(range,criterion). For example, the formula
=COUNTIF(DS8:D33,150) counts the number of cells in the range D8:D33 that contain the

4 Note that Solver’s sensitivity report would not answer our question. This report is useful only for one-at-a-time
changes in inputs, and here we are simultaneously changing the upper limit for each flow. However, this report
(its bottom section) could be used to assess the effects of changes in plant capacities or customer demands.
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value 150. This formula can also be entered as =COUNTIF(DS8:D33,“=150"). Similarly,
the formula =COUNTIF(D8:D33,“>=100") counts the number of cells in this range with
values greater than or equal to 100.

The SolverTable output is what we would expect. As the arc capacity decreases, more
flows bump up against it, and the total cost increases. But even when the arc capacity is in-
creased to 300, two flows are constrained by it. In this sense, even this large an arc capac-
ity costs RedBrand money.

Variations of the Model

There are many variations of the RedBrand shipping problem that can be handled by a net-
work model. We briefly consider two possible variations. First, suppose that RedBrand
ships two products along the given network. Assume that the unit shipping costs are the
same for both products (although this assumption could easily be relaxed), but the arc ca-
pacity, which is now changed to 300, represents the maximum flow of both products that
can flow on any arc. In this sense, the two products are competing for arc capacity. Each
plant has a separate production capacity for each product, and each customer has a separate
demand for each product.

The spreadsheet model for this variation appears in Figure 5.22. (See the file
RedBrand Logistics 2.xIsx.) Very little in the original model needs to be changed. We
need to (1) have two columns of changing cells (columns D and E), (2) apply the previous
logic to both products separately in the flow balance constraints, and (3) apply the arc ca-
pacities to the fotal flows in column F (which are the sums of flows in columns D and E).
The modified Solver dialog box is shown in Figure 5.23. Note that we have range-named
blocks of cells for the flow balance constraints. For example, the ranges K9:L11 and
NO9:O11 are named Plant_net_outflow and Plant_capacity. Then we can use these entire
blocks to specify the capacity constraints for both products with the single entry
Plant_net_outflow <= Plant_capacity in the Solver dialog box. This is another example
of planning the spreadsheet layout so that the resulting model is both efficient and readable.

Figure 5.22 RedBrand Model with Two Products

‘O w‘m‘w‘m‘m‘h‘w‘rﬂ‘»—t

“““‘“““"‘“‘“‘““"‘”

8

8
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w[s]s
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A B [ c 1 D 3 F G H ] K L ™ N o

RedBrand shipping model with two products competing for arc capacity

Inputs

Common arc capacity 300

Network structure, flows, and arc capacity constraints Node balance constraints

Origin|Destination  Unit Cost| Flow product 1| Flow product 2 Total flow Arc Capacity Plant constraints

1 2 5 o 0 0 < 300 Node  Net outflow product 1 Net outflow product 2 Capacity product 1| Capacity product 2

""""" 13 3 160 140 300 <= 300 1 180 140 <= 200 200|
1 4 5 20 0 20 <« 300 2 300 100 <= 300 100|
1 5 5 o 0 o < 300 3 100 100 <= 100 100|
1 6 20 o 0 o <« 300
1 7 20 o 0 o <« 300 Warehouse constraints
2 1 9 0 0 o < 300 Node Net outflow product 1| Net outflow product 2 Required product 1| Required product 2
2 3 9 o 0 o <« 300 4 [ o = [ o
2 4 1 100 o 1000 <= 300 s o o = 0 o
2 5 1 o 0 o <« 300
2 6 8 200 100 300, <= 300 Customer constraints
2 7 15 o 0 o <« 300 Node  Netinflow product1  Netinflow product 2 Demand product 1|  Demand product 2
3 1 04 o 0 o <« 300 6 400 200 >= 400 200
3 2 8 o 0 o <« 300 7 180 140 >= 180 140|
3 4 1 o 180 180 <= 300
3 5 05 240 60 300, <= 300
3 6 10 o 0 o <« 300
3 7 12 20 0 20 <« 300
4 5 12 o 0 o <« 300
4 6 2 120 180 300, <= 300
4 7 12 o 0 o <« 300
5 4 08 o 0 o <« 300
5 6 2 240 60 300, <= 300
5 7 12 o 0 o <« 300
6 7 1 160 140 300 <= 300
7 6 7 o 0 o <« 300

Objective to minimize

Total cost $5,570
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Figure 5.23

Solver Dialog Box
for the Two-Product
Model

Solver Parameters

Total_cost 5]
& Min

Set Targek Cell:

O Max

By Changing Cells:

Equal To:

) Yalue of: !U |

Close

Flovws

GUess

Subject to the Constraints:

Opkions

Plant_net_outflow <= Plank_capacity
Tokal_flow <= Arc_Capacity
Warehouse_net_outflow =0

Customer_net_inflow == Customer_demand

Add

Reset Al

Help

A second variation of the model is appropriate for perishable goods, such as fruit. (See the file
RedBrand Logistics 3.xIsx.) We again assume that there is a single product, but some per-
centage of the product that is shipped to warehouses perishes and cannot be sent to customers.
This means that the total inflow to a warehouse is greater than the total outflow from the
warehouse. This behavior is modeled as shown in Figure 5.24. (The corresponding Solver
dialog box, not shown here, is the same as in the original RedBrand model.) The “shrinkage
factor” in cell BS, the percentage that does not spoil in the warehouses, becomes a new input.
It is then incorporated into the warehouse flow balance constraints by entering the formula

=SUMIF(Origin,H16,Flow)-$B$5*SUMIF (Destination,H16,Flow)

Figure 5.24 RedBrand Model with Shrinkage

A | B | C [ o ] E | F [ o [ H ] 1 [ K
| 1 |RedBrand shipping model with shrinkage at warehouses
L
| 3 |Inputs
| 4 |Common arc capacity 200
| 5 [Shrinkage factor 90%
6| ‘
| 7 |Networkformulation . Nodebalanceconstraints
1 8 | Origin Destination Unit Cost Flow Arc Capacity Plant constraints |
el 2 5 0 <= 200 Node  Plantnetoutflow Plant capacity
1 10 | 1 3 3 200 <= 200 1 200 <= 200
|11 | 1 4 5 0 <= 200 2 300 <= 300
[12] i s 5 0 <= 20 3 00 < 100
113 | 1 6 20 0 <= 200
14 1 7 20 0 <= 200 Warehouse constraints
15 2 1 9 0 <= 200 Node Warehouse net outflow Required
16 2 3 9 0 <= 200 4 0 = 0
17 2 4 1 0 <= 200 5 0 = 0
18 2 5 1 100 <= 200
19 2 6 8 200 <= 200 Customer constraints |
1 20 | 2 7 15 0 <= 200 Node Customer net inflow Customer demand
121 | 3 1 0.4 0 <= 200 6 400 >= 400
22 3 2 8 0 <= 200 7 180 >= 180
[ 23] 3 4 1 0 <= 200
[ 24| 3 5 0.5 100 <= 200
25 | 3 6 10 200 <= 200
26 | 3 7 12 0 <= 200
| 27 | 4 5 1.2 0 <= 200
128 | 4 6 2 0 <= 200
129 | 4 7 12 0 <= 200
130 | 5 4 0.8 0 <= 200
31 5 6 2 180 <= 200
132 | 5 7 12 0 <= 200
33 ] 6 7 1 180 <= 200
34| 7 6 7 0 <= 200
35
| 36 |Objective to minimize
37 |Total cost $4,890
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in cell 116 and copying to cell I17. This formula says that what goes out (the first term) is
90% of what goes in. The other 10% perishes. Of course, shrinkage results in a larger total
cost—50% larger—than in the original RedBrand model.

Interestingly, however, some units are still sent to both warehouses, and the entire ca-
pacity of all plants is now used. Finally, you can check that a feasible solution exists even
for a shrinkage factor of 0% (where everything sent to the warehouses disappears). As you
might guess, the solution then is to send everything directly from plants to customers—at
a steep cost. m

MODELING ISSUES

1. Excel’s Solver uses the simplex method to solve network flow models. However, the
simplex method can be simplified dramatically for these types of models. The simpli-
fied version of the simplex method, called the network simplex method, is much more
efficient than the ordinary simplex method. Specialized computer codes have been writ-
ten to implement the network simplex method, and all large network flow problems are
solved by using the network simplex method. This is fortunate because real network
models can be extremely large. See Winston (2003) for a discussion of this method.

2. If the given supplies and demands for the nodes are integers and all arc capacities are
integers, the network flow model always has an optimal solution with all integer
flows. Again, this is very fortunate for large problems—we get integer solutions ““for
free” without having to use an integer programming algorithm. Note, however, that
this “integers for free” benefit is guaranteed only for the “basic” network flow model,
as in the original RedBrand model. When we modify the model, by adding a shrink-
age factor, say, the optimal solution is no longer guaranteed to be integer-valued. =

ADDITIONAL APPLICATIONS

Distribution in Nu-kote International’s Network

Nu-kote International, a manufacturer of imaging supplies, used linear programming like
the model in this section to reduce costs in its global supply chain. Nu-kote’s successful
modeling projects, involving as many as 68,000 variables, were completed entirely within
Excel and met aggressive timelines—a tribute to the efficiency and user-friendliness of
Excel. Details of Nu-kote’s Excel modeling projects, which have resulted in over $1 mil-
lion in annual savings, can be found in LeBlanc et al. (2004), LeBlanc and Galbreth
(2007a), and LeBlanc and Galbreth (2007b). =

PROBLEMS

Skill—Building Problems from warehouses to customers. Disallow all other
arcs. How much does this restriction cost
RedBrand, relative to the original optimal shipping

19. In the original RedBrand problem, suppose the plants
cannot ship to each other and the customers cannot

cost?
ship to each other. Modify the model appropriately o )
and reoptimize. How much does the total cost increase 21. In the original RedBrand problem, the costs for ship-
because of these disallowed routes? ping from plants or warehouses to customer 2 were

purposely made high so that it would be optimal to

Modify the original RedBrand problem so that ship to customer 1 and then let customer 1 ship to

all flows must be from plants to warehouses and
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customer 2. Use SolverTable appropriately to do the
following. Decrease the unit shipping costs from
plants and warehouses to customer 1, all by the same
amount, until it is no longer optimal for customer 1 to
ship to customer 2. Describe what happens to the
optimal shipping plan at this point.

22. In the original RedBrand problem, we assume a con-
stant arc capacity, the same for all allowable arcs.
Modify the model so that each arc has its own arc
capacity. You can make up the required arc capacities.

23. Continuing the previous problem, make the problem
even more general by allowing upper bounds (arc ca-
pacities) and lower bounds for the flows on the allow-
able arcs. Some of the upper bounds can be very large
numbers, effectively indicating that there is no arc ca-
pacity for these arcs, and the lower bounds can be 0 or
positive. If they are positive, then they indicate that
some positive flow must occur on these arcs. Modify
the model appropriately to handle these upper and
lower bounds. You can make up the required bounds.

24. Expand the RedBrand two-product spreadsheet model
so that there are now three products competing for the
arc capacity. You can make up the required input data.

25. In the RedBrand two-product problem, we assumed
that the unit shipping costs are the same for both
products. Modify the spreadsheet model so that each
product has its own unit shipping costs. You can
assume that the original unit shipping costs apply to
product 1, and you can make up new unit shipping
costs for product 2.

Skill-Extending Problems

26. How difficult is it to expand the original RedBrand
model? Answer this by adding a new plant, two new

27.

28.

29.

warehouses, and three new customers, and modify the
spreadsheet model appropriately. You can make up the
required input data.

In the RedBrand problem with shrinkage, change the
assumptions. Now instead of assuming that there is
some shrinkage at the warehouses, assume that there
is shrinkage in delivery along each route. Specifically,
assume that a certain percentage of the units sent
along each arc perish in transit—from faulty refrigera-
tion, say—and this percentage can differ from one

arc to another. Modify the model appropriately to
take this type of behavior into account. You can

make up the shrinkage factors, and you can assume
that arc capacities apply to the amounts originally
shipped, not to the amounts after shrinkage. (Make
sure your input data permit a feasible solution. After
all, if there is too much shrinkage, it will be impossi-
ble to meet demands with available plant capacity.
Increase the plant capacities if necessary.)

Consider a modification of the original RedBrand
problem where there are N plants, M warehouses, and
L customers. Assume that the only allowable arcs are
from plants to warehouses and from warehouses to
customers. If all such arcs are allowable—all plants
can ship to all warehouses and all warehouses can ship
to all customers—how many changing cells are in the
spreadsheet model? Keeping in mind that Excel’s
Solver can handle at most 200 changing cells, give
some combinations of N, M, and L that will just barely
stay within Solver’s limit.

Continuing the previous problem, develop a sample
model with your own choices of N, M, and L that
barely stay within Solver’s limit. You can make up any
input data. The important point here is the layout and
formulas of the spreadsheet model.

5.5 SHORTEST PATH MODELS

In many applications, we need to find the shortest path between two points in a network.
Sometimes this problem occurs in a geographical context where, for example, we want to
find the shortest path on interstate freeways from Seattle to Miami. There are also problems
that do not look like shortest path problems but can be modeled in the same way. We look
at one possibility where we find an optimal schedule for replacing equipment.

The typical shortest path problem is a special case of the minimum cost network flow
problem from the previous section. To see why this is the case, suppose that we want to find
the shortest path between node 1 and node N in a network. To find this shortest path, we
create a network flow model where the supply for node 1 is 1, and the demand for node N
is 1. All other nodes are transshipment nodes. If an arc joins two nodes in the network, the
“shipping cost” is equal to the length of the arc. The “flow” through each arc in the network
(in the optimal solution) is either 1 or 0, depending on whether the shortest path includes
the arc. No arc capacities are required in the model. The value of the objective is then equal
to the sum of the distances of the arcs involved in the path.
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FUNDAMENTAL INSIGHT

Shortest Path Problems models very quickly, shortest route problems inherit
as Network Flow Models this attractive feature. This is a favorite trick of man-

Shortest route problems can be modeled as a special
case of more general minimum cost network flow
models, using a “supply” of | at the origin node and a
“demand” of | at the destination node. Because spe-
cialized algorithms can solve these more general

agement scientists. They always try to model a specific
problem as a special case of a more general problem
that has been well studied and can be solved relatively
easily.

EXAMPLE

Figure 5.25
Network for the
Shortest Path
Problem

The “distances” in
shortest path models
are sometimes costs.

Geographical Shortest Path Models

The following example illustrates the shortest path model in the context of a geographic
network.

5.5 SHORTEST WALK ACROSS THE STATE

Maude Jenkins, a 90-year-old woman, is planning to walk across the state, west to east,
to gain support for a political cause she favors.’ She wants to travel the shortest dis-
tance to get from city 1 to city 10, using the arcs (roads) shown in Figure 5.25. The num-
bers on the arcs are miles. Arcs with double-headed arrows indicate that travel is possible
in both directions (with the same distance in both directions). What route should Maude
take?

70

Objective To specialize the general network flow model so that we can find a shortest
path from node 1 to node 10 for Maude’s trip across the state.

WHERE DO THE NUMBERS COME FROM?

The distances on the arcs are presumably listed on state maps for the roads Maude is con-
sidering. Note, however, that in shortest path problems such as this, the objective is some-
times total cost, not distance. Although the cost of an arc might be proportional to its dis-
tance, it might not be. For example, a steep uphill route might be more “costly” than a flat
stretch of similar length. In such cases, the arc costs would be a bit more difficult to obtain.

5 Far-fetched? This is based on a real 90-year-old woman who reportedly decided to walk across the country. We
assume she finished!
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Solution

The variables and constraints for this model are listed in Table 5.9. This network model is
exactly like the general minimum cost network flow model in the previous section. All we
need to specify is that node 1 has a supply of 1 (you can think of it as Maude herself), node
10 has a demand of 1, and all other nodes are transshipment nodes.

Table 5.9 Variables and Constraints for Maude’s Shortest Path Model

Input variables

Decision variables (changing cells)
Objective (target cell)
Other calculated variables

Constraints

Network structure and arc distances

Flows on arcs (1 if arc is used, O otherwise)
Total distance

Flows into and out of arcs

Flow balance at each node

DEVELOPING THE SPREADSHEET MODEL

The completed model and associated Solver dialog box appear in Figures 5.26 and 5.27.
(See the file Shortest Path.xlsx.) Because this is so similar to the general minimum cost
network flow model, we omit most of the details. However, the following points are

important.

Figure 5.26  Shortest Path Model

A | B

Shortest path model

Network structure and flows

Flow balan

ce constraints

Range names used:

Origin| Destination
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Distance =Model!$C$5:5C$39
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Flow =Model!$D$5:5D$39

56

Net_outflow =Model!$GS$5:5G$14

25

Origin =Model!SAS5:5AS39

19

Required_net_outflow |[=Model!$I$5:51$14
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Total_distance =Model!$BS$42
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Objective to

Total distance 198
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Figure 5.27

Solver Dialog Box
for the Shortest
Path Model

All flows in a shortest
path model are either
0 or I; a route is either
used or it isn’t.

Solver Parameters

Set Target Cell; |T|:|I:a|_|:|i

Equal To: (O Max Mo () Yalue of: IU |
By Changing Cells:

Flo GUEss

Subject to the Constraints: Opkions

Close

Met_outflow = Required_net_oukflow Add

Resek all

Help

o Arc list. There is an arc listed in columns A and B for each arc in the graphical net-
work. If the arc goes in both directions, it is listed twice (2 to 4 and 4 to 2, for example)
with the same distance in both directions.

e Net outflows. We list all types of nodes in a single block in the flow balance constraint
section. Node 1 is a supplier with a supply of 1, and it has only outflows. Similarly, node 10
is a demander with demand 1, and it has only inflows. The intermediate nodes are all trans-
shipment nodes. We can treat all of the nodes similarly by calculating the net outflow from
each. To do so, enter the formula

=SUMIF(Origin,F5,Flow)-SUMIF (Destination,F5,Flow)

in cell G5 and copy it down for the other nodes. For node 1, this net outflow is really just the
outflow, so it should be 1. For node 10, this net outflow is really just the negative of the
inflow, so it should be —1. For all intermediate nodes, the net outflow should be 0. This ex-
plains the values in column L.

o Total distance. The objective to minimize is total distance, calculated in cell B42 with
the formula

=SUMPRODUCT (Distance,Flow)

Discussion of the Solution

After Solver finds the optimal flows, which are 0’s and 1’s, it is easy to identify the short-
est path—just follow the 1’s. According to Figure 5.26, Maude first goes from node 1 to
node 4 (see row 7), then she goes from node 4 to node 6 (see row 20), and finally she goes
from node 6 to node 10 (see row 31). Using this route from 1 to 10, Maude must walk 198
miles, the sum of the distances on the three arcs she traverses.

Make sure you understand exactly how this model works. There are really two parts:
the total distance and the balance of inflows and outflows. For any solution of 0’s and 1’s
in the Flow column, the SUMPRODUCT for total distance simply “picks up” the distances
in column C corresponding to the arcs traversed. This accurately reflects the total distance
Maude walks.

For flow balance, consider any intermediate node. If Maude’s route goes through it,
such as with node 6, then the two SUMIF functions in column G for this node both evalu-
ate to 1—that is, one of the arcs leading into node 6 has a flow of 1, and one of the arcs lead-
ing out of node